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Chapter 1

Introduction

The idea of modeling chemical kinetics is to map reality to a mathematical de-

scription of the system, i.e. to describe its dynamics by mathematical equations.

While reducing reality to equations one has to bear in mind that it is impossible

to describe every microscopic detail of the system considered. Rather the essen-

tial features which cause the macroscopic behavior to be investigated should be

detected and described.

Depending on the task at hand the appropriate degree of accuracy of the system

description has to be chosen. For example in a simulation of technical combustion

processes not every single molecule has to be modeled on a microscopic level. In-

stead, usually only a few characteristic macroscopic variables are used to describe

the phenomenological system behavior of interest.

Most such processes are multi-scale problems where the gap between atomic

properties and thermodynamic variables like species concentrations, tempera-

ture, pressure, and energy has to be bridged. The art of modeling now consists

in finding an appropriate level of abstraction for describing the aspects which are

to be investigated.

There are two general approaches to model multi-scale problems. One of them is

the so called top-down approach. First a rough model of the system phenomena is

set up which then is refined according to experimental observations. In the other

approach, called bottom-up approach, a system is modeled using first-principle

physical and chemical laws, taking into account as much detailed knowledge as

available. The latter approach is more precise and describes a system more ac-

curately than the first one. However, the necessary data are not available in

every case and it generally leads to large-scale models with huge numbers of vari-
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ables. For efficient spatiotemporal simulations these high-dimensional models are

inappropriate, in particular if they involve multiple time scales.

This is where model reduction comes into play. The goal of all model reduction

techniques in chemical kinetics is to find a low-dimensional approximation of a

reaction mechanism which contains all the essential information to still describe

the full mechanism accurately under certain restrictions. For a kinetic model

set up by the bottom-up approach this is equivalent to identifying the essential

degrees of freedom with respect to the system properties of interest. In the case

of chemical kinetics those properties of interest are often related to long-term

dynamics. To construct low-dimensional approximations, many model reduction

techniques therefore make use of intrinsic multiple time scales. The time scale

separation is exploited depending on the subject of investigation. If for example

the long-term behavior of a system is to be studied, fast transient dynamical

modes are assumed to be relaxed within the model approximation.

In the context of chemical reaction systems which can be described by ordinary

differential equations, the goal of model reduction is then to replace the original

system of differential equations by one of lower dimension without losing too

much key information about the system dynamics.

1.1 Model Reduction Approaches for Chemical

Kinetics

An overview of the most common model reduction techniques and their underly-

ing concepts is given in [OM98, GKZ04].

Most modern model reduction techniques are based on one of the following three

general strategies: lumping, sensitivity analysis and time scale analysis.

Lumping transforms the original vector of species to a vector of “pseudo-species”

which is of lower dimension. This transformation is usually based on physical

properties or the reactivity of the components. The resulting differential equation

system of lower dimension should be easier to solve and have fewer parameters

which need to be determined experimentally than the original problem.

From the mathematical point of view there exist two types of lumping techniques.

In continuous lumping techniques one lump is the integral of a set which is defined

by a continuous index variable, whereas lumps in discrete lumping as described
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e.g. in [LR91, LRT94] are functions of the individual chemical species. The

components of a complex mixture are transformed based on their reactivities

using matrix operations.

One big drawback of lumping techniques in general is the loss of information

about specific reactants and individual reactions which cannot be incorporated

in the reduced model. In addition, it is quite difficult to determine appropriate

lumping schemes for large nonlinear reaction networks and the lumped model

may still contain multiple time scales.

Sensitivity Analysis aims at eliminating insignificant species and redundant re-

actions from the original system based on their impact on designated important

species. Turanyi et al. [Tur90] and Rabitz et al. [RKD83] apply this idea for the

purpose of model reduction in chemical kinetics.

After identifying the “important species” determined by their relevance for the

problem to be investigated, “necessary species” mainly influencing these impor-

tant ones are determined by analyzing the Jacobian of the system. Redundant

reactions are determined through principal component analysis of the rate sen-

sitivity matrix. Reactions can be eliminated if their contributions measured by

the singular values are below a desired precision threshold. With increasing num-

ber of important species, the extent of model reduction possible by sensitivity

analysis decreases. Therefore sensitivity analysis is often coupled with the quasi-

steady-state approximation [TPT+92] (see also below).

Time scale analysis identifies multiple time scales being present in a kinetic sys-

tem and utilizes the different time scales to reduce the original system by decou-

pling them explicitly. This is possible since multiple time scales cause a successive

bundling of phase space trajectories on low-dimensional manifolds by relaxation

of fast processes before thermodynamic equilibrium is reached in isolated chem-

ical reaction systems. Therefore these low-dimensional manifolds describe the

long-term dynamics by enslaving the fast (relaxed) processes to the slow ones.

These manifolds will be referred to as attracting slow manifolds in this work.

One of the first methods using time scale analysis for model reduction was the

quasi-steady-state assumption (QSSA) [Bod13, CU13]. In the QSSA approach

fast intermediate species, which after an initial transient period can be considered

instantaneously reacting compared to the remaining slow ones, are eliminated.

The right hand sides of the corresponding differential equations are assumed to

be zero. This does not mean that the concentration of the species is constant,
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but rather that the rates of change of those species depend on the changes of the

other concentrations with time (enslavement). Differential equations for those

fast species are replaced by algebraic ones and the result is a system of differen-

tial algebraic equations with the number of differential variables being reduced

to the number of the slow variables.

In contrast to the QSSA approach where the fast species are eliminated, in the

partial equilibrium approximation (PEA) [MM13] fast elementary reaction steps

are assumed to be relaxed to equilibrium immediately.

Since the identification of slow and fast modes “by hand” is difficult and time-

consuming, especially for large-scale mechanisms, the implementation of auto-

matic methods based on time scale analysis is crucial in practice.

Computational singular perturbation (CSP) methods [HG99, LG94], inertial

manifold approaches [YTB+95], intrinsic low-dimensional manifolds (ILDM)

[MP92, Maa95, Maa98] and ideas from optimization [PZ99, And00] are just some

of the most important computational methods which have been developed sub-

sequently for efficient model reduction.

In simulations of technical processes usually all species have to be considered,

not only the ones included in the reduced mechanism. Hence the concentrations

for the species of the full mechanism need to be automatically calculated as

functions of the species of the reduced mechanism. This so-called automatic

species reconstruction is implemented in most of the model reduction algorithms,

independent of the concepts the methods are based on.

One of the most popular techniques for model reduction which came into broad

application is the ILDM method developed by Maas and Pope in 1992 [MP92].

The central idea of the ILDM method is to exploit time scale separation in order

to locally transform a system of ordinary differential equations (ODE) describing

the kinetics of a chemical system into a system of differential algebraic equations

(DAE). For an autonomous ODE system, its local time scales can be determined

using the eigenvalues of the Jacobian of the right hand side at a reference point.

In order to identify these local time scales, a small virtual perturbation of the

reference state is considered and its propagation over time is analyzed. This

propagation of the perturbation can be described to first order as a variational

differential equation involving the Jacobian. For a sufficiently small time hori-

zon in which the system stays close to the reference value, the Jacobian matrix

can be considered as constant. In this case the variational differential equation
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describing the propagation of the perturbation is a linear differential equation,

whose solution is a linear combination of terms depending exponentially on the

eigenvalues of the Jacobian.

The characteristic time scales are defined by the real parts of the eigenvalues of

the Jacobian. In order to identify and decouple the slow and the fast modes of

the system, a coordinate transformation of the original system of ordinary differ-

ential equations based on the local eigenvector analysis for the Jacobian at the

reference point is performed.

First an orthogonal similarity transformation is applied to the Jacobian resulting

in an upper triangular block matrix which has real Schur form and whose diago-

nal elements then can be arranged according to the order of magnitude of the real

parts of the eigenvalues. Thus the diagonal of the resulting matrix consists of two

upper-quasi-triangular sub-matrices representing the slow and the fast modes. In

a second step the coupling matrix can be eliminated.

The matrix now has diagonal block structure with two entirely decoupled sub-

matrices – one representing the slow, the other one representing the fast modes.

Applying the coordinate transformation described above to the original ODE sys-

tem, one can identify “fast” modes and “slow” modes. Once the slow and fast

modes are identified, the system is locally projected onto the slow subspace under

the assumption that the fast modes are and remain fully relaxed. Assuming the

fast modes as relaxed, the ODE system then can be approximated by a DAE

system with the number of differential equations corresponding to the number

of slow mode variables and the algebraic part “enslaving” the fast modes to the

slow ones. The algebraic equation system defines the ILDM.

The ILDM is widely applied in practice, especially in combustion [Maa98]. It

can be performed prior to computational fluid dynamics (CFD) simulations in-

volving detailed chemical reaction mechanisms. Chemical source terms of the full

mechanism can be stored in a lookup table as functions of the slow variables in

the reduced mechanism. Nevertheless it has some major shortcomings. Since it

is a local method, the ILDM attracts trajectories only locally. Furthermore it

is not invariant, i.e. a system being on the ILDM may leave the manifold again

e.g. due to eigenvalue crossing. Another problem is that the implemented nu-

merical algorithm for the solution of the ILDM needs good initial guesses within

a continuation approach since the algebraic equation system is nonlinear and

usually of high dimension.
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Apart from methods making explicit use of time scale separation as e.g. the ILDM

method, also geometrical approaches to simplification of kinetics have been inves-

tigated [Fra88, RF90, RF91, DS99, SD01]. Attracting low-dimensional manifolds

(ALDM) in the phase space of concentrations are used to describe the simplified

models. Unlike the ILDM which is only a local attractor, the ALDM represents

the exact manifold which globally attracts trajectories. One approach to con-

struct such ALDMs was proposed by Fraser and Roussel [Fra88, RF90, RF91].

Fraser and Roussel consider the attracting slow manifold as a stable fixed point

of a functional mapping in phase space. In an iterative scheme to generate the

attracting slow manifold time is eliminated from the system of differential equa-

tions, resulting in orbit equations in phase space.

For the functional iteration scheme to actually converge to the attracting mani-

fold it is crucial to start the iteration with a good initial guess which is not an

actual trajectory, because for actual trajectories the iteration equation is always

met. If taking the ILDM as an initial guess, the convergence to the attracting

slow manifold is usually guaranteed for the modified version of Fraser’s algorithm

[DS99, SD01]. In the modified version of Fraser’s algorithm the original repre-

sentation of the manifold through analytic functions is replaced by a more facile

numerical representation to enable the application to larger kinetic systems. For

the independent variables a grid is adopted upon which the dependent concen-

trations are numerically computed.

Another approach which is not explicitly based on time scale separation is the

rate-controlled constrained-equilibrium (RCCE) method first proposed by Keck

and Gillespie [KG71] and later further developed by Hamiroune et al. [HBMK98].

It is based on the thermodynamic principle of maximum entropy.

For this method it is assumed that slow reactions of a complex chemical reaction

mechanism impose constraints on its composition which delay relaxation to the

final equilibrium. At the same time the fast reactions equilibrate the system sub-

ject to those constraints. Thus the relaxation to the complete equilibrium takes

place through a sequence of constrained-equilibrium states. The overall rate of

change is controlled by the slowly changing or non-changing constraints. Obvious

constraints are for example the ones which ensure the conservation of elements.

