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CHAPTER 1

Introduction

1.1 Motivation

The act of determining control functions and state trajectories for a dy-
namical system to optimize an objective functional is called optimal control.
Consider for example a system which describes a certain process and can be
in�uenced by at least one control function, e.g. the movement of car where
the speed can be regulated by pressing the accelerator pedal. Here, it could
be desired to minimize the traveling time or the fuel consumption between
two points in space.
The theory of optimal control is closely related to the theory of calculus of
variations. Hence, mathematicians like Euler, Lagrange or Hamilton were
occupied with this issue and still serve as eponyms for important functions,
variables, etc. Especially with the works of Bellman and Pontryagin in the
20th century optimal control theory reached a new level. Their developments
in combination with the advances of technology opened the door for a com-
puter based handling and thus many approaches to tackle these problems
with the help of numerical mathematics accrued. These numerical methods
are indeed necessary, since optimization problems and especially problems of
optimal control arise in many application �elds where an analytical solution
can hardly be obtained (e.g. because of occurring nonlinearities). Optimal
control problems based on dynamical processes can be found for example in
the context of physical, (bio)chemical, medical, biological or micro electronic
tasks [13, 19, 27, 29]. Due to the rising complexity of such models there is a
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1 | Introduction

demand for e�cient methods to solve them, but these methods have to meet
several requirements.
First of all it has to be taken into account that the mathematical models
are often nonlinear, thus when focusing on those problems an optimization
algorithm which can handle nonlinear problems is an essential part. Here,
it is necessary to decide which kind of optimization method shall be used.
The two traditional optimization search methods are the direct-search and
the gradient-based method. Direct-search methods only use values of the ob-
jective function and the constraints to determine search directions whereas
gradient-based methods additionally make use of the informations obtained
from �rst or second-order derivatives of both objective and constraint func-
tions. Thus, one advantage of a direct-search methods is that they are easy to
apply on a variety of problems, since there is no need of computing deriva-
tives. However, the great bene�t of gradient-based methods is that they
need less function evaluations and thus converge faster to an optimal solu-
tion. To reduce the e�ort of applying a gradient-based method on di�erent
problems, there are procedures which exploit derivation rules and automati-
cally compute derivative values. Thus, it is not necessary to calculate them
analytically.
A second question which can occur is whether to use an indirect or a direct
approach for the optimization. The indirect approach �rst determines neces-
sary optimality conditions analytically and discretizes the resulting system of
equations whereas the direct approach starts instantly with a discretization
of the whole system. So, simply stated, this is the question on which point
the problem should be discretized.
Another challenge comes with the dynamics of a process. They are usually
described by a system of di�erential equations, therefore a numerical inte-
gration method is indispensable. There is a wide range of algorithms for
example Adams-Bashforth (explicit), Adams-Moulton (implicit) or Runge-
Kutta (both implicit and explicit) methods. It is di�cult to decide which is
the best method since this depends closely on the problem itself.

1.2 Introducing DOT

DOT (Direct Optimization Tool) is the implementation of an algorithm
which rises to the challenges mentioned above and has been developed in this
work. This code can be used to solve nonlinear problems of optimal control
with respect to ordinary di�erential equations. As the name suggests, DOT
uses a direct approach. That means that the problem is discretized on a time
grid by approximating the state values and the values of the control function
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1.3 | Outline

(e.g. piecewise constant parametrization). Thus a �nite dimensional prob-
lem formulation results which can be solved numerically. The user decides
how �ne this discretization should be. The underlying optimization algo-
rithm used in this work is an interior point method which is a gradient-based
optimization method and assures, under certain conditions, global conver-
gence. The needed derivatives are computed via automatic di�erentiation
which guarantees highly accurate values. To handle systems of ordinary dif-
ferential equations (ODE) we use a multiple shooting approach combined
with a linear multi-step method known as Backward Di�erentiation Formula
(BDF). Hence, the ODE system is solved separately on subintervals and an
absolutely continuous solution is obtained by introducing additional equality
constraints into the optimization problem.

1.3 Outline

Chapter 2

This thesis starts with a chapter about automatic di�erentiation, a technique
to compute derivatives numerically. We consider functions which can be
decomposed in elemental functions and we show how this can be used to
obtain derivative values. In this context Taylor series get important, hence we
give an overview of computing its coe�cients and its propagation through a
composition of functions. Based on the chain rule and with the help of Taylor
series we present two modes of automatic di�erentiation, i.e. the forward
and the backward mode, and give example calculations to make them more
accessible.

Chapter 3

In this chapter we discuss how to obtain a numerical solution of ordinary
di�erential equations. We start with a short introduction of Runge-Kutta
methods, which are part of the so-called one-step methods. Afterwards the
focus is on a di�erent kind of numerical methods, linear multi-step methods,
and theoretical foundations for both �xed and variable step sizes are pre-
sented. Statements about consistency, stability and convergence are given.
In addition, we present in section 3.3 a Backward Di�erentiation Formula.
We show the fundamentals of this method and which additional settings, e.g.
concerning step sizes, characterize the integrator which is used in DOT.

3



1 | Introduction

Chapter 4

This chapter focuses on optimization. Gradient-based methods to solve op-
timization problems under equality and inequality constraints try to �nd so-
lutions which satisfy the Karush-Kuhn-Tucker conditions, hence we present
the required theory for those �rst order necessary conditions. We continue
with a detailed explanation of an interior point method which is part of the
optimization software package IPOPT. We point out in particular the related
barrier problem, the �lter line search method and its convergence properties.

Chapter 5

Theoretical and practical explanations of DOT are topics of chapter 5. We
formulate Pontryagin's minimum principle for optimal control problems and
mention the di�erence between indirect and direct methods. Afterwards we
present in the main part of this chapter the discretization and parametriza-
tion techniques which are used in DOT. The chapter �nishes with a detailed
problem formulation.

Chapter 6

This chapter presents application examples solved with DOT. Starting with
two simple examples concerning the time optimal and energy optimal move-
ment of a car we go on with two more complex problems concerning bio-
chemical processes. Here, we can see that DOT performs well even for higher
dimensional and/or highly nonlinear problems. The examples in this chapter
are part of a special problem class for which we present assumptions and
su�cient conditions to ensure optimality.

Chapter 7

The last chapter summarizes this work and gives an outlook.

Appendix

A short user guide for DOT.
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CHAPTER 2

Automatic di�erentiation

We deal with problems of the type

min
x∈Rn

f(x) (2.1)

where f : Rn −→ R is continuously di�erentiable. It is reasonable to use
a gradient-based optimization method since this suggests fast convergence
properties. Assuming unconstrained problems (2.1) their optima can be
found at points x∗ ∈ Rn with

df(x∗)

dx
= 0 and

d2f(x∗)

dx2
6= 0.

The necessary conditions for constrained problems will be elaborated explic-
itly in a later chapter (KKT conditions in chapter 4). It is desirable to
have numerical methods for computing derivative values, since otherwise we
would have to di�erentiate every function analytically (i.e. by hand). The
most common method to calculate derivatives numerically is known as the
method of �nite di�erences. Function values are used to estimate derivative
values, e.g. by computing a di�erential quotient

f ′(x) ≈ f(x+ h)− f(x)

h

with a small step h > 0.
We will present a version of a di�erent and more accurate technique known as
Automatic Di�erentiation (AD). Here, the computational representation of a
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2 | Automatic di�erentiation

function is used to obtain analytic values for the derivatives. A function y =
f(x) is decomposed in a sequence of elemental functions ϕ which derivatives
can easily be computed. In accordance with the chain rule, this gives a quite
simple way to get exact (at least to numerical accuracy) derivatives. There
are two basic modes in which we will use AD, a forward mode and a backward
mode. They mainly di�er in the sequence of evaluating the terms given in
the chain rule. Assuming

f(x) = g(h(x))

we have
df

dx
=
dg

dh

dh

dx

by following the chain rule. While in the forward mode dh
dx

is evaluated

�rst and dg
dh

afterwards, in the backward mode it is the other way around.
We can simultaneously calculate derivatives of di�erent order in any desired
direction. This chapter starts with a few theoretical aspects about Taylor
series in section 2.1 before details about forward and backward mode follow
in sections 2.2 and 2.3. In this chapter we refer to the explanations which
are given in [7] and [12], the tables illustrated here are a slight modi�cation
of those which can be found in [12].

Notation

The notation will be as follows,

xi denotes a Taylor series in t,

x
(k)
i the k-th coe�cient of xi and with this

xi is also written as xi =
[
x

(0)
i , x

(1)
i , x

(2)
i , . . .

]
.

2.1 Taylor series propagation

We start with
y = f(x)

where we assume f : Rn −→ Rm to be a function which can be decom-
posed in a sequence of elemental functions ϕi (e.g. trigonometric functions,
multiplication, . . . ) whereby we get a computational graph, i.e.

y = f(x) = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕp(x) (2.2)

with p ∈ N.

6



2.1 | Taylor series propagation

Assumption 2.1 (Elemental Di�erentiability)
All elemental functions ϕi are d times continuously di�erentiable on their
open domains Di, that means ϕi ∈ Cd(Di) with 0 ≤ d ≤ ∞.

Starting with the independent variable x and by successively passing the
computational graph (2.2) we obtain intermediate variables depending on
the arguments of ϕi on every step of the graph and �nally the value of the
�nal variable y = f(x) we are interested in. We will handle all involved
variables (and functions) as Taylor series (or its Taylor approximations).
For a given polynomial

x = x(t) = x(0) + x(1)t+ x(2)t2 + · · ·+ x(d)td ∈ Rn (2.3)

and a function f : Rn → Rm, we consider y = f(x) as a Taylor series and get

y = y(t) ≡ y(0) + y(1)t+ y(2)t2 + · · ·+ y(d)td = f(x(t)) +O(td+1) ∈ Rm. (2.4)

De�nition 2.2 (Taylor coe�cient functions)
Under Assumption 2.1 let for k ≤ d

fk(x
(0), x(1), . . . , x(k)) = y(k) with fk : Rn×(k+1) → Rm

denote the Taylor coe�cient function which is de�ned by the relations
(2.3) and (2.4).

Since every fk is a composition of elemental functions ϕi it is necessary to
propagate corresponding Taylor coe�cients through all intermediate vari-
ables of this composition. We will denote intermediates with u, v or w. The
propagation is done by following basic rules. For arithmetic operations these
rules are an application of the polynomial arithmetic. Table 2.1 gives an
overview.
For univariate operations it is more di�cult to obtain the propagation rules.
All elemental functions ϕ(u) are solutions of linear ODEs, i.e. all ϕ(u) satisfy
an identity of the form

b(u)ϕ′(u)− a(u)ϕ(u) = c(u). (2.5)

The coe�cient functions a(u), b(u) and c(u) of course di�er for di�erent ϕ(u),
but they are always given in terms of arithmetic operations and univariate
functions, which already can be di�erentiated. In other words, it is supposed
that the Taylor coe�cients a(k), b(k) and c(k) are determined by the coe�cients
u(k) of u.

7



2 | Automatic di�erentiation

v = Recurrence for k = 1 . . . d

u+ cw v(k) = u(k) + cw(k)

u ·w v(k) =
k∑
j=0

u(j)w(k−j)

u

w
vk =

1

w(0)

[
u(k) −

k−1∑
j=0

v(j)w(k−j)

]
u2 v(k) =

k∑
j=0

u(j)u(k−j)

√
u vk =

1

2
v(0)

[
u(k) −

k−1∑
j=1

v(j)v(k−j)

]
Table 2.1: Taylor coe�cient propagation through arithmetic operations

Start with the identity v(t) = ϕ(u(t)). Di�erentiating leads to

dv(t)

dt
= ϕ′(u)

du(t)

dt

and multiplying with b(u(t)) and using (2.5) gives

b(u(t))
dv(t)

dt
=

[
c(u(t)) + a(u(t)) ·ϕ(u(t))

]
du(t)

dt
(2.6)

which is a useful result, as we will see in the following. As a consequence of
Assumption 2.1 u(t) and v(t) are at least d-times continuously di�erentiable,
thus their derivatives can be written as

du(t)

dt
= ũ(1) + ũ(2)t+ · · ·+ ũ(d)td−1 +O(td) with ũ(j) = ju(j) ∀ j > 0

and similarly

dv(t)

dt
= ṽ(1) + ṽ(2)t+ · · ·+ ṽ(d)td−1 +O(td) with ṽ(j) = jv(j) ∀ j > 0.

These considerations are su�cient to formulate the following result, which
helps to propagate Taylor series coe�cients for univariate elementals. A list
with examples for a few of those elemental functions is given in Table 2.2.

8



2.2 | Forward mode

Proposition 2.3

For b(0) = b(u(0)) 6= 0 we have

ṽ(k) =
1

b(0)

[
k∑
j=1

(
c(k−j) + e(k−j))ũ(j) −

k−1∑
j=1

b(k−j)ṽ(j)

]
for k = 1, . . . , d

with

e(k) =
k∑
j=0

a(j)v(k−j) for k = 0, . . . , d− 1.

Proof: To get this term, substitute the derivatives in (2.6) by the expansions
given above and use again the identity v(t) = ϕ(u(t)). Now identifying
coe�cients and rearranging the term leads to the desired expression.

�

v a b c Recurrence for k = 1 . . . d

ln(u) 0 u 1 ṽ(k) =
1

u(0)

[
ũ(k) −

k−1∑
j=1

u(k−j)ṽ(j)

]
exp(u) 1 1 0 ṽ(k) =

k−1∑
j=1

v(k−j)ũ(j)

ur r u 0 ṽ(k) =
1

u(0)

[
r
k∑
j=1

v(k−j)ũ(j) −
k−1∑
j=1

u(k−j)ṽ(j)

]
sin(u) 0 1 cos(u) ṽ(k) =

k∑
j=1

ũ(j)c(k−j)

cos(u) 0 -1 sin(u) ṽ(k) =
k∑
j=1

− ũ(j)c(k−j)

Table 2.2: Taylor coe�cient propagation through univariate elementals

With this preliminary work we can now turn toward the two modes of auto-
matic di�erentiation we want to treat within this chapter.

2.2 Forward mode

In the forward mode of AD we evaluate and carry forward a directional
derivative of each intermediate variable in a given direction p. We will out-
line the method in a low dimensional case to keep the notation as clear as

9



2 | Automatic di�erentiation

possible. For further details see [7, 12, 23].
Considering the two-dimensional case y = f(x1, x2) with x1, x2 being Taylor
series in t. The Taylor approximation of this function gives

f(x1(t), x2(t)) = f(x1(0), x2(0)) +

(
fx1

∂x1

∂t

∣∣∣∣
t=0

+ fx2

∂x2

∂t

∣∣∣∣
t=0

)
t +

+

(
fx1x1

∂x1

∂t

∂x1

∂t

∣∣∣∣
t=0

+ fx1

∂2x1

∂t2

∣∣∣∣
t=0

+ fx1x2

∂x1

∂t

∂x2

∂t

∣∣∣∣
t=0

+

+ fx2x2

∂x2

∂t

∂x2

∂t

∣∣∣∣
t=0

+ fx2

∂2x2

∂t2

∣∣∣∣
t=0

+ fx2x1

∂x2

∂t

∂x1

∂t

∣∣∣∣
t=0

)
t2

2
+ . . .

which is identically

f(x1(t), x2(t)) = f(x
(0)
1 , x

(0)
2 ) +

(
fx1x

(1)
1 + fx2x

(1)
2

)
t +

+
(
fx1x1x

(1)
1 x

(1)
1 + fx1x

(2)
1 + fx1x2x

(1)
1 x

(1)
2 +

+ fx2x2x
(1)
2 x

(1)
2 + fx2x

(2)
2 + fx2x1x

(1)
2 x

(1)
1

)t2
2

+ . . .

where fxi denotes the partial derivative
∂f
∂xi

.
Obviously the Taylor coe�cients of f essentially include informations about
the derivatives with respect to the independent variables x1, x2. We compare
the coe�cients y(k) of y and f (k) of f which have to be the same. So it is
clear that

y(0) = f(x
(0)
1 , x

(0)
2 )

y(1) = fx1x
(1)
1 + fx2x

(1)
2

...