In order to find the constrained-equilibrium composition, either the entropy of

the system is maximized (see Section 2.3.2 for a discussion of the thermodynamic

significance of entropy) or the Gibbs free energy minimized (see also Section 2.3.2)

subject to the constraints using the Lagrange multipliers method.



1.1 Model Reduction Approaches for Chemical Kinetics 7

To describe the original system within a desired accuracy, in most cases it is

sufficient to refer to a much smaller number of constraints than the number of

species in the system which can result in efficient model reduction.

Ren et al. introduced the invariant constrained equilibrium edge preimage curve

(ICE-PIC) method in 2006 [RPVG06]. The ICE-PIC method is based on an

invariant constrained equilibrium edge (ICE) manifold (of dimension n) which

is generated by the reaction trajectories emanating from its (n− 1)-dimensional

edge. On the edge, the composition of the system is in a constrained equilibrium

state. Based on the ICE manifold, species can be reconstructed locally from a

reduced description without having to generate the whole manifold (as necessary

e.g. for global species reconstruction methods as the Fraser Algorithm [Fra88]).

For an arbitrarily given reduced composition the corresponding feasible region

is defined as the union of compositions in the realizable region (comprising all

possible and physically allowed full compositions of the system), which have that

specified reduced composition. Starting from any point in the feasible region, one

can trace the reaction trajectory backwards in time until it intersects with the

boundary of the realizable region. The union of all those trajectories is called

the preimage manifold (PIM). If considering an isobaric, isothermal system, the

so-called constrained equilibrium manifold (CEM) is the union of all points in

the feasible region, at which the Gibbs function has a minimum. In the case of

an adiabatic system instead of an isothermal one, the same concept applies, but

then based on the maximization of entropy instead of minimizing the Gibbs func-

tion. The intersection of the PIM and the CEM is called constrained equilibrium

preimage curve (CE-PIC).

For fixed values of the reduced composition one can calculate the corresponding

constrained equilibrium point lying on the CEM by using e.g. the constraint po-

tential method [Pop04]. Starting from the feasible end, which is the constrained

equilibrium point, the CE-PIC is followed backwards in time to its boundary end

which is the intersection of the CEM, the PIM, and the boundary of the real-

izable region. Then the reaction trajectory is followed forward in time starting

at this so called generating boundary point until it intersects the feasible region.

The invariant constrained equilibrium edge manifold (ICE manifold), which is

the union of all the trajectories emanating from generating boundary points in

the edge of the constrained equilibrium manifold, is the resulting description of

the attracting low-dimensional manifold and the points on the ICE represent the

values of all variables of the full reconstructed composition.
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A model reduction approach involving optimization was presented by Petzold

and Zhu [PZ99] and later discussed by Androulakis [And00]. Binary variables

are introduced to denote the existence/nonexistence of species or reactions in a

reduced model. The objective is to choose for given initial conditions a specified

number of reactions for the reduced mechanism such that the behavior of the

resulting reduced system is as close as possible to the behavior of the original

one.

One of the problems of this optimization approach is that the reduced mechanism

strongly depends on the initial conditions used during the reduction process. It

is not clear what the range of the initial conditions is for which the reduced

mechanism is a good approximation of the original system. In addition, the

problem to be solved in order to obtain a reduced model is a nonlinear integer

programming problem. Such integer optimization problems are difficult to solve

and require considerable computational effort.

1.2 Model Reduction in Applications

One of the classical areas where model reduction is applied is combustion

[WMD06]. To describe important combustion properties like flame propagation,

flame structure and pollutant formation accurately, detailed chemical reaction

mechanisms are needed for numerical simulation. Such detailed reaction mecha-

nisms often involve hundreds of species and thousands of reactions. Furthermore

physical transport also needs to be included in the simulation. Those aspects com-

bined lead to a high-dimensional, non-linear description of reactive flows involving

Navier-Stokes partial differential equations of reaction-diffusion-convection type

[WMD06].

In most of the chemical systems considered multiple time scales are present,

which leads to extremely stiff chemical source terms. Therefore implicit integra-

tion methods or extremely small time steps are required in order to numerically

solve those equations accurately. For systems containing hundreds of species, the

solution is very time consuming and it is impossible to obtain results for these

systems in a reasonable simulation time.

Hence in practical applications model reduction methods (as described above)

are used to automatically reduce the dimensionality of chemical mechanisms. In

most reduction techniques applied chemical systems are described by only a few
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degrees of freedom, the so-called reaction progress variables. For those progress

variables the Navier-Stokes reactive flow equations are solved using common com-

putational fluid dynamics (CFD) software [WMD06]. For simulation, the CFD

programs utilized need information about the chemical source terms depending

on all the species concentrations, not only of the concentrations of the reaction

progress variables. Therefore the remaining species concentrations are calculated

as functions of the progress variables. This is usually done under the assumption

that the system dynamics already have relaxed to some low-dimensional mani-

fold. The so defined slow manifold is parametrized by the progress variables and

can be computed before starting the CFD calculations.

Species reconstruction needs to be very fast if it is done online during simula-

tion. This is a general problem of all model reduction techniques described above.

When using the algorithm developed by Roussel and Fraser [Fra88, RF90, RF91]

it is even impossible to locally reconstruct the species. It is only possible to calcu-

late the attracting low-dimensional manifold as a whole. Reconstructing species

locally is – in principle – possible with the ILDM method [MP92, Maa95, Maa98],

but for this purpose good initial values are required. In practical applications

therefore a continuation method is used. Starting near equilibrium, ILDM points

are successively calculated using already computed neighboring points as ini-

tial values. For the needed range of reaction progress variable concentrations,

ILDM points are often calculated and tabulated before starting a CFD simula-

tion. During simulation the CFD program just reads the necessary composition

of concentrations from the ILDM table. Using the ICE-PIC method [RPVG06]

it is also possible to locally reconstruct species concentrations, but it seems to be

computationally highly expensive.

1.3 Trajectory-Based Model Reduction via Op-

timization Approaches

In this work a model reduction approach first introduced by Lebiedz [Leb04,

LRK06, Leb06] is further developed which can perform local species reconstruc-

tion overcoming some of the problems of the ILDM or the Roussel-Fraser al-

gorithm. Similar to the ICE-PIC technique proposed by Ren et al. [RPVG06]

our method does not necessarily require good initial values. Even far away from

equilibrium species can be reconstructed without necessarily having to use a con-
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tinuation strategy starting close to equilibrium or even having to calculate the

whole manifold. Although good initial guesses are not required, one can reduce

the computational effort considerably by using an initial value embedding (IVE)

strategy for solving neighboring problems [Die01]. Thus both tabulation of re-

duced mechanisms and CFD programs may use the IVE technique for efficient

offline or online species reconstruction.

The general concept of our approach is to find special trajectories which account

for maximal relaxation of a chemical system under constraints imposed by given

arbitrary values of the progress variables. These trajectories are determined by

minimizing the “distance” of the chemical system from its attractor – namely

thermodynamic equilibrium – in an appropriate sense. A priori some species

need to be specified as reaction progress variables with fixed initial concentrations

representing the reduced model. Then both a special trajectory – in the following

also called optimal trajectory – converging towards the equilibrium point in phase

space and the initial values of the remaining species are calculated at the same

time as the solution of an optimization problem involving ordinary differential

equation constraints given by the chemical reaction mechanism.

In the course of this work three different criteria for the characterization of max-

imal relaxation of chemical systems are investigated and tested for a realistic

hydrogen combustion mechanism.

The first criterion is based on the thermodynamic “principle of minimum en-

tropy production” [KP98]. De Donder [dDvR36] first introduced the concept of

chemical affinity as the driving force of chemical reactions towards equilibrium.

For elementary reaction steps, chemical affinity can be related to the concept

of entropy production. Since near thermodynamic equilibrium according to the

second law of thermodynamics the entropy production rate is decreasing on the

way towards equilibrium, maximal relaxation of a chemical system can be char-

acterized by a minimal total entropy production rate along trajectories.

All chemical systems are dissipative systems whose phase space volume is con-

tracting on the way towards equilibrium due to relaxation of chemical forces

(affinities) which drive chemical reactions. Since the change of the phase space

volume can be described by the divergence of right hand side of the ODE mod-

eling the chemical system, another possibility to characterize maximally relaxed

chemical forces is to minimize the contraction of the phase space volume which

is equivalent to minimizing the divergence.
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For the third criterion presented, the concept of “force being equal to curvature”

already exploited in physics, e.g. in Einstein’s general theory of relativity [Ein16],

is transferred to the field of chemical systems. The curvature of trajectories in

phase space is considered. Minimal curvature (corresponding to minimal “chem-

ical forces”) of the trajectories can be interpreted on the one hand as a minimal

overall “velocity” of the reaction system, or on the other hand as a geodesic min-

imizing the length of the path between two points on a curved manifold for an

appropriate Riemannian metric. If the Riemannian metric applied is modified

by introducing entropy production rates as a weighting factor, a very accurate

description of the reduced model is obtained by the optimal trajectories as ap-

proximations of the slow attracting manifold.

Since many disadvantages in the application of previous model reduction tech-

niques can be overcome with our approach, it has a great potential to become a

valuable tool for practical applications.

1.4 Outline of this Thesis

In Chapter 2 the theoretical background necessary for the development of our

model reduction technique is presented. First a brief introduction to the theory

of dynamical systems is given (Section 2.1). Important concepts of thermody-

namics are introduced in Section 2.3, especially the concept of minimal entropy

production is presented here in detail. To be able to further develop appropriate

model reduction criteria, some basic definitions and concepts from differential ge-

ometry are presented in Section 2.2. In the last section of Chapter 2 (Section 2.4)

mathematical background on nonlinear optimization problems involving ordinary

differential equation constraints is given and a powerful approach to solve these

problems based on the multiple shooting method combined with an initial value

embedding strategy for parametric optimization is presented.

In Chapter 3 the different criteria for our new trajectory-based model reduction

approach to find an accurate low-dimensional representation of a large-scale model

are investigated and applied to a realistic hydrogen combustion mechanism. First

the concept of entropy production in dissipative chemical systems is discussed in

Section 3.1. The criterion which is based on minimal contraction of the phase

space volume of dissipative systems is discussed in Section 3.2. In Section 3.3

finally the concept of curvature from differential geometry is combined with the
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thermodynamic concept of entropy production to yield a very successfull criterion

for describing the reduced model.



Chapter 2

Theoretical Background

2.1 Dynamical Systems

Model reduction techniques developed in the course of this work are applied to

problems arising from the field of chemical kinetics. In nature, and in particular

in the field of chemistry, most processes depend on time. The theory of dynamical

systems [Wig96, Ver00] aims at analyzing qualitative properties of mathematical

models which describe and predict the behavior of such time-dependent processes.

The dynamical systems considered here are chemical reaction mechanisms, which

can be described by ordinary differential equations (ODE) of the form

ċ :=
dc

dt
= f(c(t)) , (2.1)

with c(t) ∈ U ⊂ Rn and t ∈ R. U is an open set in Rn and the vector function

f : U → Rn is continuous in c.

A solution of (2.1) is a mapping

c : I → Rn

t 7→ c(t)

from some interval I ⊂ R into Rn, such that c(t) satisfies equation (2.1), i.e.

ċ(t) = f(c(t)) .

c can be geometrically interpreted as a curve in Rn whose tangent vectors at each

point of the curve are given by (2.1). Therefore (2.1) can also be referred to as a

vector field.
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Definition 2.1 (Autonomous Differential Equation)

A differential equation or system of ordinary differential equations ċ = f(c, t) is

said to be autonomous, if it does not explicitly depend on time t, i.e.

ċ = f(c) , c ∈ Rn . (2.2)

Definition 2.2 (Phase Space)

The space of dependent variables c(t) of ODE (2.2) is called phase space.

A solution of (2.2) for a specified initial condition c(t0) = c0 is often denoted as

c(t, c0). If displaying the initial values is not crucial for the problem at hand, the

solution may also be referred to as c(t).

Definition 2.3 (Trajectory)

The solution c(t, c0) of (2.2) with initial value c0 is also called trajectory or

phase curve through the point c0 at t = t0.

Definition 2.4 (Orbit through c0)

For a point c0 in the phase space of (2.2), the orbit O(c0) through c0 is defined

as the set of points in phase space which lie on a trajectory passing through c0.

For c0 ∈ U ⊂ Rn, the orbit through c0 is given by

O(c0) = {c ∈ Rn | c = c(t, c0), t ∈ I} .

By specifying an initial condition, one can distinguish between solutions of the

general ODE (2.2).

Definition 2.5 (Initial Value Problem (IVP))

The ODE system (2.2) together with a specified initial condition

ċ(t) = f(c(t))

c(t0) = c0
(2.3)

is called initial value problem (IVP).

If the right hand side f of an initial value problem satisfies a few simple regularity

conditions, it can be shown that it has exactly one solution:

Theorem 2.6

Let f be defined and continuous on the strip S := {(t, c) | t0 ≤ t ≤ tf , c ∈ Rn}
with t0 and tf finite. Let there be a constant L <∞ such that

‖f(c1(t))− f(c2(t))‖ ≤ L ‖c1(t)− c2(t)‖ (2.4)
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for all t ∈ [t0, tf ] and all c1, c2 ∈ Rn (“Lipschitz condition”).

Then for every t ∈ [t0, tf ] and every c0 ∈ Rn there exists exactly one function c(t)

such that

1. c(t) is continuous and continuously differentiable for t ∈ [t0, tf ],

2. ċ(t) = f(c(t)) for t ∈ [t0, tf ],

3. c(t0) = c0.

Proof. See e.g. Henrici [Hen62].

A sufficient condition for (2.4) in Theorem 2.6 is continuous differentiability of f

with respect to c.

When modeling chemical reaction systems, often the problem of stiffness is ob-

served. For this phenomenon there is no standardized definition. Curtiss and

Hirschfelder [CH52] introduced the term of stiff equations as equations for which

implicit methods perform better than explicit ones.

One of the definitions for stiff differential equations commonly used is the follow-

ing:

Definition 2.7 (Stiff Differential Equation)

An ordinary differential equation ċ(t) = f(c(t)) is called stiff (along a solution

c(t)), if there are eigenvalues λ(t) of the Jacobian df
dc

(c(t)) for which holds

maxReλ(t)<0 |Reλ(t)|
minReλ(t)<0 |Reλ(t)| À 1 . (2.5)

In the context of chemical systems, an ODE system modeling the chemical kinetics

is called stiff, if both very fast and very slow processes are present in the system.

This is the case for the example reaction mechanism considered in the course of

this work.

One of the methods used for numerically solving stiff differential equations is

the so-called BDF (Backward Differentiation Formulae) method, which will be

presented in Section 2.4.3.

Definition 2.8 (Two-Point Boundary Value Problem)

If not only the initial conditions at t = t0 are specified, but also conditions at the

end point t = tf , then the problem

ċ = f(c(t)) , t ∈ [t0, tf ]

0 = r(c(t0), c(tf ))
(2.6)
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is called a two-point boundary value problem.

A two-point boundary value problem is a special case of a more general formula-

tion of boundary value problems (see e.g. Stoer [SB96]). For this work, however,

only two-point boundary value problems as presented here are of importance.

Definition 2.9 (Equilibrium Solution)

A solution c̄ ∈ Rn of (2.2), which satisfies

f(c̄) = 0

is called equilibrium solution.

An equilibrium solution does not change in time. Therefore, sometimes an equi-

librium solution is also referred to as fixed point, critical point or steady state.

For dynamical systems these equilibrium solutions are of particular interest since

they can be used to analyze the structure of the system’s phase space in their sur-

rounding. An important property is the stability of such an equilibrium solution.

One distinguishes between two kinds of stability:

Definition 2.10 (Lyapunov Stability)

An equilibrium solution c̄ of (2.2) is called stable (or Lyapunov stable), if for

any given ε > 0 there exists a δ = δ(ε) > 0 such that ‖c̄− c(t)‖ < ε for any other

solution c(t) of (2.2) which satisfies ‖c̄− c(t0)‖ < δ with t > t0, t0 ∈ R.

This means that c̄ is stable if solutions starting “close” to c̄ at a given time will

remain close to c̄ for all later times.

Definition 2.11 (Asymptotic Stability)

An equilibrium solution c̄ of (2.2) is called asymptotically stable if it is Lya-

punov stable and if there exists a constant b > 0 such that if ‖c̄−c(t0)‖ < b holds,

then limt→∞ ‖c̄− c(t)‖ = 0.

In other words, c̄ is asymptotically stable if nearby starting trajectories all actually

converge to c̄ as t→∞.

Definition 2.12 (Lyapunov Function)

For a dynamical system ċ = f(c), c ∈ Rn, with a fixed point c̄, a C 1-function

V : U → R on some neighborhood U of c̄ is called Lyapunov function, if the

following properties are satisfied

• V (c̄) = 0,
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• V (c) > 0 if c 6= c̄,

• V̇ (c) ≤ 0 in U \ {c̄}.
Theorem 2.13

If for a fixed point c̄ of ċ = f(c) there exists a Lyapunov function V , then c̄ is a

stable fixed point. c̄ is asymptotically stable, if V̇ (c) < 0 in U \ {c̄} holds.

Proof. See [Wig96].

Definition 2.14 (Invariant Set)

A set S ⊂ Rn is called invariant under ċ = f(c), if for any c0 ∈ S it holds that

c(t, c0) ∈ S for all t ∈ R.

Definition 2.15 (Invariant Manifold)

An invariant set S ⊂ Rn is said to be a Ck (k ≥ 1) invariant manifold, if S

has the structure of a Ck differentiable manifold (see also Section 2.2).

Definition 2.16 (Attracting Set / Attractor)

A closed and invariant set A is called an attracting set if there exists an open

neighborhood U of A such that all solutions c(t) with initial solution in U will

eventually enter A, i.e.

lim
t→∞

d(c(t),A) = 0 (2.7)

with a given metric d.

An attractor of (2.2) is an attracting set which contains a dense orbit.

Example 2.17

Every asymptotically stable fixed point is an attractor.

Definition 2.18 (Dissipative/Conservative System)

A dynamical system ċ = f(c) is called dissipative, if the volume of its phase

space contracts along a trajectory.

If a dynamical system is volume preserving, it is called conservative.

For dissipative systems the generalized divergence is less than zero, i.e.

n∑
i=1

∂fi

∂ci
< 0 (2.8)

The change of the volume of an element in phase space caused by the flow of

an autonomous differential equation (2.2) can be characterized by the following

lemma.
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Lemma 2.19

Consider the equation ċ = f(c) in Rn and a domain D(0) in Rn which is supposed

to have a volume v(0). The flow defines a mapping g of D(0) into Rn, g : Rn →
Rn, D(t) = gtD(0). For the volume v(t) of the domain D(t) we have

dv

dt
|t=0 =

∫

D(0)

∇ · f dc

(∇ · f = ∂f1/∂c1 + ∂f2/∂c2 + · · ·+ ∂fn/∂cn = div f)

Proof. See Verhulst [Ver00].
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2.2 Differential Geometry

In this section first basic concepts from topology are explained as the basis for con-

cepts from differential geometry. At the end of the section, Riemannian manifolds

will be defined. With a suitable Riemannian metric, the concept of Riemannian

manifolds will be used in Chapter 3 to derive a new approach to model reduction

by minimizing the length of a curve on a Riemannian manifold.

Definition 2.20 (Topological Space)

A topological space is a set X together with a set T whose elements are subsets

of X, such that

• ∅ ∈ T
• X ∈ T
• If Uj ∈ T for all j ∈ J , then

⋃
j∈J Uj ∈ T

• If U ∈ T and V ∈ T , then U ∩ V ∈ T
The set T is called a topology on X.

Elements of T are called open sets of X.

A subset C ⊂ X is called a closed set, if the complement X \C is an open set.

Definition 2.21 (Basis of Topology)

A basis B for a topological space X with topology T is a collection of open sets

in T such that every open set in T can be written as a union of elements of B.

Definition 2.22 (Locally Euclidean)

A topological space X is called locally Euclidean, if for every point x ∈ X there

is a neighborhood U ⊆ X, a subset V ⊆ Rn, and a homeomorphism φ : U → V .

In other words, a locally Euclidean space X is a topological space which locally

“looks” like Rn.

The integer n is called dimension of X and must be the same for all points x ∈ X.

Definition 2.23 (Hausdorff Space)

A topological space X is called Hausdorff space, if for any given x, y ∈ X,

x 6= y, there exist disjoint open sets U and V (that is, U ∩ V = ∅) such that

x ∈ U and y ∈ V .

In other words, X is a Hausdorff space if any two distinct points of X can be

separated by neighborhoods.
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Definition 2.24 (Second Countable Space)

A topological space X is said to be second countable if it has a countable basis

of the topology.

For example the Euclidean space Rn with its usual topology is second countable.

The usual base of open balls is not countable, but restricted to the set of all open

balls with rational radii and whose centers have rational coordinates, the set is

countable and still forms a base since Qn ⊂ Rn is dense in Rn.

Definition 2.25 (Topological Manifold)

A topological manifold is defined to be a locally Euclidean Hausdorff space

which is second countable.

Definition 2.26 (Paracompact)

A topological space X is said to be paracompact if every open cover of X has a

locally finite open refinement.

This means, if (Ui)i∈I is any family of open subsets of X such that
⋃

i∈I Ui = X,

then there exists another family (Vi)i∈I of open sets such that
⋃

i∈I Vi = X, Vi ⊂ Ui

for all i ∈ I and any specific x ∈ X is in Vi for only finitely many i.

Definition 2.27 (Metrizability)

A topological space X with topology T is said to be metrizable if there is a metric

d : X ×X → [0,∞)

such that the topology induced by d is T .

Definition 2.28 (Regular Space)

A topological space X is a regular space if for every closed set F and every point

x /∈ F there are two disjoint open sets U and V such that F ⊆ V and x ∈ U .

Theorem 2.29 (Urysohn’s Metrization Theorem)

Every second countable, regular Hausdorff space is metrizable.

Proof. See e.g. Willard [Wil70].