(2.7)

To see how the forward mode works we use the function

f(x1, x2) = x1x2 + sin(x1)

as an exemplary demonstration.
x1, x2 are the independent start variables and we write the decomposition of
f as

u1 = x1

u2 = x2

u3 = u1 ·u2

u4 = sin(u1)

u5 = u3 + u4

10



2.3 | Backward mode

with uk being intermediate Taylor series and obviously u5 = y = f(x1, x2).
By following naively the propagation rules we mentioned in the previous
section these Taylor series are given by

u1 =

[
x

(0)
1 , x

(1)
1 , x

(2)
1 , . . .

]
u2 =

[
x

(0)
2 , x

(1)
2 , x

(2)
2 , . . .

]
u3 =

[
u

(0)
1 u

(0)
2 , u

(0)
1 u

(1)
2 + u

(1)
1 u

(0)
2 , . . .

]
(2.8)

u4 =

[
sin(u

(0)
1 ), u

(1)
1 cos(u

(0)
1 ), . . .

]
u5 =

[
u

(0)
3 + u

(0)
4 , u

(1)
3 + u

(1)
4 , . . .

]
and by incorporating x1 and x2 in every step this results in

y = u5 =

[
x

(0)
1 x

(0)
2 + sin(x

(0)
1 ), x

(0)
1 x

(1)
2 + x

(1)
1 x

(0)
2 + x

(1)
1 cos(x

(0)
1 ), . . .

]
for the last Taylor series y. We are free to set the Taylor series x1 and x2

the way we want to. These input variables are often called seeds. According
to (2.7) it is clear that x

(0)
1 and x

(0)
2 are the points the function is evaluated

at. Suppose we are interested in the �rst derivative of f in direction ( 1
1 ), we

see with (2.7) that we only have to set the seeds x
(1)
1 = 1 and x

(1)
2 = 1 and

consequently we obtain

y(1) = x
(0)
1 + x

(0)
2 + cos(x

(0)
1 )

which is indeed the requested derivative. To get informations about deriva-
tives of higher order or into a di�erent direction all we have to do is setting
the coe�cients x

(k)
1 and x

(k)
2 accordingly.

2.3 Backward mode

As mentioned before, in the backward mode we start at the end of the de-
composition of a function f and work it over from bottom to top. For reasons
of simpli�cation we introduce an additional notation for Taylor series coe�-
cients. [x]k stands, as well as x

(k) does, for the k-th coe�cient of the Taylor
series x.

11



2 | Automatic di�erentiation

Theorem 2.4

Let x be an univariate Taylor series in t, and let y = f(x) for some smooth
function f . Then it holds

∂y(k+p)

∂x(p)
=
∂y(k)

∂x(0)
and

∂y(k)

∂x(k+p)
= 0 (2.9)

for all k ≥ 0, p > 0.

Proof: Since f is smooth, y can be written as a Taylor series in t, i.e.
y =

∑
k y

(k)tk. Expand f(x) as a power series in x, substitute x =
∑

k x
(k)tk

and collect terms with same powers of t. Each y(k) is a function of x(j) for
j ≤ k, but y(k) does not itself depend on t, whereas y can be considered as a
function dependent on all x(k) and t.
Considering the derivative of y with respect to x(p) the chain rule gives

∂y

∂x(p)
= f ′(x)

∂x

∂x(p)

which since
∂x

∂x(p)
= tp

and
∂y

∂x(0)
= f ′(x)

∂x

∂x(0)
= f ′(x)

is
∂y

∂x(p)
=

∂y

∂x(0)
tp. (2.10)

If we consider the two sides of this equation as Taylor series, corresponding
coe�cients have to be equal. In particular considering the coe�cient of tk+p

that gives

∂y(k+p)

∂x(p)
=

[
∂y

∂x(p)

]
k+p

(2.10)
=

[
∂y

∂x(0)
tp
]
k+p

=

[
∂y

∂x(0)

]
k

=
∂y(k)

∂x(0)

as asserted by the theorem. The second identity follows with a similar argu-
ment. �

This conclusion is important for the reverse accumulation with Taylor series
coe�cients. Let x and u be univariate Taylor series in t with u = f(x) and f
is a one-argument elemental function. Additionally, let y be a scalar valued
variable with Taylor series coe�cients y(k) which is dependent on u.
For the intermediate variable u we de�ne the Taylor series ū by

ū =
∂y

∂u
=

∂y

∂u(0)

12



2.3 | Backward mode

and it follows

ū(k) =
∂y(k)

∂u(0)

(2.9)
=
∂y(k+p)

∂u(p)
for k, p ≥ 0.

Thus

∂y(p)

∂x(0)
=
∑
k≤p

∂y(p)

∂u(k)

∂u(k)

∂x(0)
=
∑
k≤p

∂y(p−k)

∂u(0)

∂u(k)

∂x(0)
=
∑
k≤p

[ū]p−k [f ′(x)]k = [ū · f ′(x)]p

where ū · f ′(x) denotes the convolution of ū and f ′(x) since we considered
Taylor series. According to the forward step u = f(x) we associate the
reverse accumulation step x̄ = ū · f ′(x). A similar argument applies to
the two-argument elemental functions g. With u = g(x, y) we associate
x̄ = ū · gx(x, y) and ȳ = ū · gy(x, y) where gx and gy denote the partial deriva-
tives of g with respect to x and y (and again we consider gx and gy to be
Taylor series). This holds for the elemental functions. Considering a func-
tion as a composition of elementals, we have to adapt these formulas since
an independent variable x not necessarily has to be the argument of only
one elemental function. Hence, we set all x̄ initially zero and increment x̄ by
every term appearing during the computational graph, i.e. x̄ = x̄ + ū · f ′(x)
and of course in case of two argument functions x̄ = x̄ + ū · gx(x, y) and
ȳ = ȳ + ū · gy(x, y).
Thus we can reverse accumulate the gradient ∇y as follows. Start by setting
ȳ = 1 (i.e. set ȳ = [1, 0, 0, . . . ]) and go backwards through the composition.
This means, we begin with the last operation, carry out the reverse accumu-
lation steps in Taylor form and then go on in reverse order to the original
sequence. Finally we gain x̄ = ∂y

∂x
for each independent variable x.

Recall the example f(x1, x2) = x1x2 + sin(x1) and the decomposition (2.8)

u1 =

[
x

(0)
1 , x

(1)
1 , x

(2)
1 , . . .

]
u2 =

[
x

(0)
2 , x

(1)
2 , x

(2)
2 , . . .

]
u3 =

[
u

(0)
1 u

(0)
2 , u

(0)
1 u

(1)
2 + u

(1)
1 u

(0)
2 , . . .

]
u4 =

[
sin(u

(0)
1 ), u

(1)
1 cos(u

(0)
1 ), . . .

]
u5 =

[
u

(0)
3 + u

(0)
4 , u

(1)
3 + u

(1)
4 , . . .

]
Here, again it is y = u5 and thus we start with ȳ = ū5 = [1, 0, 0, . . . ] and
for the reasons mentioned above we set the initial values of ūi = [0, 0, 0, . . . ]

13



2 | Automatic di�erentiation

for i ∈ {1, 2, 3, 4}. The algorithm works through the decomposition from
bottom to top with

ū4 = ū5 ·
∂u5

∂u4

=

[
1, 0, 0, . . .

]
·
[
1, 0, 0, . . .

]
=

[
1, 0, 0, . . .

]
ū3 = ū5 ·

∂u5

∂u3

=

[
1, 0, 0, . . .

]
·
[
1, 0, 0, . . .

]
=

[
1, 0, 0, . . .

]
followed by

ū2 = ū3 ·
∂u3

∂u2

=

[
1, 0, 0, . . .

]
·
[
u

(0)
1 , u

(1)
1 , u

(2)
1 , . . .

]
=

[
u

(0)
1 , u

(1)
1 , u

(2)
1 , . . .

]
and

ū1 = ū4 ·
∂u4

∂u1

=

[
cos(u

(0)
1 ),−u(1)

1 sin(u
(0)
1 ), . . .

]
ū1 = ū1 + ū3 ·

∂u3

∂u2

=

[
cos(u

(0)
1 ),−u(1)

1 sin(u
(0)
1 ), . . .

]
+

[
u

(0)
2 , u

(1)
2 , u

(2)
2 , . . .

]
=

=

[
u

(0)
2 + cos(u

(0)
1 ), u

(1)
2 − u(1)

1 sin(u
(0)
1 ), . . .

]
where we have to factor in that there are indeed two elemental functions in
this composition where u1 is an input argument. That is the reason why we
summarize in the last line.
Rewriting this in terms of x instead of u (since u1 = x1 and u2 = x2) this
results in

x̄1 =

[
x

(0)
2 + cos(x

(0)
1 ), x

(1)
2 − x(1)

1 sin(x
(0)
1 ), . . .

]
x̄2 =

[
x

(0)
1 , x

(1)
1 , x

(2)
1 , . . .

]
.

(2.11)

Let us assume we start with the forward mode in such a way that we obtain
the �rst order derivative with respect to x1, i.e. we set x1 = [x

(0)
1 , 1, 0, . . . ]

and x2 = [x
(0)
2 , 0, 0, . . . ] and obtain y with y(1) = fx1 . Using these values to

initiate the backward mode consequently yields derivatives of higher order,
e.g.

x̄
(1)
1 =

∂y(1)

∂x
(0)
1

= fx1x1 and x̄
(1)
2 =

∂y(1)

∂x
(0)
2

= fx1x2

which can easily be computed for this example as fx1x1 = − sin(x
(0)
1 ) and

fx1x2 = 1 (evaluate (2.11) with the given values of x1 and x2).
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CHAPTER 3

Numerical solution of ordinary di�erential equations

We refer to optimization problems

min
y∈Rny

F (y)

s.t. ẏ(t) = f(y(t), t)

y(t0) = y0

with F : Rny −→ R, f : Rny × [t0, tf ] −→ Rny and y0 ∈ Rny .
Thus we have to solve the initial value problem (IVP)

ẏ(t) = f(y(t), t)

y(t0) = y0.
(3.1)

There is a wide range of numerical integration methods and each of them
entails certain advantages. An explicit method, for instance, requires much
less e�ort to compute an integration step than an implicit one, but if the
implicit method allows larger step sizes and assures the same accuracy this
incident can be compensated. The right choice of an integration method is
problem-speci�c. The books of Hairer et al. [14, 15] give a detailed overview
of numerical methods to solve ordinary di�erential equations. This chapter is
mainly based on those works and we outline a couple of those methods. After
a short introduction of one-step methods, we focus on multi-step methods
with both �xed and variable step sizes. In the latter section it follows a
detailed explanation of the method which is used in DOT. We consider a �nite
set of time points tj ∈ [t0, tf ], j ∈ N and use yj to denote the approximated
value of an exact solution y(tj).

15



3 | Numerical solution of ordinary di�erential equations

3.1 One-step methods

Most commonly known one-step methods are the so-called Runge-Kutta
methods (RKM). Data from the actual step n is used to estimate new values
in step n+ 1 in the following way

yn+1 = yn + h
s∑
i=1

biki

with h := tn+1 − tn denoting the step size and

ki := f(yn + h
s∑
j=1

aijkj, tn + hci) i = 1, . . . , s.

The number of stages s ∈ N and the coe�cients bi, ci, aij ∈ R characterize a
particular form of the RKM and are often listed in a so-called Butcher array
as illustrated in �gure 3.1.

c1 a11 a12 . . . a1s

c2 a21 a22 . . . a2s

...
...

...
. . .

...

cs as1 as2 . . . ass

b1 b2 . . . bs

Figure 3.1: Butcher array for RKM

3.2 Linear multi-step methods

In this work we will concentrate on multi-step methods, i.e. not only data
from the actual step but also from the steps before is used to obtain an
approximation to the exact solution. We start with a theoretical overview of
methods with �xed step sizes followed by an adaption to variable step sizes.
Again, we use the notation yj for an approximation of y(tj). If not explicitly
given, proofs can be found in the work of Hairer et al. [14].

16



3.2 | Linear multi-step methods

3.2.1 Fixed step size

De�nition 3.1 (Linear multi-step method)
A k-step linear multi-step method (LMM) with the given initial values
yn, yn+1, . . . , yn+k−1 and step size h to solve (3.1) is de�ned by

αkyn+k +
k−1∑
i=0

αiyn+i = h

k∑
i=0

βif(yn+i, tn+i) (3.2)

with αi, βi ∈ R, αk 6= 0, |α0|+ |β0| > 0 and tn+j = tn + jh.
A method is called explicit if βk = 0 and implicit otherwise.

In order to rate the quality of a linear multi-step method the consistency
order and stability properties are used.

De�nition 3.2 (Consistency)
A LMM (3.2) is consistent of order p, if

L(y(t), h) :=
k∑
i=0

(
αiy(t+ ih)− hβiẏ(t+ ih)

)
= O(hp+1) for h→ 0

holds for all y(t) ∈ Cp+1
(
[t0, tf ]

)
.

L(y(t), h) is called local (discretization) error.

The local discretization error propagates during the steps, hence we are in-
terested in analyzing what happens for n increasing. Therefore, we de�ne
the following polynomials.

De�nition 3.3 (Characteristic polynomials)
For a LMM (3.2) we de�ne the characteristic polynomials

%(ζ) := αkζ
k + αk−1ζ

k−1 + · · ·+ α0 (3.3)

σ(ζ) := βkζ
k + βk−1ζ

k−1 + · · ·+ β0. (3.4)

These polynomials contain informations we need to evaluate the stability of
a linear multi-step method.

De�nition 3.4 (0-Stability)
A LMM (3.2) is called (zero)stable if the characteristic polynomial %(ζ)
satis�es the following conditions

(i) The roots of %(ζ) lie on or within the unit circle: |ζ| ≤ 1 for %(ζ) = 0

(ii) The roots on the unit circle are simple

17



3 | Numerical solution of ordinary di�erential equations

Finally we want to make statements about convergence of those numerical
methods, but for this purpose it should be ensured that (3.1) exhibits a
unique solution. Hence, we make the following assumptions.

Assumption 3.5

In (3.1) it holds:

1. f is continuous on D :=
{

(y, t)
∣∣ ‖y(t)− y‖ ≤ b, t ∈ [t0, tf ]

}
2. ‖f(y, t)− f(z, t)‖ ≤ L‖y − z‖ for (y, t), (z, t) ∈ D

with y(t) denoting the exact solution of (3.1), b > 0 and L is the so-called
Lipschitz constant.

De�nition 3.6 (Convergence)
Under assumption 3.5 a LMM (3.2) is called convergent of order p if for
any IVP (3.1) with f su�ciently di�erentiable, there exists h0 > 0 such that
whenever the starting values satisfy

‖y(t0 + ih)− yh(t0 + ih)‖ ≤ C0h
p for h ≤ h0, i = 0, . . . , k − 1

it holds

‖y(t)− yh(t)‖ ≤ Chp for h ≤ h0

where yh is used to denote the numerically calculated solution.