Remark 2.30

A manifold is metrizable if and only if it is paracompact.

Remark 2.31

It follows from Theorem 2.29 and Definition 2.25 that every topological manifold

is metrizable.
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Similar to the spherical earth being described by flat maps or charts which are

collected in an atlas, a manifold can also be described by mathematical maps,

so-called coordinate charts (which by Definition 2.32 are homeomorphisms), col-

lected in a mathematical atlas. In general it is impossible to describe a manifold

with just one chart - as it is impossible to describe the earth by just one flat map.

Information about the global structure of a manifold being constructed from

multiple overlapping charts can be retrieved from the regions where the charts

overlap.

Definition 2.32 (Coordinate Chart)

For any neighborhood U of a point x ∈M on a topological manifold M , a home-

omorphism φ : U → φ(U) ⊂ Rn is called a coordinate chart on U .

Definition 2.33 (Atlas)

An atlas A is a collection of charts φ : Uφ → Rn whose domains cover the

manifold M , i.e. M =
⋃

φ

Uφ.

Definition 2.34 (Transition Function)

Given two charts φ : U → φ(U) ⊂ Rn and ψ : V → ψ(V ) ⊂ Rn with overlapping

domains U and V , then there is a transition function or a change of coor-

dinates ψ ◦ φ−1 : φ(U ∩ V ) → Rn.

Such a map is a homeomorphism between open subsets of Rn.

Definition 2.35 (Differentiable Manifold / Smooth Manifold)

A differential manifold is a topological manifold whose transition functions

are all differentiable.

A C k n-manifold is a topological n-manifold for which all transition functions

are C k(Rn).

A smooth manifold, or C∞ manifold is a differentiable manifold for which

all the transition functions are smooth.

In the remainder of this thesis a manifold will denote a smooth manifold, and a

n-manifold a smooth manifold of dimension n.

Example 2.36

If a k-dimensional submanifold M of Rn is locally described by M =

{ x ∈ Rn | F (x) = 0 }, with F : Rn → Rn−k being a continuously differen-

tiable submersion (i.e. the differential DF is surjective and rank(DF ) = n− k),
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then the (implicit) equation F (x1, . . . , xn) = 0 can be locally rearranged into the

explicit form

xk+1 = xk+1(x1, . . . , xn)
...

xn = xn(x1, . . . , xn)

Then the mapping (x1, . . . , xk) 7→ (x1, . . . , xk, xk+1, . . . , xn) is a parametrization

and the mapping (x1, . . . , xn) 7→ (x1, . . . , xk) is the corresponding chart.

This is exactly the parametrization used for species reconstruction in many model

reduction techniques (see Chapters 1 and 3).

Definition 2.37 (Tangent Space - Definition as Directions of Curves)

Suppose M is a C k manifold (k ≥ 1) and x is a point in M . Pick a chart

φ : U → Rn where U is an open subset of M and x ∈ U . Suppose two curves

γ1 : (−1, 1) → M and γ2 : (−1, 1) → M with γ1(0) = γ2(0) = x are given such

that φ ◦ γ1 and φ ◦ γ2 are both differentiable at 0. Then γ1 and γ2 are called

tangent at 0 if (φ ◦ γ1)
′(0) = (φ ◦ γ2)

′(0).

This defines an equivalence relation on the set of such curves, and the equivalence

classes are called the tangent vectors of M at x. The equivalence class of the

curve γ is written as γ′(0). The tangent space of M at x, denoted by TxM , is

defined as the set of all tangent vectors at x; it does not depend on the choice of

chart φ.

Apart from this geometric definition of the tangent space, there also exist an alge-

braic definition via derivations and a physical definition. Since all the definitions

are isomorphic and only the geometric one is needed in this work, for the other

definitions we refer to e.g. Kühnel [Küh06].

To define vector space operations on TxM , we use a chart φ : U → Rn and define

the map (dφ)x : TxM → Rn by (dφ)x(γ
′(0)) = (φ ◦ γ)′(0). It turns out that

this map is bijective and can thus be used to transfer the vector space operations

from Rn over to TxM , turning the latter into an n-dimensional real vector space.

One can show that this construction does not depend on the particular chart φ

chosen.

Definition 2.38 (Tangent Bundle)

Let M be a differentiable manifold. The tangent bundle TM of M is (as a set)
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defined as the disjoint union of all the tangent spaces to M ,

TM =
∐
x∈M

TxM . (2.9)

This means the tangent bundle of M can be described as the set of pairs

{ (x, v) | x ∈M, v ∈ TxM } and there exists a natural projection π : TM → M

which maps (x, v) to the base point x.

Definition 2.39 (Vector Bundle)

A real vector bundle is given by

• a topological space X (the “base space”) and a topological space E (the “total

space”),

• a continuous surjective map π : E → X (the “projection”),

• and the structure of a real vector space on the so-called fiber π−1(x) for all

x ∈ X,

which satisfy the following compatibility condition:

For every point x ∈ X there exists an open neighborhood U , a natural number

n, and a homeomorphism φ : U × Rn → π−1(U) ⊆ E such that for every point

x ∈ U holds:

• (π ◦ φ)(x, v) = x for all vectors v ∈ Rn,

• and the map v 7→ φ(x, v) yields an isomorphism between the vector spaces

Rn and π−1(x).

In other words, a vector bundle is a geometrical construct where to every point

of a topological space (for example a manifold) a vector space is “attached” in a

compatible way such that all those vector spaces “glued together” form another

topological space.

A typical example of a vector bundle is the tangent bundle of a differential man-

ifold: to every point of the manifold the tangent space of the manifold at that

point is “attached”.

Definition 2.40 (Sections)

Given a vector bundle π : E → X and an open subset U of X, we can consider

sections of π on U , i.e. continuous functions s : U → E with π ◦ s = idU .

Essentially, a section assigns to every point of U a vector from the attached vector

space in a continuous manner.
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For example sections of the tangent bundle of a differential manifold are vector

fields on that manifold.

Definition 2.41 (Riemannian Manifold and Riemannian Metric)

A smooth Riemannian manifold is a pair (M, g), where M is a smooth

manifold and g a Riemannian metric, i.e. a smooth section of the positive-

definite quadratic forms on the tangent bundle, meaning a mapping

gx : TxM × TxM → R

which depends smoothly on x and defines in every point x ∈M an inner product

with the following properties:

1. gx(X,Y ) = gx(Y,X) for all X, Y (i.e. gx is symmetric),

2. gx(X,X) > 0 for all X 6= 0, (i.e. gx is positive definite).

This allows the definition of various geometric notions such as angles, lengths of

curves, volumes, and curvature on a manifold.

Definition 2.42 (Parametric Curve)

For n ∈ N, k ∈ N ∪ {∞} and t ∈ I = [a, b] (a, b ∈ R, a < b), a vector valued

function γ : I → Rn of class C k is called a parametric curve of class C k or

a C k parametrization of the curve γ.

t is called the parameter of the curve γ.

γ(I) is called the image of the curve.

The parameter t is often thought of as representing time, and the curve γ(t) as

the trajectory of a moving point in phase space.

Definition 2.43 (Reparametrization)

Two parametric curves of class C k, γ1 : I1 → Rn and γ2 : I2 → Rn, are

said to be equivalent if there exists a bijective C k map φ : I1 → I2 such that

φ′(t) 6= 0 , (t ∈ I1), and γ2(φ(t)) = γ1(t) , (t ∈ I1).
γ2 is said to be a reparametrization of γ1. This reparametrization of γ1 defines

an equivalence relation on the set of all parametric C k curves. The equivalence

class is called a C k curve.

Definition 2.44 (Length and Natural Parametrization)

The length L of a smooth curve γ : [a, b] → Rn can be defined as

L(γ) =

∫ b

a

‖ γ′(t) ‖ dt (2.10)
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The length of a curve is invariant under reparametrization and therefore a differ-

ential geometric property of the curve.

For each regular C k curve γ : [a, b] → Rn we can define a function

s(t) =

∫ t

a

‖ γ′(τ) ‖ dτ .

Writing γ(t) = γ̄(s(t)), we get a reparametrization γ̄ of γ which is called natural,

arc-length or unit speed parametrization.

s(t) is called the natural parameter of γ.

Often the natural parametrization is preferred because the natural parameter s(t)

traverses the image of γ at unit speed such that ‖γ̄′(s(t))‖ = 1 , (t ∈ [a, b]).

In practice it is often very difficult to explicitly calculate the natural parametriza-

tion of a curve, but it is useful for theoretical arguments. For a given parametrized

curve γ(t) the natural parametrization is unique up to shift of parameter.

A Riemannian metric g on M itself is not a distance metric on M . However, on

a connected manifold every Riemannian metric on M induces a distance metric

on M , given by

d(x, y) = inf{L(γ) | γ : [0, 1] →M, γ(0) = x, γ(1) = y } . (2.11)

where γ is a continuously differentiable curve joining x and y, and L(γ) is the

length of the curve γ defined as

L(γ) =

∫ 1

0

√
gγ(t)(γ̇(t), γ̇(t)) dt , (2.12)

and γ̇ is the derivative of the curve γ with respect to t, i.e. its tangent vector.

Here in (2.12) the Euclidean norm used in Definition 2.44 (equation (2.10)) is

replaced by a different norm involving the Riemannian metric g.

Definition 2.45 (Geodesic)

A geodesic is a locally length-minimizing curve.

In the plane, geodesics are straight lines. The geodesics in a curved space depend

on the Riemannian metric, which affects the notions of distance.

On a Riemannian manifold M a geodesic is a curve γ(t) which minimizes the

length of the curve (2.12).
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2.3 Fundamentals of Physical Chemistry

2.3.1 Chemical Kinetics

The behavior of chemical systems over time can be modeled by ordinary differ-

ential equations. For this purpose complex chemical reaction systems are de-

composed into single elementary reaction steps. In order to illustrate how the

differential equations describing the chemical kinetics are derived from the reac-

tion mechanism, a bimolecular elementary reaction step

A + B  C + D (2.13)

is considered in this section.

A reaction between the substances A and B only can take place, if molecules of

A and B collide with sufficient energy. The frequency of collision is proportional

both to the concentration of A and to the concentration of B. Since the reaction

rate is proportional to the frequency of successful collisions, the reaction rate R→
of the forward reaction in (2.13) can be expressed as

R→ = k1cAcB (2.14)

with cA and cB being the concentrations of A and B, and k1 being the constant

of proportionality (reaction rate coefficient).

For the reaction rate coefficients k1 of the forward and k2 of the backward reaction,

and for the concentrations cA, cB, cC , and cD of the substances A, B, C and D,

the following ordinary differential equations hold:

dcA
dt

=
dcB
dt

= − k1cAcB + k2cCcD

dcC
dt

=
dcD
dt

= + k1cAcB − k2cCcD

In thermodynamic equilibrium forward and backward reaction rates are equal,

i.e.

k1cAcB = R→ = R← = k2cCcD , (2.15)

which is equivalent to the relation

cCcD
cAcB

=
k1

k2

=: K , (2.16)
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the so-called law of mass action proposed by C.M. Guldberg and P. Waage in

1864 with equilibrium constant K.