Dahlquist showed in [10] that there is a correlation between the stability and
consistency of a method and its convergence.

Theorem 3.7

A LMM (3.2) is convergent of order p if and only if it is consistent of order
p and zerostable.

Proof: A detailed proof is also given by Hairer et al. in [14]. �

Besides zero-stability there are other concepts of stability, mainly based on
the stability region. To illustrate what is meant by this we have to use the
Dahlquist test function

ẏ(t) = λy(t), λ ∈ C,Reλ < 0. (3.5)

Applying a linear multi-step method (3.2) on function (3.5) results in

(αk − hλβk)yn+k + · · ·+ (α0 − hλβ0)yn = 0 (3.6)

and with setting yi = ζ i and dividing by ζn this motivates the next de�nition.

18



3.2 | Linear multi-step methods

De�nition 3.8 (Characteristic function)
The characteristic function is de�ned as

Υ(ζ;hλ) :=
k∑
i=0

(
αi − hλβi

)
ζ i = %(ζ)− hλσ(ζ)

An analytical solution of (3.5) can be given by eλt and we note that this is a
decreasing function (i.e. |eλs| < |eλt| for s > t), since Reλ < 0. In this case
it is appropriate to de�ne stability of a LMM if it holds |yn+1| ≤ |yn|, since
this is the behavior of the analytical solution. If we are considering the roots
ζj of the characteristic function, they should satisfy |ζj| ≤ 1. Otherwise the
next computed step would lead away from the exact solution.

De�nition 3.9 (Stability region)
Let ζj(hλ), j ∈ N denote the roots of the function Υ(ζ;hλ). The set A ⊂ C
de�ned by

A :=
{
hλ ∈ C

∣∣∣ |ζj(hλ)| ≤ 1 for all roots, |ζj(hλ)| < 1 for all multiple roots
}

is then called stability region.

De�nition 3.10 (A-stability)
A LMM (3.2) is said to be A-stable if its stability region contains the entire
left half plane of C.

A slight weaker form of stability was �rst introduced by Widlund [34].

De�nition 3.11 (A(α)-stability)
A LMM (3.2) is said to be A(α)-stable with 0 < α < π

2
if its stability region

contains the set S := {hλ ∈ C
∣∣ | arg(−hλ)| < α, hλ 6= 0}

In this work we focus on a speci�c form of linear multi-step methods called
Backward Di�erentiation Formulas (short BDF methods). These methods
are suitable especially for sti� problems. There is no general de�nition for
what is meant by sti�, but commonly this term is used for problems of
type (3.1) if there are eigenvalues µ of the Jacobian ∂f

∂y
with Reµ < 0 and

|Reµ| � 0. Sti� problems often appear in context of chemical kinetics.

De�nition 3.12 (BDF method)
A k-step BDF method with given initial values yn, yn+1, . . . , yn+k−1 to solve
(3.1) is de�ned by

k∑
i=0

αiyn+j = hf(yn+k, tn+k) (3.7)
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3 | Numerical solution of ordinary di�erential equations

According to de�nition 3.1 BDF methods are implicit, since βk = 1. BDF
methods are often called �methods of order k� instead of �k-step method�.

Theorem 3.13

BDF methods of order k are zero-stable for k ≤ 6 and unstable for k > 6.

Proof: This is shown in [9]. A proof is also given in [14] where furthermore
the factors αi are listed for the stable BDF methods. �

BDF methods provide additional stability properties.

Theorem 3.14

BDF methods of order k are

A-stable for k = 1, 2

A(α)-stable for k = 3, . . . , 6.

Proof: This is shown for example in [15]. The values of the corresponding
α are listed below.

k 3 4 5 6

α 86.03◦ 73.35◦ 51.84◦ 17.84◦

�

The stability regions of BDF methods are illustrated in �gure 3.2. We con-
sider the so-called root locus curve

hλ =
%(eΘi)

σ(eΘi)

and plot hλ in the complex plane for 0 ≤ Θ ≤ 2π (see e.g. [2]).

3.2.2 Variable step size

The �rst section deals with numerical integration algorithms on uniform time
grids, but in practice numerical methods often use strategies to vary order
and step size in adaption to the di�erential equation system. Thus we transfer
the previous statements on a variable time grid, i.e. on variable step sizes hj.
We denote the time grid by Ik = {tn, tn+1, . . . , tn+k}, hence the step sizes are

given through hj = tj − tj−1. It is also helpful to introduce ωj =
hj
hj−1

, the

quotient of the step sizes.
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Figure 3.2: Stability regions of BDF methods up to order 6. Each

method is stable for values of hλ which are outside the given

area.

De�nition 3.15 (LMM on variable time grid)
A k-step linear multi-step method on a variable time grid Ik with
initial values yn, . . . , yn+k−1 to solve (3.1) is de�ned by

yn+k +
k−1∑
i=0

αinyn+i = hn+k

k∑
i=0

βinf(yn+i, tn+i) (3.8)

where αin := αi(ωn+2, . . . , ωn+k) and βin := βi(ωn+2, . . . , ωn+k) depend on the
ratios ωj.

De�nition 3.16 (Consistency on variable time grid)
A linear multi-step method as in (3.8) is consistent of order p, if

P (tn+k) +
k−1∑
i=0

αinP (tn+i) = hn+k

k∑
i=0

βinṖ (tn+i)

holds for all polynomials P (t) with degree p or less and for all time grids Ik.

Theorem 3.17

Suppose a method as given in (3.8) has the following characteristics:

(i) consistency order p ≥ 0

(ii) the coe�cients αin = αi(ωn+2, . . . , ωn+k) are continuous in a neighbor-
hood of (1, . . . , 1)
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3 | Numerical solution of ordinary di�erential equations

(iii) all roots of

ζk +
k−1∑
i=0

αi(1, . . . , 1)ζ i = 0

lie in the open unit disc, with the exception of ζ1 = 1. That means the
method is strongly stable on an equidistant time grid.

Then there exist ω,Ω ∈ R with ω < 1 < Ω such that the method is stable if
ω ≤ ωj ≤ Ω for all j.

Proof: We refer to [14]. �

Similarly to the case with �xed step size we can �nd a correlation between
stability and consistency and convergence, but more assumptions have to be
made here.

Theorem 3.18

Let a method as given in (3.8) ful�ll the following conditions:

(i) consistent of order p, stable and the coe�cients αin, βin are bounded

(ii) the initial values satisfy ‖y(tn+i)− yn+i‖ = O(hp), i = 0, . . . , k − 1

(iii) all step size ratios are bounded, i.e. ωj ≤ Ω, j = n+ 2, . . . , n+ k

Then the method is convergent of order p. This means, there exists a C ∈ R
for which

‖y(tn)− yn‖ ≤ Chpmax

is satis�ed if tn ∈ [t0, tf ] and hmax = max
j
hj.

Proof: See [14]. �

3.3 BDF method as implemented in DOT

In this section we present the fundamental ideas of the implementation of
a variable step variable order backward di�erentiation formula. This im-
plementation is based on the work by Byrne and Hindmarsh [5] with an
application of Nordsieck arrays [24] and the step size strategy introduced by
Calvo et al. in [6]. This method is used in DOT to solve ordinary di�erential
equation systems. To simplify the notation in the next subsections, espe-
cially the indices, we consider the next step to be from n− 1 to n, thus the
previously computed values are indicated by n− i with i > 0.
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3.3 | BDF method as implemented in DOT

3.3.1 Prediction and correction

Given approximations yn−1, yn−2, . . . , yn−k we consider the interpolation poly-
nomial pn−1(t) of degree k or less which satis�es the k + 1 conditions

pn−1(tn−j) = yn−j ∀j ∈ {1, . . . , k}
ṗn−1(tn−1) = ẏ(tn−1) = f(y(tn−1), tn−1).

(3.9)

We want to construct the polynomial pn which satis�es

pn(tn−j) = yn−j ∀j ∈ {0, . . . , k}
ṗn(tn) = ẏ(tn) = f(y(tn), tn)

(3.10)

and thus compute a value of yn which makes this possible. By this we get a
polynomial of degree k or less which has to satisfy k+2 conditions. We obtain
a classical linear multi-step formulation as in de�nition 3.8 by a restatement
of the conditions in (3.10) (e.g. see [5]). A �rst guess for approximations of
yn and ẏn can be made by extrapolation of pn−1 to tn. Let

yn,0 = pn−1(tn) and ẏn,0 = ṗn−1(tn)

denote those approximations. It should be clear that these estimations not
necessarily have to be very accurate, i.e. the gap

ẏn,0 − f(yn,0, tn) (3.11)

may be large whereas for an exact solution it has to be zero. This gap is used
as a residual and thus to correct yn,0 and obtain yn,1. This correction process
is repeated iteratively until a su�ciently accurate solution which solves (3.10)
is gained (see [5] for further details).
With y and f being vector valued functions, the ideas and strategies are
adapted component-by-component but generally stay the same. But here,
the Nordsieck arrays come into play. Instead of storing the vectors yn−1 and
ẏn−1 in (3.9) we use the ny × (k + 1) matrix

zn−1 =

[
yn−1, hy

(1)
n−1, . . . ,

hk

k!
y

(k)
n−1

]
.

It should be pointed out that the derivatives used in here are the approxi-
mations gained by the polynomial

y
(j)
n−1 = p

(j)
n−1(tn−1)

and h = tn− tn−1 is the step size of the next step. Although we operate with
approximations, if the basic data is correct within an order of O(hk+1) we
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3 | Numerical solution of ordinary di�erential equations

keep this correction order even for the derivatives (shown in [5]). According
to the one dimensional case the task is to �nd zn in dependency of zn−1. We
approximate zn with the help of Pascal triangle matrices A(k). These are
lower triangular (k+ 1)× (k+ 1) matrices whose entries consist of the values
in Pascal's triangle

Aij(k) =


0, i < j(
i
j

)
, i ≥ j

 , i, j = 0, 1, . . . , k.

The �rst approximation for zn is done by the prediction

zn,0 = zn−1A(k) (3.12)

We want to show a simple but fundamental relation between the �rst ap-
proximation zn,0 and the exact solution zn which will allow us to correct the
entire prediction array (3.12) as soon as we obtain yn. Consider we gained
the correct yn and hereby the polynomial pn and the corrected Nordsieck
array

zn =

[
yn, . . . ,

hk

k!
y(k)
n

]
, y(j)

n = p(j)
n (tn). (3.13)

We analyze the di�erence between the interpolation polynomials pn and pn−1

which we describe by a new polynomial

∆n(t) := pn(t)− pn−1(t).

For obvious reasons
(
(3.9) and (3.10)

)
we obtain

∆n(tn−j) = 0, j = 1, . . . , k

thus the roots of this polynomial are tn−j with j = 1, . . . , k and by using the
Lagrange form for polynomials this gives us

∆n(t) =
k∏
j=1

t− tn−j
tn − tn−j

en

with en := pn(tn)− pn−1(tn).
We introduce new variables

x :=
t− tn
h

, ξi :=
tn − tn−i

h
(3.14)
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3.3 | BDF method as implemented in DOT

and the polynomial

Λn(x) :=
k∏
j=1

(
1 +

x

ξj

)
to get the result

∆n(t) = ∆n(tn + hx) = Λn(x)en. (3.15)

By collecting terms in powers of x we write Λn(x) as

Λk(x) =
k∑
j=0

ljx
j

where lj is given in the following way. With respect to (3.12),(3.13) and
(3.15) we see that column j of zn − zn,0 is

hj

j!
p(j)
n (tn)− hj

j!
p

(j)
n−1(tn) =

hj

j!
∆(j)
n (tn) =

1

j!
Λ(j)
n (0)en = ljen

for j = 0, . . . , k.
Finally we de�ne

l = [l0, l1, . . . , lk]

a 1× (k + 1) vector an get the relation

zn = zn,0 + enl. (3.16)

It can be shown that the algorithm given by (3.12) and (3.16) yields solutions
yn and thus zn which are accurate to order k if l0 = 1 and l1 is bounded away
from zero [5].

3.3.2 Step size strategy

Variable step sizes o�er the opportunity to guarantee a desired accuracy
in every step and thus in�uence the global error. To evaluate the actual
step size a prescribed tolerance (TOL) and the discretization error (DE) are
used. According to the notation in the previous sections a BDF method with
variable step sizes is given in the form

α0nyn =
k∑
j=1

αjnyn−j − hnẏn

and therefore the discretization error in the n-th step is de�ned as

DEn :=
k∑
j=0

αjny(tn−j)− hnẏ(tn).
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3 | Numerical solution of ordinary di�erential equations

If |DEn| > TOL the step size will be rejected and a parameter θ is needed
to de�ne a new step size h′n = θhn for which |DE′n| ≤ TOL is ful�lled. A
useful strategy has two goals. In case the actual step size is rejected, we
want to compute a reliable θ with minimum e�ort to make sure that the
new discretization error is approximately TOL. The second goal concerns
the preparation of the next step. Predicting a factor α to have an optimal
step size hn+1 = αhn in the next step reduces the number of failed steps, the
number of calculations and thus makes the code much more e�cient.
The usual way (see e.g. [6]) is to set

θ = θ̂ ≡
(
TOL

|DEn|

) 1
k+1

but it turns out that the choice of θ̂ for variable time grids is not as good
as it is for uniform time grids. In fact, Calvo et al. mentioned in [6] that a
better value for θ can be greater or smaller than θ̂ depending on increasing
or decreasing step sizes. De�ning

µ :=
TOL

|DEn|
it is recommended to use

θ =

{√
µ

1
2

+ 1
k+1 if 0.05 ≤ µ ≤ 1

νµ
1
k+1 + (1− ν)µ

1
2 if µ < 0.05

as correction factor for a k-step BDF-method where

ν :=




k∏
j=2

ξj

k∑
j=1

1
ξj

k∏
j=2

(ξj − 1)


1
2

µ (k−1)
(2k+2)

and ξi as de�ned in (3.14).
The recommended term for α is

α =


k∑
j=1

1
j

k∑
j=1

1
ξj

·

k∏
j=2

ξj

k


1

(k+1)

µ
1

(k+1)

We refer to [6] for detailed informations about those terms. The integrator
within the DOT package follows the suggestions of Calvo et al. and makes
use of this step size strategy.
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3.3 | BDF method as implemented in DOT

3.3.3 Sensitivity analysis

Instead of dealing with an IVP of type (3.1) we can consider

ẏ(t) = f(y(t), p, t)

y(t0) = y0

(3.17)

where p ∈ Rnp is a vector consisting of parameters which a�ect the system. In
many applications it is of interest how the system model reacts to a variation
of those parameters, i.e. we are interested in the values dy

dp
.

One way to obtain these values is computing �nite di�erences. Here, we need
a solution y of system (3.17) and a solution yper of the perturbed system

ẏper(t) = f(y(t), p+ εq, t)

yper(t0) = y0

with ε > 0 and q ∈ Rnp . The �nite di�erences approach yields

dy(t)

dp
=
yper(t)− y(t)

ε
+O(ε).