In general, k1 and k2 depend on the temperature T via the so-called Arrhenius

law [AP06]. However, in this work the temperature is assumed to be constant at

all times.

In the general case, based on similar assumptions, one can demonstrate that the

right hand side of an ODE system modeling chemical kinetics has polynomial

form and therefore is of class C∞. Hence, the corresponding autonomous IVP

has a unique solution according to Theorem 2.6 (see Section 2.1).

2.3.2 Thermodynamics

In thermodynamics (from the Greek thermos meaning heat and dynamics mean-

ing power) the effects on a system by changes in its surroundings such as e.g. tem-

perature, pressure, or volume are studied at a macroscopic scale.

Definition 2.46 (Isolated / Closed / Open System)

Isolated systems exchange neither energy nor matter with their exterior.

Closed systems exchange energy with their exterior but not matter.

Open systems exchange both energy and matter with their exterior.

In most thermodynamic considerations, the fundamental laws of thermodynamics

play an important role.

The Fundamental Laws of Thermodynamics

The first law postulates the conservation of energy.

Theorem 2.47 (First Law of Thermodynamics)

In an isolated system the internal energy is conserved in any thermodynamic

process.

Theorem 2.47 states that the change in the internal energy of a closed thermody-

namic system is equal to the sum of the amount of heat energy supplied to the

system and the work done on the system, i.e. different forms of energy can be

converted into each other, but no energy is lost.
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In mathematical terms the First Law of Thermodynamics can be formulated with

differentials as follows:

dU = δQ+ δW , (2.17)

where dU can be interpreted as an infinitesimal increase in the internal energy of

the system, δQ as an infinitesimal amount of heat added to the system, and δW

as an infinitesimal amount of work done on the system.

Since the first law does not yield any information about the spontaneity and

directionality of chemical reaction systems, the Second Law of Thermodynamics

needs to be consulted additionally.

Theorem 2.48 (Second Law of Thermodynamics)

“It is impossible that, at the end of a cycle of changes, heat has been transferred

from a colder to a hotter body without at the same time converting a certain

amount of work into heat.” Clausius (1822 - 1888)

“A perpetual motion machine of the second kind is impossible.” Max Planck (1858

- 1947)

Using the state function entropy S defined in (2.19), the Second Law of Thermo-

dynamics can also be formulated as

Theorem 2.49 (Second Law of Thermodynamics (in terms of entropy))

The entropy S of an isolated system not at equilibrium will tend to increase over

time, approaching a maximum value at equilibrium.

Another state function, the Gibbs free energy G, can be used to investigate the

spontaneity and directionality of chemical reactions.

Definition 2.50 (Gibbs Free Energy)

For closed systems, the Gibbs free energy G is defined as

G := H − T S (2.18)

with the enthalpy H = U + p V (U being the internal energy of the system, p the

pressure, and V the volume), temperature T and entropy S.

Theorem 2.51 (Second Law of Thermodynamics (in terms of Gibbs free en-

ergy))

The Gibbs free energy of a system under constant pressure and constant tempera-

ture will tend to decrease over time, approaching a minimum value at equilibrium.
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Or as Clausius stated the Second Law of Thermodynamics in 1865 in general:

“For any process the sum of all entropy changes occurring as a result of the

process is greater than zero and approaches zero in the limit as the process becomes

reversible.”

Details on the significance of the Laws of Thermodynamics can be found in

[AP06].

Entropy and Entropy Production

The entropy S can be interpreted as a measure of energy dissipation in a system.

It is a thermodynamic state function which only depends on the initial and final

states of a process, and does not depend on the way the states were reached.

Rudolf Clausius (1822 - 1888) defined the change of entropy dS of a thermody-

namic system during a reversible process as

dS =
dQrev

T
, (2.19)

where dQrev is the amount of heat reversibly introduced to the system, and T is

the absolute temperature.

The total change in entropy of a system in nonequilibrium thermodynamics can

also be expressed as

dS = dSi + dSe . (2.20)

dSe is the change of a system’s entropy due to exchange of energy and matter

with its environment. In an isolated system dSe is zero. dSi is the change of

entropy due to irreversible processes within the system.

In the following, dSe is also referred to as entropy flow and dSi as entropy pro-

duction.

If in a system the change of mole numbers dNk = diNk + deNk (with diNk being

the change due to irreversible chemical reactions and deNk being the change due

to the exchange of matter with the exterior, which is zero in a closed system) is

due to irreversible chemical reactions, then the resulting entropy production dSi

can be written as

dSi = −
∑n

k=1 µk diNk

T
, (2.21)

where µk is the chemical potential of species k defined as the Gibbs free energy

per mole number (see e.g. Atkins [AP06] for a more precise definition and inter-
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pretation).

In the following only isolated systems with dSe = 0 are considered.

According to the Second Law of Thermodynamics it holds that

dSi ≥ 0 (2.22)

for any spontaneous process [GP71].

De Donder [Don27, dDvR36] was the first one to introduce the concept of affinity

of a chemical reaction, which enables us to express the entropy production dSi

as a product of a thermodynamic force and a thermodynamic flow. The affinity

A =
n∑

k=1

νkµk (2.23)

with the stoichiometric coefficients νk and the chemical potentials µk of the par-

ticipating species is the driving force for chemical reactions. If in a system the

affinity is not equal to zero, this system is not in thermodynamic equilibrium and

chemical reactions will occur driving the system towards equilibrium until the

affinity vanishes.

This concept of affinity can be related to the concept of entropy production by re-

formulating equation (2.21). The rate of change of entropy dSi/dt can be written

in terms of affinity A:
dSi

dt
=

(
A

T

)
dξ

dt
≥ 0 . (2.24)

One can see that the entropy production rate here is a product of the thermody-

namic force A/T and the corresponding thermodynamic flow dξ/dt generated by

the force A/T .

Considering the elementary reaction step (2.13) with forward reaction rate R→ =

k1cAcB and backward reaction rate R← = k2cCcD, the velocity of the reaction is

1

V

dξ

dt
= R→ −R← = k1cAcB − k2cCcD . (2.25)

with V being the volume of the system considered. In the course of this work,

the volume of the systems considered is assumed to be constant.

According to [KP98], the affinity of (2.13) can be expressed as

A = R T ln

(
R→
R←

)
. (2.26)



2.3 Fundamentals of Physical Chemistry 31

The entropy production rate per unit volume is then

1

V

dSi

dt
=

1

V

A

T

dξ

dt
= R (R→ −R←) ln

(
R→
R←

)
, (2.27)

where R is the gas constant.

For several elementary reaction steps, affinities are additive. Therefore the total

entropy production rate of a chemical reaction system can be calculated explicitly,

if all the kinetic data is available and all the n elementary reaction steps of the

system are known:

1

V

dSi

dt
=

1

V

n∑

k=1

Ak

T

dξk
dt

=
n∑

k=1

R (Rk→ −Rk←) ln

(
Rk→
Rk←

)
. (2.28)

A detailed derivation of (2.27) and (2.28) can be found in [KP98].
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2.4 Optimization

In this section the theoretical basis will be presented which is necessary to under-

stand the mathematical concepts from optimization theory used in this work. The

general structure of optimization problems involving ODE constraints is stated

and a direct solution approach is explained. For the numerical solution of our op-

timization problems, the originally infinite dimensional problem is parametrized

using the direct multiple shooting approach originally developed by Bock and

Plitt [Pli81, BP84, Boc87] and extended by Leineweber [Lei99]. The resulting

problem is a finite dimensional nonlinear programming (NLP) problem which

can be solved using e.g. the Sequential Quadratic Programming (SQP) algorithm

developed by Han and Powell [Han76, Pow78].

In the software package MUSCOD-II [Lei95, Lei99] originally developed for solv-

ing large scale optimal control problems for nonlinear dynamical systems, the

direct multiple shooting approach is implemented and combined with the SQP

algorithm to solve the optimization problem. For the example applications pre-

sented in this work, MUSCOD-II is used to solve optimization problems with

ODE constraints.

2.4.1 Problem Formulation

The chemical reaction systems considered in this work can be described by ODE

models of the form:

ẋ(t) = f(x(t), p) (2.29)

x ∈ Rnx denotes the differential state vector, t ∈ R the time, and p ∈ Rnp is a

vector of constant system parameters such as for example reaction coefficients in

chemical kinetics.

Objective Functional

The objective of an ODE-constrained optimization problem in general is to min-

imize overall “costs”. Those costs are usually defined by a general Bolza-type

objective functional on a time horizon [t0, tf ] with start time t0 and final time tf

as ∫ tf

t0

L(x(t), p) dt+ E(x(tf ), p) . (2.30)
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L(x(t), p) is called the Lagrange term and E(x(tf ), p) the Mayer term of the ob-

jective function.

In this work, we only consider Lagrange-type objective functionals since our prob-

lem formulations do not involve extra final state costs that should be minimized.

Path Constraints and Boundary Conditions

On the time horizon of interest, the state trajectories x(t) often have to satisfy

so-called path constraints

g(x(t), p) ≥ 0, ∀ t ∈ [t0, tf ] . (2.31)

In the case of a chemical system those constraints may for example be positivity

of chemical species concentrations.

Often there are also boundary conditions, which for the purpose needed in this

work can be written in the general form

r0(x(t0), p) + rf (x(tf ), p) = 0 . (2.32)

These constraints may include conservation equations (of mass) or can be used

e.g. to fix concentrations of specific species at the initial or at the final time.

Problem Formulation

Now the ODE-constrained optimization problem needed for the applications in

this work can be formulated as

min
x(·),(T )

∫ T

0

L(x(t), p) dt (2.33a)

subject to

ẋ(t)− f(x(t), p) = 0, ∀ t ∈ [0, T ] (2.33b)

g(x(t), p) ≥ 0, ∀ t ∈ [0, T ] (2.33c)

r0(x(0), p) + rf (x(T ), p) = 0 (2.33d)

for the initial time t0 = 0 and the final time tf = T .

The functions L, r0, rf , and g are assumed to be continuously differentiable

and for f the usual assumptions (see Theorem 2.6) shall hold which ensure local
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existence and uniqueness of the solution x for given initial values x(0) = x0.

The length T of the time interval can either be fixed or also be an additional

degree of freedom subject to optimization.

2.4.2 Direct Multiple Shooting Discretization

To numerically solve an infinite dimensional optimization problem of the type

(2.33), algorithms based on the direct solution approach have turned out to be

particularly successful. In the direct approach the originally infinite dimensional

problem has to be transformed into a finite dimensional nonlinear programming

problem (NLP) which then in turn can be solved using standard NLP solution

techniques.

Strategies for formulating the finite-dimensional NLP can be divided into se-

quential and simultaneous approaches.

In the sequential approach a simulation of the dynamic model equations is

performed to eliminate the state trajectories. Simulation and optimization

calculations are performed sequentially – one after the other. A significant

drawback of this method however is that poor initial guesses may cause a strong

nonlinearity of the resulting NLP and a poor convergence behavior – especially

for unstable systems.

This difficulty is avoided by the simultaneous approach. In the simultaneous ap-

proach first the state trajectory is discretized, then the dynamic model equations

and the optimization problem are solved simultaneously in a large constrained

NLP. The discretized state variables become part of the optimization variables.

Thus nonlinearity and instability can be better controlled.

For all calculations carried out in this work the direct multiple shooting method

is applied to solve optimization problems. It was first presented by Plitt in

1981 [Pli81]. The optimization interval is divided into several subintervals (see

Figure 2.1). On each subinterval an independent initial value problem is solved.

Continuity of the state trajectory from one subinterval to the next is guaranteed

by imposing matching conditions which enter the optimization problem as addi-

tional equality constraints.

The direct multiple shooting approach originally developed by Bock

[Boc87, BP84] is implemented in the software package MUSCOD-II by Leinewe-

ber [Lei95, Lei99].
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Figure 2.1: State parametrization (N = 5).

For discretizing the state variables (see Figure 2.1), a multiple shooting grid with

multiple shooting nodes at time points τ0, . . . , τN ,

0 = τ0 < τ1 < · · · < τN = T

is introduced. Then the problem is decomposed into several initial value problems

(IVP). On each interval [τi, τi+1], (i = 0, ..., N − 1) the IVP

ẋi(τ) = f(xi(τ), p)

xi(τi) = si

(2.34)

has to be solved. Those IVPs can be solved simultaneously, since their solution

trajectories xi(τ) on [τi, τi+1] only depend on the parameters si.

To enforce continuity of the differential state trajectory, the matching conditions

si+1 = xi(τi+1; si), i = 0, . . . , N − 1 (2.35)

have to be met. They require the differential node value si+1 to be equal to

the final value of the previous trajectory xi(τi+1). Likewise the value of the first

differential node s0 should be equal to the initial value x0 of the original problem,

s0 = x0 . (2.36)

Equations (2.35) and (2.36) remove the additional degrees of freedom introduced

to the problem by adding the parameters si (i = 0, . . . , N) at the multiple shoot-

ing nodes.

Using the same multiple shooting grid τ0, . . . , τN , the infinite dimensional path

constraints are also transformed into N + 1 vector inequality constraints

g(si, p) ≥ 0, i = 0, 1, . . . , N , (2.37)
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and the boundary conditions are transformed into

r0(s0, p) + rf (sN , p) = 0 . (2.38)

When substituting the independent trajectories xi(τ) into the Lagrange term L

in (2.30)
N−1∑
i=0

∫ τi+1

τi

L(xi(τ), p) dτ , (2.39)

the objective contributions Li(si) =
∫ τi+1

τi
L(xi(τ), p) dτ can be calculated si-

multaneously in analogy to the solution of the independent IVPs in (2.34) by

integration.

The resulting finite dimensional NLP can now be reformulated as

min
s0,...sN

N−1∑
i=0

∫ τi+1

τi

L(xi(τ), p) dτ (2.40a)

subject to 0 = xi(τi+1; si)− si+1, i = 0, . . . , N − 1 (2.40b)

0 = x0 − s0 (2.40c)

0 ≤ g(si, p), i = 0, . . . , N, τ ∈ [τi, τi+1] (2.40d)

0 = r0(s0, p) + rf (sN , p) (2.40e)

Because of the multiple shooting parametrization, NLP (2.40) has more variables

and more equality constraints than the original formulation (2.33). But due to the

decoupled structure of the problem a condensing algorithm can be used [Boc87].

The resulting condensed problem is numerically only slightly more expensive to

solve than solving the original problem e.g. with the single shooting method.

2.4.3 Backward Differentiation Formulae

For the numerical solution of the initial value problems (2.34) the implicit DAE

solver DAESOL [Bau99, BBS99, Alb05] is integrated in the software package

MUSCOD-II [Lei95, Lei99]. Solving stiff differential equations with explicit meth-

ods to a desired degree of accuracy would force the step size to be too small.

Therefore implicit integration algorithms are necessary to efficiently solve stiff

differential equations such as e.g. chemical kinetics with multiple time scales

present. In particular multistep BDF (backward differentiation formulae) meth-

ods which are implemented in DAESOL have beneficial stability properties (see

e.g. [DB02]).
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Definition 2.52 (Linear Multistep Method (LMM))

In a general linear multistep method (LMM) for the numerical solution of

an initial value problem (2.34) an approximate value ηm+k of x(tm+k) is computed

from k (k ≥ 2) given approximate values ηj of x(tj), j = m,m+1, . . . ,m+k−1,

at equidistant points tj = t0 + jh by the following general formula

k∑

l=0

αl ηm+l = h

k∑

l=0

βl f(ηm+l), m = 0, . . . , N − k (2.41)

with αl, βl ∈ R, αk 6= 0 and |α0|+ |β0| 6= 0.

If βk = 0 this is an explicit method, if βk 6= 0 the method is implicit.

BDF methods are linear multistep methods whose idea consists in finding a poly-

nomial which interpolates the (k+ 1) values ηm, . . . , ηm+k and satisfies the differ-

ential equation at t = tm+k.

Definition 2.53 (BDF method)

The k-step BDF method is defined by the k starting values ηm, . . . , ηm+k−1

specified and the formula

k∑

l=0

αl ηm+l = h f(ηm+l), m = 0, . . . , N − k (2.42)

with αl ∈ R, and α0, αk 6= 0.

For a more detailed introduction to BDF methods and an extensive analysis of

stability of multistep methods we refer to [HNW93, HW96].

2.4.4 Local Optimality Conditions

Problem (2.40) is a special formulation of a general NLP problem of the form

min
ω∈Rnω

F (ω)

subject to G(ω) = 0

H(ω) ≥ 0

(2.43)

where the functions F : Rnω → R, G : Rnω → RnG and H : Rnω → RnH are

assumed to be twice continuously differentiable.

The gradient of a scalar function F is defined to be a column vector, and the
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gradient of a vector function G is defined here as the transpose of the Jacobian

matrix

∇ω G(ω) :=

(
∂G

∂ω
(ω)

)T

(2.44)

Definition 2.54 (Feasibility and Optimality)

The set S := { ω | G(ω) = 0, H(ω) ≥ 0 } is called feasible set, and ω∗ ∈ S is

called feasible point.

A feasible point ω∗ is called a local minimizer of NLP (2.43) if there exists a

neighborhood Uε(ω
∗) of ω∗ such that F (ω∗) ≤ F (ω) for all ω ∈ Uε(ω

∗) ∩ S.

The constraint Hi(ω) ≥ 0 is called active, if Hi(ω) = 0.

All active inequality constraints at the feasible point ω are denoted by Hact(ω).

A feasible point ω is called a regular point, if the Jacobian of the active con-

straints, ∇G̃(ω)T , has full rank (with G̃(ω) :=
(

G(ω)
Hact(ω)

)
).

To formulate the first order necessary and second order sufficient optimality con-

ditions for (2.43), the Lagrangian function L is defined as

L(ω, λ, µ) := F (ω)− λT G(ω)− µT H(ω). (2.45)

Theorem 2.55 (Karush-Kuhn-Tucker Necessary Conditions)

Suppose that ω∗ is a local minimizer of (2.43) and a regular point. Then there

exist Lagrange multiplier vectors λ∗ ∈ RnG and µ∗ ∈ RnH such that (ω∗, λ∗, µ∗)

satisfy the following necessary conditions:

∇ω L(ω∗, λ∗, µ∗) = 0 (2.46a)

G(ω∗) = 0 (2.46b)

H(ω∗) ≥ 0 (2.46c)

µ∗ ≥ 0 (2.46d)

µ∗j Hj(ω
∗) = 0, j = 1, . . . , nH (2.46e)

Proof. See e.g. Nocedal and Wright [NW99].

Definition 2.56 (Karush-Kuhn-Tucker Point)

A triple (ω∗, λ∗, µ∗) which satisfies the necessary Karush-Kuhn-Tucker conditions

(2.46) is called a stationary point or KKT point.
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The active set vector functionHact(ω∗) at a KKT point (ω∗, λ∗, µ∗) can be devided

into strongly active parts (with positive multipliers) and weakly active parts (with

zero multipliers):

Hact(ω∗) =:

(
Hs.act

Hw.act

)
(ω∗) .

Theorem 2.57 (Strong Second Order Sufficient Conditions)

For a point ω∗ ∈ Rnω to be a local minimizer of (2.43), the following sufficient

conditions have to be met:

• ω∗ is a regular point,

• there exist Lagrange multiplier vectors λ∗ ∈ RnG and µ∗ ∈ RnH such that

the KKT conditions (2.46) are satisfied, and

• the Hessian matrix ∇2
ωL(ω∗, λ∗, µ∗) := ∂2L

∂ω2 (ω
∗, λ∗, µ∗) is positive definite on

the null space N s := { ∆ω ∈ Rnω | ∇ω G̃
s(ω∗)T ∆ω = 0 } of the linearized

strongly active constraints

G̃s(ω∗) :=

(
G

Hs.act

)
(ω∗),

i.e. for every non-zero vector ∆ω ∈ N s it holds that

∆ωT ∇2
ωL(ω∗, λ∗, µ∗) ∆ω > 0.

For a more detailed introduction to (nonlinear) optimization see e.g. Nocedal and

Wright [NW99].

2.4.5 Sequential Quadratic Programming

One of the most effective methods to solve nonlinearly constrained optimization

problems is the sequential quadratic programming (SQP) approach. If a NLP

problem as stated in (2.43) is highly nonlinear and difficult to solve, the KKT

point (ω∗, λ∗, µ∗) of the NLP can be found by iteratively solving quadratic pro-

gramming (QP) problems.

At each iterate yk = (ωk, λk, µk) the original problem is approximated by a

quadratic programming subproblem whose minimizer is used to define a new

iterate yk+1.
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For every iterate yk the following quadratic subproblem is solved:

min
p

1

2
pT Wk p+∇ωF (ωk)

T p

subject to G(ωk) +∇ωG(ωk)
T p = 0

H(ωk) +∇ωH(ωk)
T p ≥ 0

(2.47)

The solution (pk, λ̃k, µ̃k) of (2.47) yields the new iterate

yk+1 = yk + αk ∆yk (2.48)

where αk ∈ (0, 1] is a relaxation factor that can be determined by a line search

procedure, and

∆yk =




pk

∆λk

∆µk


 :=




pk

λ̃k − λk

µ̃k − µk




is the search direction.

If the solution of the subproblem yields pk = 0, the new iterate yk+1 cannot

be improved. In this case the current iterate yk is a KKT point of the original

problem which meets the first order necessary conditions (2.46). However, since

in numerical optimization pk = 0 will never be exactly fulfilled, one requires pk

only to be smaller than the so called KKT tolerance, pk ≤ TOL.

Formally equivalent to solving a NLP using the SQP method is applying Newton’s

method to the KKT conditions (2.46) of the original problem (2.43).

There are many variants of the SQP method. They all differ by the choice of

the step length αk and the choice of the so called Hessian matrix Wk. Only one

of them is explicitly mentioned here because of its good theoretical properties

as local quadratic convergence and its application in parametric optimization

(see Section 2.4.6): the full step exact Hessian SQP method. It was introduced

by Wilson [Wil63] and is exploited e.g. in Diehl’s real-time iteration approach

to nonlinear model predictive control (NMPC) problems [Die01]. In Chapter 3

Diehl’s iteration approach is applied to example applications for model reduction

in a modified form.