But in general, and especially if using an adaptive integrator, �nite di�er-
ences are not recommendable, since they su�er from inaccuracies. The values
calculated by an adaptive method commonly do not exhibit continuous de-
pendencies on the input. The settings of the integration scheme (e.g. step
sizes) can di�er signi�cantly even for slight modi�cations and to guarantee
a certain accuracy for the derivatives the accuracy of the computed solution
has to be increased what in turn is computationally expensive.
The usual alternative is using the so-called variational di�erential equations.
We denote the solution of (3.17) by y(t; y0, p) to point out the dependencies
on y0 and p.

Theorem 3.19

Let k ∈ N and f ∈ Ck(S,Rny) with S = Rny ×Rnp × [t0, tf ] and consider the
derivatives of f on S are bounded. Then the solution y(t; y0, p) of (3.17) is

- k-times continuously di�erentiable in y0 and p

- (k + 1)-times continuously di�erentiable in t

and the derivatives of this solution with respect to y0 or p are given as the
solutions of the following variational di�erential equations:

d

dt

∂y(t; y0, p)

∂y0

= fy(y(t; y0, p), p, t)
∂y(t; y0, p)

∂y0

∂y(t0; y0, p)

∂y0

= I
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3 | Numerical solution of ordinary di�erential equations

and

d

dt

∂y(t; y0, p)

∂p
= fy(y(t; y0, p), p, t)

∂y(t; y0, p)

∂p
+ fp(y(t; y0, p), p, t)

∂y(t0; y0, p)

∂p
= 0

Proof: See e.g. [8] �

Even when facing a nonlinear problem, the variational di�erential equations
are always in linear form. The integration algorithm used in DOT includes a
strategy which is based on the work of Albersmeyer and Bock [1] where they
presented sophisticated principles of internal numerical di�erentiation in a
forward and an adjoint mode. All needed values are calculated by di�erenti-
ating the obtained integration scheme directly via automatic di�erentiation.
To improve the robustness of the optimization approach the integrator is
able to use the sensitivity information which is computed during the forward
mode of automatic di�erentiation. Further explanations can be found in the
upcoming PhD thesis of Dominik Skanda, who has implemented the whole
BDF method and has kindly provided the integrator for this work.
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CHAPTER 4

Numerical optimization

A general form of an optimization problem is given by

min f(x)

subject to x ∈ S (4.1)

where f : X −→ R and S ⊂ X for a topological space X.
Having this general formulation we can distinguish between the �nite form,
where X = Rn, and the in�nite form, where X is assumed to be X = B for
any Banach space B

(
e.g. B = C([a, b],R)

)
. In this chapter, we demonstrate

details for the �nite form since this is the one which is treated numerically.
More details on the in�nite formulation follow in the next chapter.
A general form of a �nite-dimensional equality and inequality constrained
optimization problem can be stated as

min
x∈Rn

f(x)

s.t. g(x) = 0

h(x) ≤ 0

(4.2)

with f : Rn −→ R, g : Rn −→ Rng and h : Rn −→ Rnh being at least
twice continuously di�erentiable functions. We want to minimize the objec-
tive function f while maintaining both the equality constraints g and the
inequality constraints h. Instead of searching for a maximum of f , we can
search for a minimum of −f which is equivalent.
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4 | Numerical optimization

4.1 Theoretical aspects

De�nition 4.1 (Feasibility)
The feasible set of (4.2) is de�ned by

S := {x ∈ Rn | g(x) = 0, h(x) ≤ 0}
and a point x ∈ S is called feasible.

De�nition 4.2 (Optimality)
A feasible point x∗ is a local minimum of (4.2) if there exists a neighborhood
Uε(x∗), ε > 0 such that it holds

f(x∗) ≤ f(x) ∀x ∈ Uε(x∗) ∩ S.
De�nition 4.3 (Lagrangian function)
The Lagrangian function L is de�ned by

L(x, λ, µ) := f(x) + λ>g(x) + µ>h(x)

with the so-called Lagrange multipliers λ ∈ Rng and µ ∈ Rnh.

De�nition 4.4 (Activity)
Let x be a feasible point. An inequality constraint hi is called active, if it
holds hi(x) = 0. We denote the index set of active inequalities in x by

Ih(x) := {i ∈ {1, . . . , nh} | hi(x) = 0}.
De�nition 4.5 (Regularity)
A point x is called regular, if x is feasible and the gradients

{∇gi(x)}ngi=1 ∪ {∇hj(x)}j∈Ih(x)

are linear independent.

Theorem 4.6 (First order necessary conditions)
Let x∗ be a regular point which is a local minimum of (4.2). Then there exist
Lagrange multipliers λ∗ ∈ Rng and µ∗ ∈ Rnh such that the triple (x∗, λ∗, µ∗)
satis�es the following conditions

∇xL(x∗, λ∗, µ∗) = 0

g(x∗) = 0

µ>∗ h(x∗) = 0 (4.3)

h(x∗) ≤ 0

µ∗ ≥ 0

Proof: Nocedal and Wright give a proof in [23]. �
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4.2 | Interior point methods

These conditions are also known as Karush-Kuhn-Tucker (KKT) conditions.
Numerical methods for solving nonlinear optimization problems aim to obtain
a point which ful�lls this �rst order necessary conditions. Basically there are
two numerical approaches. The �rst one is a so-called active-set strategy
commonly used in context of sequential quadratic programming (see e.g. [23,
Chapter 18]). In this work, we concentrate on the second approach, known
as interior point method.

4.2 Interior point methods

Before we explain them in detail, we want to give a short sketch of the main
idea of interior point methods. Interior point methods are iterative algo-
rithms which solve a sequence of problems. The origin function is extended
by a penalty term with a so-called penalty parameter. By this, the solutions,
which are gained during the iteration process, are forced to remain strictly
inside the feasible region. According to this, the optimal solution is reached
by traversing the feasible region. The penalty parameter is slowly driven to
zero, thus the solutions of the corresponding problems converge to the so-
lution of the original problem. We present in this section an interior point
method with a special focus on the implementation in the software package
IPOPT by Wächter and Biegler [31, 32, 33].

Notations

The notation will be as follows,

x(i) stands for the i-th component of a vector x ∈ Rn,

X ∈ Rn×n denotes the matrix X :=diag(x) for a vector x and

e := [1, 1, . . . , 1]> ∈ Rn

We describe the method for a slight modi�cation of (4.2), where we enlarge
the system by introducing slack variables to rewrite the inequality constraints
as equalities. In addition, to keep the notation as clear as possible, we only
handle the special case with x ≥ 0. In general, we would have to consider
lower and upper bounds of x, xL ∈ [−∞,∞)n and xU ∈ (−∞,∞]n with

x
(i)
L ≤ x

(i)
U . Few changes are necessary to cover the general case, see [33].
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4 | Numerical optimization

Considering those rearrangements we reformulate (4.2) as

min
x∈Rn

f(x) (4.4a)

s.t. g(x) = 0 (4.4b)

x ≥ 0 (4.4c)

Interior points methods solve a sequence of problems

min
x∈Rn

ϕµ(x) = f(x)− µ
n∑
i=1

ln(x(i))

s.t. g(x) = 0

(4.5)

for µ ↓ 0. This barrier problem (4.5) consists of the original objective function
combined with a so-called penalty term. In fact, for µ = 0 it is identically
the objective function of (4.4). It is

lim
x(i)↓0

ln(x(i)) = −∞

thus ϕµ(x) in (4.5) increases exceedingly for x(i) ↓ 0. Consequently, it holds
x(i) > 0 (i = 1, . . . , n) for the computed solution of (4.5) as long as µ > µε
with µε ≥ 0.
The KKT conditions (4.3) of (4.5) are

∇ϕµ(x) +∇g(x)λ = 0

g(x) = 0
(4.6)

and here we encounter the following problem. In ∇ϕµ(x) terms appear which

include 1
x(i)

(
e.g. ∂ϕµ(x)

∂x(1) = ∂f(x)

∂x(1) − µ
x(1)

)
, thus the system (4.6) is not de�ned for

solutions of (4.4) with an active bound x(i) = 0 and consequently additional
problems occur, e.g. when decreasing µ the radius of convergence of Newton's
method applied to (4.6) converges to zero [30]. Introducing so-called dual
variables

s(i) :=
µ

x(i)

allows to formulate the conditions known as the primal-dual equations

∇f(x) +∇g(x)λ− s = 0 (4.7a)

g(x) = 0 (4.7b)

XSe− µe = 0 (4.7c)

which are equivalent to (4.6).
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Setting µ = 0 under the requirements x > 0 and s > 0 these equations are
equivalent to the KKT conditions (4.3) of the original problem (4.4).
In IPOPT, a primal-dual interior-point line-search �lter method is imple-
mented to solve problems of type (4.4) with the help of barrier problems
(4.5). After �xing a value of µ = µj, an approximated solution of (4.5) is
computed. As soon as this approximation satis�es certain conditions (which
are given in section 4.2.2) the barrier parameter is decreased.
The computation of the solution for a barrier problem is done by an applica-
tion of a damped Newton's method to the primal-dual equations (4.7). Given
(xk, λk, sk) with xk, sk > 0 at iteration step k the following system, which is
gained from the linearization of (4.7),

Qk Ak −I

A>k 0 0

Sk 0 Xk




dxk

dλk

dsk

 = −


∇f(xk) + Akλk − sk

g(xk)

XkSke− µje

 (4.8)

is solved to obtain search directions dxk, d
λ
k and dsk. Here, Ak := ∇g(xk) and

Qk is either the exact Hessian Hk := ∇2
xxL(xk, λk, sk) or an approximation

to this Hessian. L denotes the Lagrangian function which is de�ned as

L(x, λ, s) := f(x) + g(x)>λ− s>x.
Having these directions we need step sizes αk, α

s
k ∈ (0, 1] to set the next

iterate

xk+1 := xk + αkd
x
k (4.9a)

λk+1 := λk + αkd
λ
k (4.9b)

sk+1 := sk + αskd
s
k (4.9c)

Details on how to determine these step sizes will be elaborated in section
4.2.3, �rst we want to focus on solving the non-symmetric system (4.8).

4.2.1 Solving the barrier problem

In IPOPT this system is solved in two steps. The �rst one is to solve the
symmetric and smaller systemQk +X−1

k Sk Ak

A>k 0


dxk
dλk

 = −

∇ϕµj(xk) + Akλk

g(xk)

 (4.10)
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In the second step the vector dsk is computed by

dsk = µjX
−1
k e− sk −X−1

k Skd
x
k. (4.11)

This yields an equivalent solution, since only the last block row in (4.8) has
been eliminated. We have to ensure the following properties of the matrix
in (4.10) to guarantee certain decent properties for the �lter line-search pro-
cedure. The top left block of this matrix � projected onto the null space of
the constraint Jacobian A>k � has to be positive de�nite. Additionally prob-
lems occur if Ak does not have full rank, because singularities appear and a
solution of (4.10) might not exist. Therefore in IPOPT a small modi�cation
of this matrixQk +X−1

k Sk + δwI Ak

A>k −δcI


dxk
dλk

 = −

∇ϕµj(xk) + Akλk

g(xk)

 (4.12)

with δw, δc ≥ 0 is used.

4.2.2 Optimality error

Since we solve a sequence of problems (4.5), the algorithm needs a criterion
to decide at which point

1. the barrier parameter µ can be decreased

2. the algorithm found a satisfying solution of the original problem and
thus should �nish.

This motivates the de�nition of an optimality error

Eµ(x, λ, s) := max

{‖∇f(x) +∇g(x)λ− s‖
σd

, ‖g(x)‖, ‖XSe− µe‖
σc

}
with ‖ · ‖ = ‖ · ‖∞ the maximum norm and scaling parameters σd, σc ≥ 1. By
this we obtain a measure for the violation of the primal-dual equations (4.7).
The scaling gets necessary if the multipliers λ or s become very large and
this can occur even if the original problem (4.4) is well scaled. In IPOPT
these scaling factors are set to

σd =

max

{
σmax,

‖λ‖1 + ‖s‖1

ng + n

}
σmax

and σc =

max

{
σmax,

‖s‖1

n

}
σmax

with constant σmax ≥ 1.
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The algorithm pursues a strategy proposed by Byrd, Liu and Nocedal in [4]
which o�ers fast local convergence properties (section 4.2.4). Let (x̂j, λ̂j, ŝj)
denote the approximated solution of the barrier problem for �xed µj. The
barrier parameter will be decreased, if

Eµj(x̂j, λ̂j, ŝj) ≤ κεµj

for a constant κε > 0 is satis�ed. The new parameter is set as

µj+1 = max
{εtol

10
,min{κµµj, µθµj }

}
(4.13)

with constants κµ ∈ (0, 1), θµ ∈ (1, 2) and a selectable tolerance εtol > 0.
E0(x, λ, s) gives a measure for the optimality error of the original problem.
Hence the algorithm will stop as soon as

E0(x, λ, s) ≤ εtol (4.14)

is satis�ed.

4.2.3 Obtaining step sizes

We introduce a parameter

τj := max
{
τmin, 1− µj

}
(4.15)

with τmin ∈ (0, 1) and formulate the fraction-to-the-boundary rule

αmax
k := max

{
α ∈ (0, 1]

∣∣∣ xk + αdxk ≥ (1− τj)xk
}

(4.16a)

αsk := max
{
α ∈ (0, 1]

∣∣∣ sk + αdsk ≥ (1− τj)sk
}

(4.16b)

to treat the step sizes in (4.9). Hence we have a de�nition for the step size αsk
used in (4.9c). To determine the second step size αk ∈ (0, αmax

k ] in (4.9a) and
(4.9b), we make use of a backtracking line-search procedure on a sequence of
trial step sizes

βl = 2−lαmax
k with l = 0, 1, 2, . . . .

We set αk = βl∗ where l∗ is the index of the �rst accepted trial step size βl.
The idea of the line-search �lter method, �rst presented in [11], is essential.
Recall (4.5), a βl is going to be accepted, if it either yields a satisfying
decrease of the objective function ϕµj or the constraint violation. With

xk(βl) := xk + βld
x
k (4.17)
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and
Θ(xk(βl)) :=

∥∥g(xk(βl))
∥∥

as a measure for the constraint violation (‖ · ‖ is a �xed vector norm) this
criterion can be formulated as satisfying

ϕµj(xk(βl)) ≤ ϕµj(xk)− γϕΘ(xk) (4.18a)

or Θ(xk(βl)) ≤ (1− γΘ)Θ(xk) (4.18b)

with γΘ, γϕ ∈ (0, 1) being constant factors.
However, these conditions alone do not guarantee global convergence of the
algorithm since several problems can occur. We will work out details on
convergence properties in the next section, but �rst we present three essential
techniques which prevent the algorithm from providing incorrect solutions or
being stalled.

Switching condition

Criterion (4.18) is changed when Θ(xk) < Θmin holds and the so-called
switching condition

∇ϕµj(xk)>dxk < 0 and βl[−∇ϕµj(xk)>dxk]sϕ > δ[Θ(xk)]
sΘ (4.19)

with δ > 0, sΘ > 1 and sϕ ≥ 1 is satis�ed for the current iterate. Condition
(4.19) can be ful�lled for a feasible but non-optimal point x̄ and to prevent
the method, i.e. the solutions computed by the method, from converging to
x̄, a su�cient progress concerning the objective function has to be ensured.
Here, this is done by replacing criterion (4.18) by the Armijo condition

ϕµj(xk(βl)) ≤ ϕµj(xk) + ηϕβl∇ϕµj(xk)>dxk (4.20)

where ηϕ ∈ (0, 1
2
) is a constant.