As the name already suggests, in the full step exact Hessian SQP method αk := 1,

and Wk := ∇2
ω L(ω∗, λ∗, µ∗) is the exact Hessian of the Lagrangian function. In

practice, however, usually update formulas are used to approximate the Hessian

matrix since calculating the exact Hessian is often numerically expensive.
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2.4.6 Initial Value Embedding Strategy

In [Die01] and [DBS+02] an initial value embedding (IVE) strategy is described

for the case of a real-time optimal control problem. Combined with the direct mul-

tiple shooting approach (see Section 2.4.2) the initial value embedding strategy

is a powerful tool to minimize the online computational effort for those problems.

Subsequent problems to be solved only differ in one parameter, which can be

included in the problem formulation as an additional NLP-variable and which is

fixed by a trivial equality constraint. In the SQP framework therefore derivatives

with respect to that parameter are computed. Formally based on a prediction

from the previous problem solution, an excellent initial guess is provided for the

current problem. That way precalculated information (e.g. Hessians, gradients

and QP presolves for iterated reference trajectories) is used to minimize compu-

tational costs.

The initial value embedding strategy was implemented in the first version of the

online direct multiple shooting method by Diehl [Die98].

The same initial value embedding strategy is employed in this work to solve a

sequence of neighboring optimization problems. For the applications presented

in Chapter 3, consecutive problems need to be solved which only differ slightly

in the initial value x0.

We consider the NLP formulation (2.40) as an embedded problem formulation of

the form

min
s0∈Rnx ,ω̃∈R(nω−nx)

F (s0, ω̃) (2.49a)

subject to s0 − x0 = 0 (2.49b)

G̃(s0, ω̃) = 0 (2.49c)

H̃(s0, ω̃) ≥ 0 (2.49d)

with ω = (s0, ω̃). The actual value of the parameter which distinguishes between

the different problems – the initial value – is fixed by a trivial equality constraint.

Thus derivatives with respect to the initial value are present in the SQP frame-

work.

If the solution y∗(x0) = (ω∗(x0), λ
∗(x0), µ

∗(x0)) to the problem with initial value

x0 has already been found, the neighboring problem with initial value x0 + ε can

be initialized with the solution y∗(x0).

If the results of the previous iteration are used without any changes to initialize
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the current iteration, this technique is called warm start strategy. An initial vio-

lation of constraint (2.49b) is accepted since due to the linearity of the constraint

the violation is immediately corrected after the first (full) SQP iteration. When

using a full step exact Hessian SQP algorithm one can show that already the first

iterate provides an excellent (first order) approximation of the solution y∗(x0 +ε)

(see Theorem 3.6 in [Die01]).
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Results

In this work, a novel model reduction approach for chemical kinetics first pro-

posed by Lebiedz [Leb04, LRK06, Leb06] is further developed and extended.

Its conceptual idea is based on finding criteria related to maximal relaxation of

chemical forces along phase space trajectories under given constraints. This idea

is exploited by formulating optimization problems for the numerical computation

of such trajectories as a representation of a reduced model. In the course of this

chapter we will track a systematic search for appropriate optimization criteria

characterizing slow, invariant attracting manifolds and their numerical imple-

mentation. We will finally lead the way to a very successful choice and present

promising results for the reduction of a realistic test case reaction mechanism

describing hydrogen combustion. Our most successful criterion unites ideas from

and shares a deep connection to both differential geometry concepts related to

the curvature of trajectories and slow long-term dynamics enslaving fast modes

in a multiple time-scale kinetic system.

Petzold and Zhu first presented an optimization approach to model reduction in

chemical kinetics [PZ99]. The underlying ideas have already been described in the

introduction (see Section 1.1). However, their implementation requires to solve

a computationally extremely expensive nonlinear integer programming problem,

whereas our approach can be formulated as a standard nonlinear programming

(NLP) problem which can be solved by a standard NLP solver.

As the Roussel-Fraser (RF) algorithm [Fra88, RF01] and the ICE-PIC method

[RPVG06] described in the introduction (see Section 1.1), our optimization ap-

proach is trajectory-based and therefore yields invariant manifolds and can be

interpreted as the computation of special trajectories which are “as close as pos-
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sible” to their attractor – the thermodynamic equilibrium – in an adequate sense

concretized by the optimization criterion.

An important practical issue of model reduction in chemical kinetics is the a priori

choice of some species as so-called reaction progress variables which serve as repre-

sentatives of the reduced model in terms of a parametrization. In our context this

finds a fully natural realization in terms of initial conditions of trajectories. For

fixed initial values of those progress variables both a special trajectory converging

towards the equilibrium point in phase space – in the following also called optimal

trajectory – and the a priori unknown initial values of the remaining species are

calculated at the same time as a solution of the optimization problem. Mapping

the progress variables to the full phase space is called species reconstruction and

has already been described in the introduction (see Section 1.1). As in the ICE-

PIC but in contrast to the RF method, in our approach species reconstruction is

possible locally – meaning without the computation of the whole low-dimensional

manifold representing the reduced model – which is an important advantage. The

interpretation of our species reconstruction procedure as the maximal relaxation

of thermodynamic forces or dynamic modes of a chemical system under the con-

straints of fixed progress variables can be pointed out in different ways. In three

subsequent sections of this chapter a thermodynamic criterion, namely minimal

entropy production, a criterion based on dissipative contraction of phase space

volume and a concept from differential geometry will be discussed in more detail

and compared to each other.

From a mathematical point of view, all the methods presented here can be for-

mulated as either initial value optimization problems or closely related boundary

value problems for ordinary differential equation systems:

min
ck,k∈Ifree

∫ T

0

Φ(c(t)) dt (3.1a)

subject to
dck
dt

= fk(c), k ∈ Ifixed ∪ Ifree (3.1b)

ck(0) = c0k, k ∈ Ifixed (3.1c)

|ck(T )− ckeq| ≤ ε, k ∈ Ifixed (3.1d)

and subject to chemical conservation relations as e.g. mass conservation.

Ifixed and Ifree are index sets which contain the indices of variables with fixed initial

values (the reaction progress variables) and free initial values (all other species)

respectively (Ifixed ∪ Ifree = {1, . . . ,m} with m being the number of chemical

species). The system dynamics are described by (3.1b) and the initial concen-
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trations of the reaction progress variables are fixed in (3.1c). When approaching

the equilibrium point ceq, system dynamics become infinitely slow. Therefore the

equilibrium point is approximated in (3.1d) within a surrounding of radius ε for

the reaction progress variables. A priori the end time T is free and is determined

within the optimization such that (3.1d) is fulfilled. Alternatively the time T can

be fixed such that the final state of the system is very close to the chemical equilib-

rium point. The objective functional Φ(c(t)) describes the optimization criterion

related to the degree of relaxation of chemical forces. Appropriate choices and

their motivation will be discussed in the next sections.

For the numerical solution of the boundary value problem stated in (3.1),

elaborate mathematical optimization techniques exist. In the example appli-

cations presented in the following sections, the software package MUSCOD-II

[BP84, Lei95, Lei99] originally developed for solving large scale optimal control

problems for nonlinear dynamical systems is used for the numerical solution of

problem (3.1). In MUSCOD-II the direct multiple shooting method, which is

described in detail in Section 2.4.2, is implemented. By discretizing the state

variables, the originally infinite dimensional problem is transformed into a finite

dimensional nonlinear programming problem (NLP), which then can be solved by

a sequential quadratic programming (SQP) method. The state trajectories are

numerically integrated only on small subintervals of the full time horizon, which

are initially decoupled, using a BDF-type (backward differentiation formulae) stiff

integrator [BFD+97] (see Section 2.4.3). As a result, for each multiple shooting

interval an initial value problem has to be solved instead of just one for the whole

time horizon. Although the resulting NLP is much larger than the one resulting

from the single shooting approach, the mathematical structure of the multiple

shooting discretization can be exploited such that the related optimization prob-

lem can be solved with approximately the same effort as in the single shooting

approach [LBBS03]. However, compared to single shooting, multiple shooting is

much more robust. Furthermore even for systems with dynamical instabilities,

e.g. strongly diverging state trajectories, the computation of derivative informa-

tion which is required for die SQP optimization is much more stable and in some

cases even possible at all.

A significant advantage of the multiple shooting approach is that neighboring

problems can be initialized very efficiently from the previous optimal trajectory.

In the so called initial value embedding strategy (see Section 2.4.6) formally a
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linear extrapolation prediction of the previous solution is used to calculate an

initial guess for the new solution if the same problem needs to be solved with just

slightly modified initial values [BDLS00, Die01]. The incorporation of a priori

information about the optimal solution (trajectory) by setting initial conditions

for the state variables at the multiple shooting nodes generally results in highly

improved and fast convergence to the new solution which actually makes the

solution of parametrized optimization problems efficient. This is an important

issue since reduced models often need to be computed and tabulated for a whole

range of reaction progress variables.

The initial value embedding strategy is implemented and successfully exploited

for reasons of practical applicability of a model reduction approach for the first

time in this work. Both for the offline tabulation and for the online use in CFD

simulations (see Section 1.2) whole families of optimal trajectories need to be

calculated. For a specified range of the reaction progress variables, these optimal

trajectories have to be calculated on a discrete grid, where neighboring grid points

only slightly differ in the values of the progress variables (see Figure 3.1). These
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Figure 3.1: Application of the initial value embedding strategy to the calculation
of families of optimal trajectories illustrated for the hydrogen combustion mecha-
nism (3.2): For a discrete grid of initial values of the reaction progress variables
H2 and H2O (depicted as cruxes), optimal trajectories spanning a two-dimensional
manifold are calculated (dotted lines).
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ideas cannot only be used to calculate families of optimal trajectories spanning

two-dimensional manifolds as demonstrated in this work, but can also easily be

extended to large-scale mechanisms and the calculation of optimal trajectories

spanning higher-dimensional manifolds. For most common model reduction tech-

niques the calculation of higher-dimensional manifolds is hardly practicable due

to the immense computational effort necessary. Using MUSCOD-II together with

the initial value embedding strategy to solve the optimization problem set up in

our model reduction approach results in drastically reduced computing times due

to the accelerated convergence of the optimization problem. Therefore it should

even be applicable to large-scale mechanisms for which reduced models often need

to be represented by higher-dimensional manifolds.

In the following various criteria for our model reduction approach described in

(3.1) will be derived. As a test case example system to illustrate the performance

of the techniques, a semi-quantitative six component hydrogen combustion mech-

anism is considered thoughout this work:

H2

k±1® 2H , k1 = 2.0, k−1 = 216.0

O2

k±2® 2O , k2 = 1.0, k−2 = 337.5

H2O
k±3® H + OH , k3 = 1.0, k−3 = 1400.0

H2 + O
k±4® H + OH , k4 = 1000.0, k−4 = 10800.0

O2 + H
k±5® O + OH , k5 = 1000.0, k−5 = 33750.0

H2 + O
k±6® H2O , k6 = 100.0, k−6 = 0.7714

(3.2)

The parameters kj and k−j, j = 1, ..., n = 6 represent the reaction rate coefficients

for forward and backward reactions respectively (the number of reactions is n =

6), and ck the concentrations of the chemical species k (the number of species is

m = 6).