Filter method

A second problem which can appear is the following. Recall that the step
size is accepted if either (4.18a) or (4.18b) is satis�ed. Assume two feasible
points x̄1 and x̄2 with

ϕµj(x̄1) < ϕµj(x̄2) and

Θ(x̄2) < Θ(x̄1).
(4.21)

Hence, it is conceivable, that the algorithm yields solutions which alternate
between x̄1 and x̄2. This incident is called cycling and to strictly avoid cycling
the algorithm makes use of a so-called �lter. We want to point out the main
idea of a �lter, for this purpose let (Θk, ϕk) denote the pair

(
Θ(xk), ϕµj(xk)

)
.
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De�nition 4.7 (Domination)
A pair (Θk, ϕk) dominates another pair (Θl, ϕl) if it holds both Θk ≤ Θl

and ϕk ≤ ϕl.

De�nition 4.8 (Filter set)
A list of pairs such that no pair is dominated by any other is called �lter.
The set which contains the �lter and all pairs which are dominated is called
the �lter set.

A graphical illustration is given in �gure (4.1).

Θ

ϕ

1
Figure 4.1: Illustration of a �lter. We sketch �lter points and domination

barriers, i.e. any pair (Θk, ϕk) to the upper right of a �lter

point is dominated.

The IPOPT algorithm maintains for each iteration k a �lter set

Fk ⊆ {(Θ, ϕ) ∈ R2 | Θ ≥ 0}.
This set contains those combinations of Θ and ϕ which are ineligible for a
successful trial point in this iteration step. The �lter is initialized to

F0 = {(Θ, ϕ) ∈ R2 | Θ ≥ Θmax} (4.22)

an will be extended by the formula

Fk+1 = Fk ∪
{

(Θ, ϕ) ∈ R2
∣∣Θ ≥ (1− γΘ)Θ(xk) and ϕ ≥ ϕµj(xk)− γϕΘ(xk)

}
if (4.19) or (4.20) is not ful�lled for the accepted trial step size. Whenever

(Θ(xk(βl)), ϕµj(xk(βl))) ∈ Fk
holds for a trial point xk(βl), this point is not acceptable to the current �lter
and is rejected during the line search. By this, the algorithm cannot stuck
between two points that decrease constraint violation and objective function
rotationally (see (4.21)). The �lter is reset to its initial de�nition (4.22) when
the barrier parameter µj is decreased.

37



4 | Numerical optimization

Restoration phase

Generally it is not guaranteed to �nd an appropriate step size which satis-
�es the �lter criterion given above. For this reason the algorithm enters the
feasibility restoration phase if the trial step size becomes smaller than αmin

k .
Here, an iterative method is used to decrease the constraint violation until a
new iterate xk+1 is found, which satis�es (4.18) and is accepted by the �lter.
According to [30] the value of αmin

k is de�ned by

αmin
k :=

{
γα · min

{
γΘ,

γϕΘ(xk)

−∇ϕµj (xk)>dxk
, δ[Θ(xk)]sΘ

[−∇ϕµj (xk)>dxk ]sϕ

}
if ∇ϕµj(xk)>dxk < 0

γα · γΘ otherwise

with γα ∈ (0, 1].
This de�nition results from the following considerations. Assuming the actual
step size βl being large enough such that the switching condition (4.19) can
be ful�lled for a α ≤ βl. So we can see that for

βl >
δ[Θ(xk)]

sΘ

[−∇ϕµj(xk)>dxk]sϕ

there is the possibility of satisfying the Armijo condition (4.20) with a shorter
step. If (4.19) does not hold for βl (and all α < βl), the decision whether to
enter the restoration phase depends on the linear approximations

ϕ̃µj(xk + νdxk) = ϕµj(xk) + ν∇ϕµj(xk)>dxk
Θ̃(xk + νdxk) = Θ(xk)− νΘ(xk)

in the following way. Substituting those approximations into (4.18) leads
to the conclusion that in case of ∇ϕµj(xk)>dxk < 0 condition (4.18a) only is
ensured if

βl >
γϕΘ(xk)

−∇ϕµj(xk)>dxk
and that (4.18b) only can be guaranteed if

βl > γΘ.

The restoration phase also helps to detect errors in the modeling of the
problem. For example, if the given problem is infeasible because it is ill-
posed, the algorithm is ultimately not able to generate su�cient progress in
the line-search method and reverts to the restoration phase [33]. In this case,
it holds

Θ(x) > cΘ

for all feasible points x and cΘ > 0, since the constraints are always violated.
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4.2.4 Global and local convergence

It is su�cient to ensure global convergence for a �xed value of µj to ensure
global convergence of the overall algorithm. Wächter and Biegler showed
both global and local convergence properties for problems of type

min
x∈Rn

f(x)

s.t. g(x) = 0
(4.23)

in [32] and [31]. Problem (4.5) indeed is of that type.
The linearization of the KKT conditions for (4.23) at an iterate point xk
leads to Qk Ak

A>k 0


dxk
λ̃k

 = −

∇f(xk)

g(xk)

 (4.24)

with λ̃k := dλk − λk. The notation remains the same as in (4.8), but the
Lagrangian function has the form

L(x, λ) = f(x) + g(x)>λ.

The assumptions which have to be made to ensure global convergence are
stated in the following. We introduce the notation [a, b] ⊂ Rn with a, b ∈ Rn

which is de�ned as the box [a, b] := [a1, b1]× · · · × [an, bn].

Assumption 4.9

Consider that the algorithm described in this chapter generates a sequence
(xk)k∈N, where the restoration phase always terminates properly and the al-
gorithm does not stop at a KKT point.

(A1) The functions f and g are di�erentiable on an open set C ⊆ Rn, with
[xk, xk + dxk] ⊂ C and both their function values and �rst derivatives
are bounded and Lipschitz-continuous on this set C.

(A2) The Hessian approximations Qk in (4.24) are uniformly bounded

(A3) The matrices Qk are uniformly positive de�nite projected onto the null
space of the Jacobian A>k

(A4) There exists a constant cA > 0 so that the smallest singular value of
Ak denoted by σmin(Ak) holds σmin(Ak) ≥ cA

(A5) There exists a constant cθ > 0 so that the system (4.24) is not ill-
conditioned or singular for θ(xk) ≤ cθ
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To be more precise, the assumptions (A1)-(A4) only have to hold for those
iteration steps where the restoration phase has not been invoked because of
an ill-conditioned or singular system (4.24). We refer to [32] for a detailed
view on these assumptions.

Theorem 4.10 (Global convergence)
Suppose assumption 4.9 hold. Then all limit points of the sequence (xk)k∈N
are feasible, and if (xk)k∈N is bounded, there exists a limit point x∗ which
ful�lls the KKT-conditions for (4.23).

Proof: A proof is given in [32]. An elaboration of the algorithm can also be
found there. �

We sketch now necessary assumptions for the local convergence analysis.

Assumption 4.11

Suppose the generated sequence (xk)k∈N of iterates converges to a local solu-
tion x∗ of (4.23). Additionally the following assumptions have to be made.

(B1) The functions f and g are twice continuously di�erentiable in a neigh-
borhood of x∗

(B2) There exists λ∗ ∈ Rm so that the KKT conditions of (4.23) are ful�lled
for (x∗, λ∗)

(B3) The Jacobian A(x∗)
> has full rank

(B4) The Hessian of the Lagrangian H∗ := ∇2
xxL(x∗, λ∗) projected on the

null space of A(x∗)
> is positive de�nite

(B5) Qk is bounded and uniformly positive de�nite on the null space of A>k

(B6) Qk always ful�lls (Hk −Qk)d
x
k = o(‖dxk‖)

(B7) There exists a constant cθ > 0 so that the system (4.24) is not ill-
conditioned or singular for θ(xk) ≤ cθ

We have to enlarge these assumptions for the following reason. In [11],
Fletcher and Ley�er considered the possibility of su�ering from the so-called
Maratos e�ect [23, Chapter 15.5]. This incident occurs when the �lter line
search method only allows small steps because otherwise both the objective
value an the constraint violation will be increased. Since this could happen
even close to a local solution, a poor local convergence behavior would be
the consequence. The calculation of a second order correction step [31] is
proposed. This correction step is computed whenever xk(β0) (recall (4.17))
is rejected due to one of the following reasons
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4.2 | Interior point methods

(i) (Θ(xk(β0)), ϕµj(xk(β0))) ∈ Fk
(ii) neither (4.18) nor (4.19) are satis�ed

(iii) (4.19) is ful�lled but not (4.20).

Before decreasing the trial step size β0 to β1, it is �rst veri�ed if the corrected
step

xk+1 := xk + dxk + dsock

is accepted by the algorithm. We have to formulate

(B8) Qsoc

k is bounded and uniformly positive de�nite on the null space of
(Asoc

k )>

for the corresponding matrices Qsoc
k and Asoc

k which are used to obtain the
second order correction step size dsock (see [31] for details).

Theorem 4.12 (Local convergence)
Suppose assumption 4.11 hold. For k ≥ N with N ∈ N, N � 1 full steps of
the form xk+1 = xk + dxk or xk+1 = xk + dxk + dsock are taken and xk converges
to x∗ superlinearly.

Proof: The proof and detailed informations about the assumptions and the
second order corrections can be found in [31]. �
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CHAPTER 5

On the implementation of DOT

We want to discuss optimal control problems and the way we solve them in
DOT. For the theory of optimal control, results of the functional analysis are
needed due to the fact that functions between any desired Banach spaces have
to be considered. Thus we have the in�nite form of an optimization problem.
In DOT, we tackle the in�nite form by discretizing whereby we achieve a �nite
dimensional formulation which can be solved by the techniques described in
the previous chapters. We want to give both theoretical and practical details
on DOT but nevertheless, we do not want to disregard the in�nite problem
class completely. Hence, we begin with a short sketch of theoretical fun-
damentals of the optimal control theory and present Pontryagin's minimum
principle which gives �rst order necessary conditions. Afterwards we spot
the di�erence between direct and indirect methods, i.e. mainly the decision
whether to make use of Pontryagin or not. Subsequently we give a step by
step explanation on how the discretization, based on the in�nite form, is
done in DOT. We complete this chapter with an entire demonstration of the
implemented problem formulation.

Notation

In this chapter we use the following notation

y(t) ∈ Rn denotes the state vector of a system at time t

u(t) ∈ Rm stands for the control vector at time t
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5 | On the implementation of DOT

T0 ∈ R is the start and

Tf ∈ R the end time of the process

5.1 Theoretical basis of optimal control

We consider dynamics which can be described by a system of ordinary dif-
ferential equations

ẏ(t) = f(y(t), u(t), t) with t ∈ [T0, Tf ]. (5.1)

Here, f : Rn ×Rm × [T0, Tf ] −→ Rn is a continuous function and the deriva-
tives fy(y, u, t) and fu(y, u, t) exist as matrices with continuous entries. The
system is called autonomous if ẏ(t) = f(y(t), u(t)).

De�nition 5.1

A pair (y, u) with

y : [T0, Tf ] −→ Rn continuous and piecewise continuously di�erentiable

u : [T0, Tf ] −→ Rm piecewise continuous

is a solution of (5.1), if

ẏ(t) = f(y(t), u(t), t)

holds for all t ∈ [T0, Tf ] where u is continuous.

Besides the dynamics of the system, there are three other attributes which
characterize an optimal control problem, in particular, the boundary condi-
tions (state values y(t) at t = T0 and t = Tf ), the admissible range U of the
control function and the objective function F .

De�nition 5.2 (Standard optimal control problem)
A nonlinear optimal control problem with standard boundary condi-
tions is de�ned by

min F (y, u) := Φ(y(Tf )) +

Tf∫
T0

f0(y(t), u(t), t)dt

subject to ẏ(t) = f(y(t), u(t), t) with t ∈ [T0, Tf ]

y(T0) = y0

ψ(y(Tf )) = 0

u(t) ∈ U

(5.2)
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with y0 ∈ Rn,Φ : Rn −→ R and ψ : Rn −→ Rr (0 ≤ r ≤ n) continuously
di�erentiable and f0 : Rn × Rm × [T0, Tf ] −→ R continuously partial di�er-
entiable with respect to y and u. The �nal time Tf can be �x or free and
U ⊂ Rm is a nonempty, closed and convex set.

De�nition 5.3 (Hamiltonian function)
According to (5.2) we de�ne the Hamiltonian function

H(y, u, λ, t) := λ0f0(y, u, t) + λ>f(y, u, t) (5.3)

with λ0 ∈ R and λ ∈ Rn. The vector λ is called adjoint variable.

Theorem 5.4 (Pontryagin's minimum principle)
Let (y∗, u∗) and, if applicable, T ∗f be an optimal solution of (5.2). Then there
exist λ0 ≥ 0, a continuous and piecewise continuous di�erentiable function
λ : [T0, Tf ] −→ Rn and a vector ν ∈ Rr with (λ0, λ, ν) 6= 0 ∀ t ∈ [T0, Tf ] such
that the following conditions hold:

1. The minimum condition at all points t ∈ [T0, Tf ] where u
∗ is contin-

uous
H(y∗(t), u∗(t), λ(t), t) = min

u∈U
H(y(t), u, λ(t), t)

2. The adjoint di�erential equation at all points t ∈ [T0, Tf ] where u
∗

is continuous
λ̇(t) = −Hy(y

∗(t), u∗(t), λ(t), t)

3. The transversality condition at the �nal time Tf

λ(Tf ) = λ0Φy(y
∗(Tf ), Tf ) + ν>ψy(y

∗(Tf ))

4. In case of a free end time it holds for T ∗f

H(y∗(T ∗f ), u∗(T ∗f ), λ(T ∗f ), T ∗f ) = 0

Proof: The �rst three statements are proved in [25] and the last one is shown
in [17]. �

5.2 Indirect and direct approach

There are basically two approaches, an indirect and a direct one, to handle
optimal control problems. Indirect methods essentially make use of Pontrya-
gin's minimum principle. The minimum condition presented in theorem 5.4
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is used to express the control function u in terms of y and λ whereby u is
eliminated as an variable. Additionally, the adjoint di�erential equation and
the transversality condition are used to formulate a boundary value problem
for x = (y, λ) ∈ R2n which, in the simplest case, is characterized by

ẋ(t) =



θ1(x1, x2, . . . , x2n, t)

θ2(x1, x2, . . . , x2n, t)

...

θ2n(x1, x2, . . . , x2n, t)


, Ψ(x(T0), x(Tf )) = 0

with Ψ : R2n × R2n −→ R2n and θi : R2n × [T0, Tf ] −→ R (i = 1, . . . , 2n).
To solve such boundary value problems so-called shooting methods (single
or multiple shooting, see e.g. [28]) are used. The indirect method is often
named as �rst optimize then discretize approach.
In contrast, the functions for the states and controls are discretized when
using a direct method what yields a �nite dimension optimal control prob-
lem. For this reason the direct method is also called �rst discretize then
optimize approach. We give more details on this approach in the following
subsections.
Indirect methods yield very accurate solutions, but to formulate the bound-
ary value problem knowledge about the theory of optimal control is needed.
Additionally, the formulation of the adjoint di�erential equation system can
become very exhausting and to gain convergence of an indirect method usu-
ally good initial guesses for the adjoint variables are needed.
Direct methods need none of those assumptions. The adjoint di�erential
equation system does not have to be formulated, but anyhow we gain values
of the adjoint variables after obtaining a solution of the problem. We concen-
trate here on autonomous di�erential equations and thus skip the notation of
t as an explicit argument at certain points. Every non-autonomous problem
of type (5.2) can be transformed in an autonomous one by introducing a new
state variable yn+1(t) = t with the corresponding constraints ẏn+1 = 1 and
yn+1(T0) = T0.
We enlarge our problem class (as in section 3.3.3) by introducing a parameter
vector p which potentially in�uences the system, formally we append p as an
argument. Additionally, there will occur constraints g, together with a lower
bound gL and a upper bound gU . These constraints are collected together in
the �nite-dimensional problem formulation which is given in (5.12).
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5.2.1 Time discretization

The discretization starts with generating a time grid

T0 < T1 < T2 < . . . < TM := Tf

withM ∈ N and considering subintervals [Tj, Tj+1] for j = 0, . . . ,M−1. The
grid points Tj are also called nodes. We de�ne

∆tj := Tj+1 − Tj j = 0, . . . ,M − 1 (5.4)

as the length of a subinterval.
The time grid could be forced to be equidistant, i.e. ∆tj = ∆tk (j, k =
0, . . . ,M−1), but also time intervals with di�erent length are possible. To get
a more accurate solution, we can increaseM , but consequently this increases
the computational e�ort. If the end time Tf is free, the length of a subinterval
∆tj itself gets an optimization variable. In DOT all this options are handled
by adding the constraint

gLtime ≤ gtime(p) ≤ gUtime (5.5)

where the �nal time Tf and ∆tk (k = 0, . . . ,M − 1) are implemented as
coe�cients of the parameter vector p.

5.2.2 Control parametrization

Based on this time grid every control function gets piecewise represented on
a subinterval by a polynomial of order k

u(t) = u0 + u1t+ u2t
2 + . . .+ ukt

k =: ϕj(t, vj) t ∈ [Tj, Tj+1] (5.6)

with vj = [u0, . . . , uk]. The order k of this polynomial does not necessarily
have to stay the same on all subintervals. By �nding an optimal control,
in fact, we try to �nd the optimal control coe�cients parameterizing this
control. Working on subintervals explicitly allows discontinuous solutions for
the control functions on the whole interval. In section 5.2.4 we show how to
guarantee an overall continuous solution.

5.2.3 Multiple shooting approach

These discretization techniques assist the multiple shooting approach of Bock
and Plitt [3]. The system variables are considered on every node Tj for
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j = 0, . . . ,M . We use y(t; sj, vj) to denote the solution of an initial value
problem

ẏ(t) = f(y(t), ϕj(t, vj), p) t ∈ [Tj, Tj+1]

y(Tj) = sj.

The solution on the whole interval [T0, TM ] then has to be a continuous
function pieced together by these sub-solutions,

y(t) = y(t; sj, vj) for t ∈ [Tj, Tj+1[, j = 0, . . . ,m− 1

y(TM) = sM .
(5.7)

In order to guarantee continuity in (5.7) the following conditions have to be
ful�lled

gms :=



y(T1; s0, v0)− s1

y(T2; s1, v1)− s2

...

y(TM ; sM−1, vM−1)− sM


= 0 (5.8)

ignoring the explicit dependencies of the constraint function gms.
With this approach, we solve the di�erential equation system piecewise on
subintervals which reduces the growth of error noticeable. In DOT, before
the integration starts, there is a rescaling whereby the integration limits are
set to 0 and 1. This is based on the following substitution. Remembering
the de�nition of ∆tj in (5.4) any t ∈ [Tj, Tj+1] can be written as

t =

j−1∑
i=0

∆ti + ϑ∆tj with ϑ ∈ [0, 1]

which gives
dt

dϑ
= ∆tj.

Therefore a substitution of

Tj+1∫
Tj

f(y(t), u(t), p)dt

48



5.3 | Finite dimensional formulation

is given by

1∫
0

f

(
y

( j−1∑
i=0

∆ti + ϑ∆tj

)
, u

( j−1∑
i=0

∆ti + ϑ∆tj

)
, p

)
∆tjdϑ.

This substitution allows to obtain time derivatives directly out of the inte-
grator, since we have ∆ti as explicit arguments.

5.2.4 Constraints

As a further consequence of the time discretization we can formulate con-
straints among the resulting time grid. We use the start, end and interior
nodes to separate those constraint in three parts. More precisely, for the
constraints at the beginning we have

gLbeg ≤ gbeg(y(T0), u(T0), p) ≤ gUbeg (5.9)

with the understanding of u(T0) as ϕ0(T0, v0). In a similar way we introduce
at the end

gLend ≤ gend(y(TM), u(TM), p) ≤ gUend (5.10)

with the understanding of u(TM) as ϕM−1(TM , vM−1). For the interior nodes
we also have

gLint ≤ gint(y(t), u(t), p) ≤ gUint (5.11)

with t ∈ {T1, T2, . . . , TM−1} as an acceptable description, but we want to
point out details here. Consider a node Tj with j ∈ {1, . . . ,M − 1} and
recall (5.6). We have ϕj−1(Tj, vj−1), the control function de�ned on the
interval which ends at this node. But, since Tj is also starting point for the
next interval, we have the related control function ϕj(Tj, vj) as well. This
incident is used in DOT to get the possibility of forcing continuous solutions
of the control functions. The required condition which has to be set on each
interior node is

ϕj−1(Tj, vj−1)− ϕj(Tj, vj) = 0.

5.3 Finite dimensional formulation

The objective function F in (5.2) is given in a so-called Bolza problem for-
mulation

F (y, u, p) := Φ(y(Tf )) +

Tf∫
T0

f0(y(t), u(t), p)dt
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with the Mayer-Term Φ and Lagrange-Term f0. There are several other
formulations possible in which a Bolza problem can be transformed, e.g.

Lagrange problem F (y, u, p) =

Tf∫
T0

f0(y(t), u(t), p)dt

Mayer problem F (y, u, p) = Φ(y(Tf )).

In the implementation of DOT the latter formulation is used. The trans-
formation from a Bolza problem to a Mayer problem works in the following
way. Starting with a vector y = [y1(t), . . . , yn(t)]> we introduce a new state
variable

yn+1(t) :=

Tf∫
T0

f0(y(t), u(t), p)dt

and thus yn+1 satis�es the IVP

ẏn+1(t) := f0(y(t), u(t), p), yn+1(T0) = 0.

We obtain a n+ 1 dimensional Mayer problem formulation with

F (y, u, p) = Φ(y(Tf )) + yn+1(Tf ).

Together with the explanations given in the previous sections, we achieve a
�nite dimensional nonlinear optimization problem out of the in�nite dimen-
sional optimal control problem (5.2). The entire formulation as implemented
in DOT is given by

min F (y, p)

s.t. ẏ(t) = f(y(t), u(t), p)

0 = gms(y(t), u(t), p) t ∈ {T1, T2, . . . , TM}
gLbeg ≤ gbeg(y(T0), u(T0), p) ≤ gUbeg (5.12)

gLint ≤ gint(y(t), u(t), p) ≤ gUint t ∈ {T1, T2, . . . , TM−1}
gLend ≤ gend(y(TM), u(TM), p) ≤ gUend

gLtime ≤ gtime(p) ≤ gUtime
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CHAPTER 6

Application on problems with linear control

In this chapter we focus on problems with control function u occurring in
linear form. First, we want to adapt and extend the de�nitions given in
section 5.1 which makes it possible to state su�cient conditions for optimal-
ity (and corresponding assumptions). Afterwards we present four examples
which have been solved with DOT.

6.1 Problems with linear control

By using the Mayer problem formulation (as in section 5.3) we state the
optimal control problem (5.2) as

min F (y, u) = Φ(y(Tf ))

subject to ẏ(t) = f1(y(t), t) + f2(y(t), t)u(t) t ∈ [T0, Tf ]

y(T0) = y0

ψ(y(Tf )) = 0

u(t) ∈ U

(6.1)

with twice continuous di�erentiable functions f1 : Rn × R −→ Rn,
f2 : Rn × R −→ Rn×m,Φ : Rn −→ R and ψ : Rn −→ Rr with 0 ≤ r ≤ n.
The admissible control set U ⊂ Rm is supposed to be the cube

U := {u ∈ Rm | umin
i ≤ ui ≤ umax

i , i = 1, . . . ,m}.

51



6 | Application on problems with linear control

The Hamiltonian function (5.3) corresponding to (6.1) is

H(y, u, λ, t) := λ>
(
f1(y, t) + f2(y, t)u(t)

)
.

De�nition 6.1 (Switching function)
For an optimal control problem as in (6.1), the switching function is de-
�ned as

σ(y, λ, t) := Hu(y, u, λ, t) = λ>f2(y, t) ∈ R1×m.

We will shorten the notation via

σ(t) := σ(y(t), λ(t), t) = (σ1(t), . . . , σm(t)).

The minimum condition in theorem 5.4 can be stated as

σ(t)u∗(t) := min
u∈U

σ(t)u ∀ t ∈ [T0, Tf ]

and allows to determine the structure of the optimal control function directly
through the values of the switching function. We get

u∗i (t) =


umin
i if σi(t) > 0

arbitrary in U if σi(t) = 0

umax
i if σi(t) < 0

as result.

De�nition 6.2 (Bang-bang and singular control)
Let [Ta, Tb] ⊂ [T0, Tf ] and Tb > Ta

1. ui(t) is called bang-bang in [Ta, Tb], if σi(t) only has isolated zeros for
t ∈ [Ta, Tb]. The zeros of σi(t) are called switching points and it holds
ui(t) ∈ {umin

i , umax
i }.

2. ui(t) is called singular in [Ta, Tb], if it holds σi(t) ≡ 0 for t ∈ [Ta, Tb].

Numerical methods yield solutions which satisfy �rst order necessary condi-
tions, but to verify optimality there is a need of su�cient conditions. In the
following, we present second order su�cient conditions for bang-bang con-
trols. These results refer to the work of by Maurer et al. [22]. We have to
start with two assumptions.

Assumption 6.3

Let (ȳ, ū) be an admissible pair, i.e. the conditions of (6.1) are ful�lled. We
assume T̄ = {T̄1, T̄2, . . . , T̄M−1} to be a �nite set of switching points with
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(i) T0 =: T̄0 < T̄1 < T̄2 < · · · < T̄M−1 < T̄M := Tf ,

(ii) ū is continuous on [T0, Tf ]\T̄ and ūi(t) ∈ {umin
i , umax

i } for i = 1, . . . ,m,

(iii) an uniquely determined index j = j(k) such that σj(k)(T̄k) = 0 and
σi(T̄k) 6= 0 with i ∈ {1, . . . ,m} \ {j(k)} for every k = 1, . . . ,M − 1.

Assumption 6.3 allows to state the control ū as

ū(t) ≡ ūk for T̄k−1 < t < T̄k (6.2)

with vectors ūk ∈ Rm and k = 1, . . . ,M.
The second assumption we need is known as strict bang-bang Legendre con-
dition or strict bang-bang property (cf. [22]).

Assumption 6.4

We suppose that it holds

−σ̇j(T̄k)(ūk+1
j − ūkj ) > 0

for k = 1, . . . ,M−1 and j = j(k) is the unique index in assumption 6.3(iii).

We introduce the vector

x := (T1, T2, . . . , TM−1, TM) ∈ RM . (6.3)

For any x we denote the corresponding bang-bang control by u(t, x) with

u(t, x) ≡ uk for Tk−1 < t < Tk, k = 1, . . . ,M

and uk ∈ Rm. Consequently, we can consider the di�erential equation

ẏ(t) = f1(y(t), t) + f2(y(t), t)uk for Tk−1 < t < Tk

y(T0) = y0

and to simplify the notation we will denote the absolutely continuous solution
of this initial value problem by

y(t, x; y0) := y(t, T1, . . . , TM−1; y0).

We formulate the switching point optimization problem

min
x∈RM

G(x) := Φ(y(Tf , x; y0))

subject to Ψ(x) := ψ(y(Tf , x; y0)) = 0
(6.4)

with the Lagrange function

L(x, λ) := G(x) + λ>Ψ(x)

and λ ∈ Rr.

53



6 | Application on problems with linear control

Theorem 6.5 (Second order su�cient conditions)
Let (ȳ, ū) be an admissible pair for (6.1) and ū is a bang-bang control which
ful�lls assumptions 6.3 and 6.4. The pair (ȳ, ū) is a strict strong minimum,
if it holds

(i) Lx(x, λ) = Gx(x) + λ>Ψx(x) = 0

(ii) rankΨx(x) = r

and for all v ∈ RM \ {0} with Ψx(x)v = 0 it is

(iii) v>Lxx(x, λ)v > 0

for the corresponding optimization vector x as in (6.3) and the resulting for-
mulation (6.4).

Proof: We refer to [22]. �

This formulation of second order su�cient conditions (SSC) is not yet suit-
able for numerical veri�cation. For instance in DOT, we consider the length
of an interval between two points (recall (5.4)) as optimization variable. Thus
we de�ne

ξj := Tj − Tj−1 for j = 1, . . . ,M

and use the following optimization vector

x̃ := (ξ1, ξ2, . . . , ξM)

which relation to x can be given by linear transformations x̃ = Qx and
x = Q−1x̃ with

Q =


1 0 . . . 0

−1 1
. . . 0

. . . . . .
...

0 −1 1

 and Q−1 =


1 0 . . . 0

1 1
. . . 0

...
. . . . . . 0

1 . . . 1 1

 .

Hence (6.4) is equivalent to

min
x̃∈RM

G̃(x̃) := Φ(y(Tf , x̃; y0))

subject to Ψ̃(x̃) := ψ(y(Tf , x̃; y0)) = 0
(6.5)

with Tf =
M∑
k=1

ξk and the Lagrange function is given by

L̃(x̃, λ) := G̃(x̃) + λ>Ψ̃(x̃).

Using this notation a condition equivalent to 6.5(iii) can be given by

N∗L̃x̃x̃(x̃, λ)N > 0 (6.6)

with N being the matrix which columns span the kernel of Ψ̃x̃ [22].
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6.2 Applications

In the following sections, we present four examples which have been solved
with DOT.We start with two standard examples in context of optimal control
which serve as performance tests. Subsequently we solve problems which are
more sophisticated. Section 6.2.3 treats a model for circadian oscillations
and in section 6.2.4 we show calculations for a calcium oscillation process.
The plots illustrated here have been generated with MATLABr.

6.2.1 Time optimal car

0

y1(t)

u(t)

1
Figure 6.1: Model for the movement of a car

We describe the state of a car by

y(t) =

(
y1(t)
y2(t)

)
where y1(t) is the location and y2(t) is the velocity of the car at a certain
time point t. The control function in this system concerns the acceleration
of the car (see �gure 6.1). We neglect incidents like friction and formulate
the system dynamics as

ẏ1(t) = y2(t)

ẏ2(t) = u(t)

by following the laws of classical mechanics. The optimization criterion is
stated as

min Tf

with the free end time Tf .
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The boundary conditions are

y(0) =

(
0
0

)
y(Tf ) =

(
300
0

)

and the restriction of the control function is given via u ∈ [−2, 1].
Hence the problem formulation as in (6.1) is

min Tf

s.t. ẏ(t) =

(
y2(t)
u(t)

)
t ∈ [0, Tf ]

y(0) =

(
0
0

)
ψ(y(Tf )) =

(
300− y1(Tf )

y2(Tf )

)
u(t) ∈ [−2, 1]

See �gures 6.2 and 6.3 for the computed solutions and table 6.1 for informa-
tions about the numerical settings and results.
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Figure 6.2: Bang-bang control for example 6.2.1

56



6.2 | Applications

0 5 10 15 20 25 30

0

50

100

150

200

250

300

distance

t

y
1

0 5 10 15 20 25 30

0

2

4

6

8

10

12

14

16

18

20

velocity

t

y
2

Figure 6.3: System state trajectories for example 6.2.1

Number of multiple shooting nodes 16

Control parametrization (piecewise, see section 5.2.2) constant

Tolerance integrator (TOL in section 3.3.2) 10−8

Number of iterations needed by IPOPT (section 4.2) 41

Computing time 0.552 s

Table 6.1: Numerical settings and results for example 6.2.1
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6.2.2 Energy optimal car

We consider the same model as in 6.2.1 but this time we �x the time scale
on 40 time units and use the optimization criterion

min

40∫
0

u(τ)2dτ

which is a physical interpretation of the energy which is spent in this system.
We consider the boundary conditions

y(0) =

(
0
0

)
y(40) =

(
300
0

)
u(t) ∈ [−3, 3].

This yields the problem formulation

min

40∫
0

u(τ)2dτ

s.t. ẏ(t) =

(
y2(t)
u(t)

)
t ∈ [0, 40]

y(0) =

(
0
0

)
ψ(y(40)) =

(
300− y1(40)

y2(40)

)
u(t) ∈ [−3, 3]

Results are shown in �gures 6.4 and 6.5 and in table 6.2.

Number of multiple shooting nodes 21

Control parametrization (piecewise, see section 5.2.2) linear

Tolerance integrator (TOL in section 3.3.2) 10−8

Number of iterations needed by IPOPT (section 4.2) 21

Computing time 0.716 s

Table 6.2: Numerical settings and results for example 6.2.2
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Figure 6.4: Control and cost function for example 6.2.2
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Figure 6.5: System state trajectories for example 6.2.2
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6.2.3 Circadian rhythm

The following optimal control problem is taken from references [21, 26]. It
describes a circadian rhythm which is based on negative auto-regulation of
gene expression of the two proteins per and tim. Figure 6.6 is taken from
[26] and gives an overview of this process.

per transcription

tim transcription

−

−

nuclear PER-TIM
complex

(Cn)

vsP

per RNA (MP)
vmP

ksP PER0 (P0)
v1P

v2P
PER1 (P1)

v3P

v4P
PER2 (P2)

vdP

vsT

tim RNA (MT)

vmT

ksT TIM0 (T0)
v1T

v2T
TIM1 (T1)

v3T

v4T
TIM2 (T2)

vdTlight +

PER-TIM
complex

(C)

k4

k3

k2

k1

1
Figure 6.6: Model for the circadian oscillator

per and tim mRNAs are produced in the cell nucleus and transported into the
cytoplasm. After being translated into PER and TIM proteins and multiple
phosphorylation both proteins are able to form a complex that eventually
moves back into the nucleus. This can lead to a damped expression of per
and tim genes. This negative feedback is the basis of oscillations in the con-
centration of the involved molecules. Since light is supposed to increase the
degradation of TIM2 the molecular clock is coupled to the light-dark-cycle of
the environment.
The Leloup-Goldbeter model consists of 10 ordinary di�erential equations in-
volving 38 parameters. We list the di�erential equations and the parameters
at the end of this subsection. We chose parameters according to [21] which
yields self-sustained oscillations with a period close to 24 h for all involved
molecules.
The considered problem is the following. We suppose a 12 h phase shift
and we want to identify the optimal strength and timing of light stimuli to
return to the origin phase (zero phase). According to [16] the zero phase is
de�ned as the curve where the minimum in per mRNA occurs after 12 h.
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The corresponding initial values are

y1(0) = 1.5587 y6(0) = 0.4477 y11(0) = 0.032542 y16(0) = 0.013224

y2(0) = 0.4474 y7(0) = 0.3957 y12(0) = 0.013224 y17(0) = 0.021253

y3(0) = 0.3936 y8(0) = 0.2728 y13(0) = 0.021253 y18(0) = 0.035094

y4(0) = 0.2545 y9(0) = 0.1429 y14(0) = 0.035094 y19(0) = 0.35095

y5(0) = 1.5587 y10(0) = 0.5595 y15(0) = 0.032542 y20(0) = 1.7829

where y1, . . . , y10 are the values for the zero phase, i.e. the uncontrolled sys-
tem, and y11, . . . , y20 are the state variables which are in�uenced by the con-
trol function (see table 6.3). We de�ne y0 := (y1(0), . . . , y20(0))>.
We refer to the angle criteria as introduced in [26] to express the phase shift
between the zero phase and the shifted one as a function of the state variables.
For

xj :=

(
yj
ẏj

)
the angles can be computed as

α(j)(t) := arccos
〈xj, xj+10〉2
‖xj‖2‖xj+10‖2

for j = 1, . . . , 10. This leads to the optimization criterion

min

∫ T

0

‖α(t)‖2dt

with α = (α(1), α(2), . . . , α(10)) being the vector that holds all angles α(j).
We set T = 72 and restrict the control function by u ∈ [1, 3]. The entire
formulation is

min

∫ 72

0

‖α(t)‖2dt

s.t. ẏ(t) =

(
fz(y(t))

fs(y(t), u(t))

)
t ∈ [0, 72]

y(0) = y0

u(t) ∈ [1, 3]

(6.7)

where fz(y(t)) stands for the uncontrolled system and fs(y(t), u(t)) for the
system in�uenced by the control function (see table 6.3). Results are depicted
in �gure 6.7 and table 6.4.
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ẏ1 = vsP
Kn
IP

Kn
IP + yn10

− vmP
y1

KmP + y1

− kdy1

ẏ2 = ksPy1 − v1P
y2

K1P + y2

+ v2P
y3

K2P + y3

− kdy2

ẏ3 = v1P
y2

K1P + y2

− v2P
y3

K2P + y3

− v3P
y3

K3P + y3

+ v4P
y4

K4P + y4

− kdy3

ẏ4 = v3P
y3

K3P + y3

− v4P
y4

K4P + y4

− k3y4y8 + k4y9 − vdP
y4

KdP + y4

− kdy4

ẏ5 = VsT
Kn
IT

Kn
IT + yn10

− vmT
y2

KmT + y5

− kdy5

ẏ6 = ksTy5 − v1T
y6

K1T + y6

+ v2T
y7

K2T + y7

− kdy6

ẏ7 = v1T
y6

K1T + y6

− v2T
y7

K2T + y7

− v3T
y7

K3T + y7

+ v4T
y8

K4T + y8

− kdy7

ẏ8 = v3T
y7

K3T + y7

− v4T
y8

K4T + y8

− k3y4y8 + k4y9 − uvdT
y8

KdT + y8

− kdy8

ẏ9 = k3y4y8 − k4y9 − k1y9 + k2y10 − kdCy9

ẏ10 = k1y9 − k2y10 − kdNy10

Table 6.3: Di�erential equations for the Leloup-Goldbeter model. For

u ≡ 1 this describes the uncontrolled case. The corresponding

parameters can be found in table 6.5.

Number of multiple shooting nodes 25

Control parametrization (piecewise, see section 5.2.2) constant

Tolerance integrator (TOL in section 3.3.2) 10−7

Number of iterations needed by IPOPT (section 4.2) 104

Computing time 166.774 s

Table 6.4: Numerical settings and results for example 6.2.3
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parameter process nominal value p̂d
n transcriptional repression 4
KIP PER auto-inhibition 1 nM
KIT TIM auto-inhibition 1 nM
v1P PER phosphorylation I 8 nMh−1

v1T TIM phosphorylation I 8 nMh−1

v2P PER dephosphorylation I 1 nMh−1

v2T TIM dephosphorylation I 1 nMh−1

v3P PER phosphorylation II 8 nMh−1

v3T TIM phosphorylation II 8 nMh−1

v4P PER dephosphorylation II 1 nMh−1

v4T TIM dephosphorylation II 1 nMh−1

K1P PER phosphorylation I 2 nM
K1T TIM phosphorylation I 2 nM
K2P PER dephosphorylation I 2 nM
K2T TIM dephosphorylation I 2 nM
K3P PER phosphorylation II 2 nM
K3T TIM phosphorylation II 2 nM
K4P PER dephosphorylation II 2 nM
K4T TIM dephosphorylation II 2 nM
vsP PER transcription 1 nMh−1

vsT TIM transcription 1 nMh−1

vmP per mRNA degradation 0.7 nMh−1

vmT per mRNA degradation 0.7 nMh−1

vdP PER II degradation 2 nMh−1

vdT TIM II degradation 2 nMh−1

KmP PER mRNA degradation 0.2 nM
KmT TIM mRNA degradation 0.2 nM
KdP PER II degradation 0.2 nM
KdT TIM II degradation 0.2 nM
ksP PER translation 0.9 h−1

ksT TIM translation 0.9 h−1

k1 transport cytoplasm → nucleus 0.6 h−1

k2 transport nucleus → cytoplasm 0.2 h−1

k3 PER-TIM association 1.2 nM−1h−1

k4 complex dissociation 0.6 h−1

kd unspeci�c degradation 0.01 h−1

kdC nucleus unspeci�c degradation 0.01 h−1

kdN cytoplasm unspeci�c degradation 0.01 h−1

Table 6.5: Parameters for the Leloup-Goldbeter model
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Figure 6.7: Computed control function and a state trajectory for the

problem (6.7)

6.2.4 Calcium oscillator

The calcium oscillator model is taken from reference [20]. Here, a biochemical
process of intracellular calcium spiking in hepatocytes induced by an extra-
cellular increase in adenosine triphosphate (ATP) concentration is described.
As external control an inhibitor u(t) of PLC activation by the G protein is
considered. For detailed information about the model from a biochemical
point of view see [18].
The mathematical description leads to a nonlinear system of ordinary di�er-
ential equations with 4 state variables

ẏ1 = k1 + k2y1 −
k3y1y2

y1 + k4

− k5y1y3

y1 + k6

ẏ2 = (1− u)k7y1 −
k8y2

y2 + k9

ẏ3 =
k10y2y3y4

y4 + k11

+ k12y2 + k13y1 −
k14y3

y3 + k15

− k16y3

y3 + k17

+
y4

10

ẏ4 = −k10y2y3y4

y4 + k11

+
k16y3

y3 + k17

− y4

10

(6.8)

with the control function u ∈ [0, 1] and the following parameter values
k1 = 0.09, k2 = 2.30066, k3 = 0.64, k4 = 0.19, k5 = 4.88, k6 = 1.18,
k7 = 2.08, k8 = 32.24, k9 = 29.09, k10 = 5.0, k11 = 2.67, k12 = 0.7,
k13 = 13.58, k14 = 153.0, k15 = 0.16, k16 = 4.85 and k17 = 0.05.
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To demonstrate the bursting-type oscillations in this model, we show in �gure
6.8 the trajectory of variable y3 in the uncontrolled case, i.e. with u ≡ 0.
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Figure 6.8: Bursting-type oscillations of species y3 with u ≡ 0

As in [20] we consider initial values y1(0) = 0.039657, y2(0) = 1.097992,
y3(0) = 0.001416 and y4(0) = 1.65431 and de�ne y0 := (y1(0), . . . , y4(0))>.
The aim of our approach is to compute the optimal control which interrupts
the oscillation and leads to a steady state ys. As steady state values we
obtained

ys1 = 6.786776476776

ys2 = 22.65835682778

ys3 = 0.384305710319

ys4 = 0.289777369811

by setting ẏi = 0 in (6.8) and solving the resulting nonlinear equation sys-
tem with MATLABr. We de�ne ys := (ys1, . . . , y

s
4)>. Model (6.8) is used

in two di�erent optimization problems, a least-square and a time optimal
formulation. For the �rst one we formulate the optimization criterion

min

∫ T

0

4∑
i=1

(yi(τ)− ysi )2dτ

and set T = 15.
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Hence the least-square problem formulation is given as

min

∫ 15

0

4∑
i=1

(yi(τ)− ysi )2dτ

s.t. ẏ(t) = f(y(t), u(t)) t ∈ [0, 15]

y(0) = y0

u(t) ∈ [0, 1]

(6.9)

where f(y(t), u(t)) is de�ned as the nonlinear system of ordinary di�erential
equations in (6.8). In �gure 6.9 and table 6.6 the results are shown and
we can observe that the steady state is unstable, since the oscillation starts
again after the control is turned o� (t > 15).
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Figure 6.9: Control function and trajectory of y3 for problem (6.9)

Number of multiple shooting nodes 61

Control parametrization (piecewise, see section 5.2.2) constant

Tolerance integrator (TOL in section 3.3.2) 10−7

Number of iterations needed by IPOPT (section 4.2) 110

Computing time 77.713 s

Table 6.6: Numerical settings and results for problem (6.9)
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The time optimal formulation for this model is

min T

s.t. ẏ(t) = f(y(t), u(t)) t ∈ [0, T ]

y(0) = y0

ψ(y(T )) = ys − y(T )

u(t) ∈ [0, 1]

(6.10)

for a free end time T and again f(y(t), u(t)) is de�ned as the nonlinear system
of ordinary di�erential equations in (6.8). We forced an equidistant time grid
(recall section 5.2.1). See table 6.7 and �gure 6.10 for the results.

Number of multiple shooting nodes 201

Control parametrization (piecewise, see section 5.2.2) constant

Tolerance integrator (TOL in section 3.3.2) 10−7

Number of iterations needed by IPOPT (section 4.2) 245

Computing time 823.475 s

Table 6.7: Numerical settings and results for problem (6.10)
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Figure 6.10: Computed control function for (6.10). On the right hand

side it is scaled to the time range [6.0, 6.7] and we illustrate

an approximation of the corresponding switching function.
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The computed control function is almost of bang-bang type, but not ex-
actly. The illustrated approximation of the switching function is obtained
by the values of the adjoint variables on every node of the discretization.
The isolated zeros of this function determine the switching points. With
the discretization used here (i.e. 200 equidistant intervals), we can not hit
those zeros exactly, since apparently at least one switching point lies inside
an interval. We use the results of this formulation for our second attempt.
We assume a discretization with 4 intervals of free length and �x the control
function to be bang-bang. We adapt formulation (6.10) and solve

min T4

s.t. ẏ(t) = f(y(t), u(t)) t ∈ [0, T4]

y(0) = y0

ψ(y(T4)) =

 ys1 − y1(T4)(
ys2 − y2(T4)

)2
+
(
ys3 − y3(T4)

)2

ys4 − y4(T4)



u(t) =


1 0 ≤ t < T1

0 T1 ≤ t < T2

1 T2 ≤ t < T3

0 T3 ≤ t ≤ T4

(6.11)

which is a switching point optimization with the understanding of the end
time T4 as T4 = ∆t1+∆t2+∆t3+∆t4, where ∆tj := Tj−Tj−1 for j = 1, . . . , 4
are optimization variables (see section 5.2.1). We use initial values

∆t1 = 2.02179177509

∆t2 = 4.28284039624

∆t3 = 0.25518524552

∆t4 = 0.69521017694

and show results of the computation in table 6.8 and �gure 6.11.
Formulation (6.11) is equivalent to the formulation in (6.5). Solving (6.11)
with DOT includes solving the di�erential equation system on subintervals
and consequently multiple shooting constraints (5.8) are added. Thus the
Jacobian matrix Adot and Hessian matrix Hdot we use (and obtain) in DOT
are in fact of a higher dimension then Ψ̃x̃ and L̃x̃x̃ as corresponding to (6.5).
Since it is inconvenient to calculate Ψ̃x̃ and L̃x̃x̃ out of Adot and Hdot, we
use directly Adot and Hdot to verify optimality with the help of second order
su�cient conditions.
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Let Ndot denote the matrix which columns span the kernel of Adot. This
matrix can be obtained with MATLABr. We get

N∗dotHdotNdot = 0.02411965899 > 0

which guarantees the optimality of the calculated solution.
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Figure 6.11: Results for the time optimal problem formulation (6.11)

Number of multiple shooting nodes 5

Control parametrization (piecewise, see section 5.2.2) constant

Tolerance integrator (TOL in section 3.3.2) 10−7

Number of iterations needed by IPOPT (section 4.2) 22

Computing time 9.505 s

Table 6.8: Numerical settings and results for problem (6.11)

Attempts with di�erent initial values for ∆ti (i = 1, . . . , 4) showed that the
system is highly sensitive, e.g. a di�erence of 10−5 in those values can cause
a di�erence of 10−1 in the resulting value of the objective function for the
solution. In fact, the algorithm could not yield a solution for all initial guesses
or all di�erent orders of integration tolerances. We su�er from numerical
inaccuracies (e.g. error propagation) due to the coarse discretization grid on
only 5 multiple shooting nodes. We tried to avoid these inaccuracies by
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inserting more nodes and reducing the maximum integration step size, but
we encountered the limits of numerical capacities and ran out of memory.
This model shows which signi�cant di�culties can occur while tackling a
nonlinear problem numerically.
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CHAPTER 7

Summary and outlook

7.1 Summary

Growing interest in numerical methods to solve optimal control problems
has been stimulated by the rising complexity of those problems. There is,
for example, no reliability that we can �nd an analytical solution for gen-
eral nonlinear problems. Since such problems occur in a wide �eld of ap-
plications, it is desirable to have optimization algorithms which can easily
be adapted to the di�erent types of problems. This adaption requires au-
tomatisms for di�erent tasks presented in this thesis. We present numerical
methods concerning di�erentiation (chapter 2), integration of ordinary dif-
ferential equations (chapter 3) and optimization (chapter 4), always with a
detailed demonstration of the speci�c methods used in DOT, the numerical
tool for optimal control of ordinary di�erential equations developed in this
thesis.

The automatic di�erentiation technique yields highly accurate values for the
derivatives and we do not have to analytically di�erentiate any function ap-
pearing in the problem. The BDF algorithm, which is used to solve ordinary
di�erential equations, is implicit and ideally suited for sti� problems, e.g.
the calcium oscillation process we treat in chapter 6. The interior point opti-
mization algorithm utilized in DOT guarantees (under certain assumptions)
global convergence and is a very good alternative to the active set strategies.
Furthermore, the IPOPT software package used here provides many options
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to adapt the optimization algorithm, e.g. it is possible to adjust the values
of all constants we mention in chapter 4.

DOT (chapter 5) is a direct optimal control tool and its implementation
is the result of this thesis. We present the main theoretical foundations
and its practical implementation. The interface which is explained in the
appendix provides an environment to formulate the problem. The applica-
tions (chapter 6) show that DOT can be successfully used to handle intricate
models.

7.2 Outlook

Potential improvements and expansions for the DOT - code:

• The implemented BDF method is implicit thus it could be useful to
additionally implement an explicit one (e.g. a Runge-Kutta method)
to have an alternative integrator for handling non-sti� problems.

• The interior point algorithm yields solutions with satisfy the KKT con-
ditions, but these are only necessary ones. To ensure the optimality of a
solution it would be helpful to have an automatic veri�cation of second
order su�ciency conditions (see e.g. [22]).

• Up to now only problems in an autonomous formulation can be handled.
Although it is possible to transform a non-autonomous problem into an
autonomous one, this part de�nitely has the potential to be expanded.

• The interface of DOT could be more user-friendly, e.g. concerning prob-
lem input or solution output. Programming experience (in C++) is
needed to formulate the problem, but it is conceivable to simplify this
process with a basic input/output �le transfer, where only the corre-
sponding values have to be entered (instead of �rst declaring variables
and so on).

• Last but not least there is always the ambition of speeding up an al-
gorithm and since this is the �rst implementation of DOT, there are,
most likely, issues which can be improved.
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A.1 Software packages

In DOT we use the following free available software:

• IPOPT: An interior point method written in C++, which fundamen-
tals are outlined in section 4.2. To get IPOPT visit

https://projects.coin-or.org/Ipopt

• cppAD: A C++ software package using automatic di�erentiation tech-
niques which are presented in sections 2.2 and 2.3. This package can
be downloaded from

http://www.coin-or.org/CppAD

• BDF integrator: A variable step variable order backward di�erenti-
ation formula as presented in section 3.3. It has been implemented by
Dominik Skanda and is part of the DOT package.
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A.2 The interface

The program is interfaced through the class ProblemInterface which pro-
vides methods to prepare and solve problems of the form (5.12). After cre-
ating an object of this class via

ProblemInterface MyProblem

the settings should be adapted by

MyProblem.option()

where option() is the method to call. In the following sections a list with
all member methods of an interface is given. It is not necessary to call all of
them at any time.

A.2.1 Basic info

setGeneralInfo(int numOfRHS, int numOfParameter, double relTol,

double absTol, int maxsteps)

• numOfRHS number of right hand sides (or model stages) you want to
handle in your problem

• numOfParameter number of all system parameters

• relTol relative tolerance for the integrator

• abstol absolute tolerance for the integrator

• maxsteps maximum number of steps for the integrator

The setGeneralInfo - option is the most important one and has to be called
�rst, since otherwise declaration problems occur!

setRHS(int index, rhs_ptr rhs, obj_ptr obj, int numOfSpec,

int numOfInt,int numOfCon)

• index index number of the right hand side you want to address

• rhs template function for the right hand side

• obj template function for the objective function
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• numOfSpec number of variables

• numOfInt number of discretization intervals

• numOfCon number of control functions

This should be called in second place. The info given here is needed in fur-
ther options. The data types rhs_ptr and obj_ptr are pointers for template
functions, section A.3 shows how to de�ne such a function.

setControlInfo(int index, int** orderOfControl)

• index index number of the right hand side you want to address

• orderOfControl[i][j] order of the j-th control function starting at
node i

This option does not have to be called if there is no control function.

setNodesOfEval(int index, bool* evalObj)

• index index number of the right hand side you want to address

• evalObj[i] true/false whether the objective function should be eval-
uated on time node i or not

If this option is not called, the objective function will be evaluated only at
the last node.

A.2.2 Constraints

setAdditionalConstraints(int index, constr_ptr conBeg,

int numOfConBeg, constr_ptr conInt,

int numOfConInt, constr_ptr conEnd,

int numOfConEnd)

• index index number of the right hand side you want to address

• conBeg template function for constraints at the beginning

• numOfConBeg number of constraints at the beginning

• conInt template function for constraints at the interior nodes

• numOfConInt number of constraints at the interior nodes
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• conEnd template function for constraints at the end

• numOfConEnd number of constraints at the end

If there are no additional constraints at some points call this option with
NULL and 0 at the corresponding place. The data type constr_ptr is again
a function pointer, speci�c information can be found in section A.3.

setTimeConstraint(time_ptr conTime, int numOfTimeConstraints)

• conTime template function for the time constraints, e.g. forcing equidis-
tant time grid

• numOfTimeConstraints how many constraints appear in conTime

This includes the time constraints for the whole system (even if there are
several model stages). See section A.3 for more information about the general
formulation of these template functions.

A.2.3 Initial values

setInitialSpecies(int index, double** initialValue)

• index index number of the right hand side you want to address

• initialValue[i][j] the initial values on node i of species j

These initial values can also be set by a �rst integration of the system. See
section A.2.5 for further information.

setInitialTimeGrid(int index, double* initialValue)

• index index number of the right hand side you want to address

• initialValue[i] the initial length of time intervall i

setInitialParameter(double* initialValue)

• initialValue[i] the initial value of parameter i

setInitialCoefficients(int index, double*** initialValue)

• index index number of the right hand side you want to address

• initialValue[i][j][k] the value on node i of the k-th coe�cient
of control function j
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A.2.4 Bounds

setBoundTimeGrid(int index,

double* minBound, double* maxBound, bool* isFree)

• index index number of the right hand side you want to address

• minBound[i] lower bound of time interval i

• maxBound[i] upper bound of time interval i

• isFree[i] true/false whether the length of interval i is free or �x

setBoundSpecies(int index,

double** minBound, double** maxBound)

• index index number of the right hand side you want to address

• minBound[i][j] lower bound on node i of species j

• maxBound[i][j] upper bound on node i of species j

setBoundParameter(double* minBound, double* maxBound,

bool* isFree)

• minBound[i] lower bound of parameter i

• maxBound[i] upper bound of parameter i

• isFree[i] true/false whether parameter i is free or not

setBoundCoefficients(int index,

double*** minBound, double*** maxBound)

• index index number of the right hand side you want to address

• minBound[i][j][k] lower bound on node i of the k-th coe�cient of
control function j

• maxBound[i][j][k] upper bound on node i of the k-th coe�cient of
control function j
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setBoundAdditionalConstraints(int index,

double* minBoundBeg, double* maxBoundBeg,

double* minBoundInt, double* maxBoundInt,

double* minBoundEnd, double* maxBoundEnd)

• index index number of the right hand side you want to address

• minBoundBeg[i] lower bound of the i-th constraint at the beginning

• maxBoundBeg[i] upper bound of the i-th constraint at the beginning

• minBoundInt[i] lower bound of the i-th constraint at interior nodes

• maxBoundInt[i] upper bound of the i-th constraint at interior nodes

• minBoundEnd[i] lower bound of the i-th constraint at the end

• maxBoundEnd[i] upper bound of the i-th constraint at the end

If this option is not called, by default the lower and upper bounds for the
constraints will be zero.

A.2.5 Tackling the problem

When all settings of the problem are done, these commands can be used to
start the optimization tool.

initializeIntegrator()

This option has to be called to initialize the integrator

getInitialSolution(int index)

Use this function to integrate right hand side index �rst, e.g. to get
initial values on each node, which are automatically stored

optimize()

Solve the problem!
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A.2.6 Output

If the optimizer has found a solution, use these options to get the correspond-
ing solution values.

getTimeGridSolution(int index, double* solutionVector)

• index index number of the right hand side you want to address

• solutionVector[i] stores the length of intervall i

getSpeciesSolution(int index, double** solutionVector)

• index index number of the right hand side you want to address

• solutionVector[i][j] stores the solution on node i of species j

getParameterSolution(double* solutionVector)

• solutionVector[i] stores the solution parameter i

getControlSolution(int index, double** solutionVector)

• index index number of the right hand side you want to address

• solutionVector[i][j] stores the value of control function j starting
at node i

getControlCoefficients(int index, double*** solutionVector)

• index index number of the right hand side you want to address

• solutionVector[i][j][k] stores the value of the k-th coe�cient of
control function j on the i-th node

A.2.7 Additional options

setErrorOfSensitivities(bool controlError,

double absTolSens, double relTolSens)

• controlError true/false whether the step size control of the integra-
tor should be used or not

• absTolSens value for the absolute tolerance

• relTolSens value for the relative tolerance
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setToleranceIPOPT(double tol)

Set the IPOPT convergence tolerance to tol

derivativeTest(int index)

Use the IPOPT derivative check. Set index
0 for �rst-order
1 for only-second-order
2 for �rst and second order check

Additionally we can use the ipopt.opt �le to adjust all IPOPT options we
want to.

A.3 The templates

In DOT we use template functions to describe all appearing functions, e.g.
system dynamics or constraint functions. Since there are speci�cations on
each function, i.e. each template, we give here an overview together with few
examples.

right hand side (rhs)

To state the di�erential equation system, we have to use the body

template<class T1,class T2,class T3,class T4,class T5>

static int rhs(T1 ydot,T2 y,T3 p,T4 u,T5 t)

{

// implement the system dynamics here

}

with system variables y, p for the parameters and u for the control functions.
Note that the option for non-autonomous systems is given, since there is a
time vector t, but the implementation is not yet complete. By now we only
solve autonomous systems.
Recall the energy-optimal car (EOCAR) example of section 6.2.2, the corre-
sponding system dynamics are formulated in the following way:

template<class T1,class T2,class T3,class T4,class T5>

static int rhs(T1 ydot,T2 y,T3 p,T4 u,T5 t)

{

// the dynamic of the system

ydot[0]=y[1];

80



1.3 | The templates

ydot[1]=u[0];

// the Lagrange term

ydot[2]=u[0]*u[0];

return(0);

}

Note, that the 3rd state (ydot[2] respectively y[2]) appearing here, is the
result of the reformulation as a Mayer problem.

objective function

The body of the objective function is

template<class T1,class T2,class T3>

static int obj(T1 &value,T2 &y,T3 &p)

{

// fill me

}

In value the value of the objective function is stored. The system variables
are denoted by y and p still denotes the parameters.
For the EOCAR example the objective function is

template<class T1,class T2,class T3>

static int obj(T1 &value,T2 &y,T3 &p)

{

value=y[2];

return(0);

}

constraints

Generally constraints should be formulated in the following way (we show
the special case with time constraints afterwards)

template<class T1,class T2,class T3,class T4,class T5,class T6>

static int constraint(T1 &g,T2 &y,T3 &p,T4 &uL,T5 &uR,T6 &t)

{

\\ unlimited freedom

}

where g stands for the constraint (whose bounds should be set accordingly).
The control functions can be considered to end in this node (this is uL)
or to start at this node (denoted by uR). This gives the option to enforce
continuous control functions by formulating interior constraints
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g[0]=uR[0]-uL[0]

and setting the corresponding lower and upper bounds zero.
According to the EOCAR example the constraints at the �rst node can be
written as

template<class T1,class T2,class T3,class T4,class T5,class T6>

static int conBeg(T1 &g,T2 &y,T3 &p,T4 &uL,T5 &uR,T6 &t)

{

g[0]=y[0];

g[1]=y[1];

g[2]=y[2];

g[3]=uR[0];

return(0);

}

where we have constraints for the species and for the control function. In
this case the values for the species should be �xed (lower Bound = upper
Bound) to �x the starting point. By setting the bounds of g[3] correctly we
can ensure to keep the control function within a desired interval.
At the interior points, we only postulate continuous connecting conditions
and of course the control function should still be within an interval.

template<class T1,class T2,class T3,class T4,class T5,class T6>

static int conInt(T1 &g,T2 &y,T3 &p,T4 &uL,T5 &uR,T6 &t)

{

g[0]=uR[0]-uL[0];

g[1]=uR[0];

return(0);

}

with zero as upper and lower bound for g[0].

time constraints

The body for time constraints is

template<class T1,class T2,class T3,class T4,class T5>

static int conTime(T1 &g,T2 &p,T3 **timeGrid,

T4 numOfInt,T5 numOfRHS)

{

\\ i feel kind of inner emptiness...somehow depressing..

}
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with timeGrid[i][j] denoting the length of the j-th interval of the i-th
right hand side.
Here, we present the possibility of forcing an equidistant time grid for one
right hand side

template<class T1,class T2,class T3,class T4,class T5>

static int conTime(T1 &g,T2 &p,T3 **timeGrid,

T4 numOfInt,T5 numOfRHS)

{

int i, count;

count=0;

for(i=0;i<numOfInt[0];i++)

{

g[count]=1./numOfInt[0]*p[0]-timeGrid[0][i];

count++;

}

return(0);

}

where p[0] should be the parameter for the overall time.
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