Together with the two conservation equations

2 cH2 + 2 cH2O + cH + cOH = C1

2 cO2 + cH2O + cO + cOH = C2

(3.3)

the kinetic model of this six-component mechanism described by the following
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ordinary differential equations

dcH2

dt
= −k1 cH2 + k−1 c

2
H2
− k4 cH2 cO + k−4 cH cOH

−k6 cH2 cO + k−6 cH2O

dcH
dt

= 2 k1 cH2 − 2 k−1 c
2
H2

+ k3 cH2O − k−3 cH cOH

+k4 cH2 cO − k−4 cH cOH − k5 cO2 cH + k−5 cO cOH

dcO2

dt
= −k2 cO2 + 2 k−2 c

2
O − k5 cH cO2 + k−5 cO cOH

dcO
dt

= 2 k2 cO2 − 2 k−2 c
2
O − k4 cH2 cO + k−4 cH cOH

+k5 cH cO2 − k−5 cO cOH − k6 cH2 cO + k−6 cH2O

dcH2O

dt
= −k3 cH2O + k−3 cH cOH + k6 cH2 cO − k−6 cH2O

dcOH

dt
= k3 cH2O − k−3 cH cOH + k4 cH2 cO − k−4 cH cOH

+k5 cH cO2 − k−5 cO cOH

(3.4)

yields a system with four degrees of freedom.

3.1 Minimal Entropy Production Trajectories

In order to derive a thermodynamic criterion which describes maximal relax-

ation of chemical forces along phase space trajectories, a generalized concept for

the distance of a chemical system from its attractor is considered. Under isolated

conditions the attractor of a chemical system is given by the thermodynamic equi-

librium. In our model reduction approach based on a thermodynamic concept, a

special trajectory (called Minimal Entropy Production Trajectory (MEPT) in

the following) converging towards equilibrium is calculated such that the sum of

affinities of the single reaction steps is minimized [Leb04, LRK06, Leb06]. The

concept of chemical affinity was first introduced by de Donder [dDvR36] as the

driving force of chemical reactions. For an elementary reaction step j with the

reaction rates Rj→ and Rj←, the concept of chemical affinity can be related to the

concept of entropy production by the following relation [KP98] (see also Section

2.3.2):

dSi,j

dt
= R (Rj→ −Rj←) ln

(
Rj→
Rj←

)
, (3.5)
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where dSi,j/dt is the entropy production rate for reaction j and R is the gas

constant. Entropy production rates are additive for several elementary reaction

steps. Therefore the total entropy production rate (being the sum of the entropy

production rates of all n elementary reaction steps) can be computed for an ar-

bitrary reaction system, if kinetic data are available and a detailed elementary

reaction step mechanism is known.

If the concept of local equilibrium is valid, the total entropy production rate is

even well-defined for nonequilibrium systems [GP71]. The concept of local equi-

librium assumes that a system can be described by the same macroscopic variables

which are known from equilibrium thermodynamics. But now these variables are

functions of time and/or space.

Assuming the equilibrium to be stable, the Second Law of Thermodynamics (see

Theorem 2.49 in Section 2.3.2) states that the entropy production rate of a spon-

taneous process near equilibrium is always positive, monotonously decreasing and

approaching zero in thermodynamic equilibrium [GP71, KP98]. A function with

those properties is called a Lyapunov function (see Definition 2.12 in Section 2.1).

Entropy production can therefore be used to provide a measure for the distance

of the system from equilibrium because it formally plays the role of a gradient of

a “kinetic potential” being the driving force towards equilibrium. The larger the

entropy production rate dSi,j/dt in (3.5), the farther away from equilibrium the

corresponding reaction step is considered. Relaxation of thermodynamic forces

can be described by a decrease of the entropy production rate over time.

In the linear regime near equilibrium (linear nonequilibrium thermodynamics) the

Lyapunov properties of the entropy production rate also remain valid for open

systems, which can exchange energy and matter with the surrounding. However,

in this work we only consider isolated systems. The Lyapunov properties are

directly related to the “principle of minimum entropy production” proven by Pri-

gogine (see e.g. [KP98]). A measure for the relaxation of single reaction steps

can be formulated exploiting the Lyapunov properties of the entropy production

rate.

In order to calculate a minimal entropy production trajectory (MEPT), the sum

of the deviations of the entropy production rate from zero in each reaction step

is minimized. Substituting the minimization of the total entropy production rate

for the objective functional in the general problem formulation (3.1) yields:
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min
ck,k∈Ifree

∫ T

0

n∑
j=1

dSi,j

dt
dt (3.6a)

subject to
dck
dt

= fk(c), k ∈ Ifixed ∪ Ifree (3.6b)

ck(0) = c0k, k ∈ Ifixed (3.6c)

|ck(T )− ckeq| ≤ ε, k ∈ Ifixed (3.6d)

C1 = 2 cH2 + 2 cH2O + cH + cOH (3.6e)

C2 = 2 cO2 + cH2O + cO + cOH (3.6f)

An intuitive justification for the minimization of the total entropy production

rate (3.6a) in the optimization problem (3.6) is provided by relation (3.5). In

partial equilibrium the entropy production rate dSi,j/dt of a single elementary

reaction step is zero, since in partial equilibrium forward and backward reaction

rates are equal. This is equivalent to the thermodynamic driving force being

fully relaxed, which in turn is an equivalent of the assumption of model reduction

techniques based on time scale separation. There it is assumed that fast reaction

modes relax into partial equilibrium or quasi-steady-states and the whole system

can be satisfactorily described by the slow modes only. But unlike the methods

explicitly based on time scale separation it is not necessary in our MEPT ap-

proach to actually identify and analyze the dynamical modes by e.g. numerically

expensive eigenvalue decomposition. A configuration with as many elementary

reaction steps as possible being close to quasi-equilibrium in a chemical sense is

determined automatically by the optimization algorithm. The logarithmic ratio

of forward and backward reaction rates in (3.5) has the meaning of a reaction

affinity [KP98]. It is weighted by the absolute difference between the rates for

forward and backward reactions. Thus fast processes produce more entropy than

slow ones and the fast reactions have a stronger weighting factor in the optimiza-

tion problem (3.6), which is fully natural.

A significant advantage of our approach is the possibility to compute low-

dimensional approximations even for systems whose gap in intrinsic time scale is

not large enough for computational time scale separation and mode decomposi-

tion as used in many common model reduction techniques [MP92, LG94, HG99].

In this work we thoroughly investigate and extend the first MEPT approach pro-

posed by Lebiedz [Leb04, LRK06, Leb06] for a realistic mechanism for hydrogen

combustion. We present results for the computation of one-dimensional attract-
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Figure 3.2: Minimal Entropy Production Trajectories computed for reaction
mechanism (3.2) as solution of problem (3.6): dotted lines represent MEPTs with
H2O and H2 as reaction progress variables, which span a two-dimensional attract-
ing manifold; the thick black line represents MEPT with only H2O as reaction
progress variable; dashed lines are arbitrary trajectories bundling on the MEPT
manifolds.

ing slow manifolds and demonstrate an extension to two-dimensional manifolds,

which are efficiently computed as families of MEPTs exploiting initial value em-

bedding for parametric optimization (see Section 2.4.6). To illustrate the MEPT

method described above the hydrogen combustion mechanism (3.2) is considered.

By choosing only one reaction progress variable and fixing its initial concentration,

a single trajectory with “maximally relaxed chemical forces” (meaning a minimal

total entropy production rate) can be computed. In Figure 3.2 the MEPT for a

fixed initial concentration of H2O, cH2O(0) = 10−4, and the constants C1 = 2.0,

C2 = 1.0 in the conservation equations is depicted as a bold black line. The equi-

librium value is (cH2 , cH, cO2 , cO, cH2O, cOH) = (0.27, 0.05, 0.135, 0.02, 0.7, 0.01).

As long as there is at least one degree of freedom left in the system, the prob-

lem formulation (3.6) permits the choice of more reaction progress variables. To
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illustrate how the MEPT method can be applied for model reduction to higher

dimensions than one, families of MEPTs are calculated using H2O and H2 as

reaction progress variables.

First the initial concentration of H2 is varied from 0.3 to 0.95 with the initial

concentration of H2O set to 10−4. Then the initial concentration of H2 is set to

0.3 and the initial concentration of H2O is varied from 0.05 to 0.65. In Figure

3.2 the trajectories belonging to the family of MEPTs calculated with two re-

action progress variables are depicted as dotted lines. One can see that those

MEPTs span a two-dimensional manifold. All of them relax to an attracting

trajectory, the MEPT calculated with just H2O as reaction progress variable and

cH2O(0) = 10−4. Trajectories with arbitrary initial concentrations (plotted in

Figure 3.2 as thick, dashed lines) all first relax to a part of the spanned two-

dimensional manifold, then to the one-dimensional attracting MEPT and finally

to equilibrium illustrating the bundling behavior of trajectories on the computed

MEPT manifolds.

00.20.40.6 0.40.60.8
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0.1

0.15

0.2

c H 2
c H 2O
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Figure 3.3: The dotted lines represent MEPTs with H2O and H2 as reaction
progress variables. The MEPTs themselves relax to the two-dimensional attracting
slow manifold before relaxing to equilibrium.
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When looking at the MEPTs calculated with two reaction progress variables

H2O and H2 and the manifold they are spanning, one can see in Figure 3.3 that

the MEPTs themselves first seem to relax fast to some two-dimensional slow

manifold before relaxing to the one-dimensional attracting MEPT and finally to

equilibrium.

A more detailed look at the development of the total entropy production rate

over time in Figure 3.4 shows that when minimizing the entropy production rate

over the whole interval t ∈ [0, T ], the total entropy production rate is high at the

beginning of the interval, however decreases fast.

0.2 0.4 0.6 0.8 1 1.2

x 10
−3Time

 

entropy production rate
minimized at initial point only

entropy production rate
minimized over the whole interval

Figure 3.4: Comparison of the total entropy production rate over time. Dotted
line: total entropy production rate at time t = 0 minimized. Dashed line: total
entropy production rate minimized over the whole interval

This leads to a smaller total entropy production rate over the whole interval

compared to the entropy production rate when minimizing just the entropy pro-

duction rate at the initial point (t = 0). In Figure 3.4 the dotted line depicts

a MEPT calculated by solving problem (3.6) with the initial concentrations of

H2 and H2O fixed, i.e. by minimizing the total entropy production rate over the

whole time horizon [0, T ]. The dashed line shows the trajectory which results

from pointwise minimization of the entropy production rate at t = 0. Initial con-

centrations for H2 and H2O are chosen as for the MEPT, all other concentrations
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are determined such that the total entropy production rate

dSi

dt
(0) =

n∑
j=1

dSi,j

dt
(0)

at the initial point of the trajectory is minimal.

The effect of the MEPTs themselves relaxing onto a two-dimensional manifold

is obviously caused by the large entropy production rate at the beginning of the

considered interval causing a fast relaxation there.

We have shown here that by calculating families of MEPTs one- and two-

dimensional attracting manifolds can be determined. However, the MEPTs them-

selves seem to relax to the real two-dimensional slow manifold first. Therefore

in the first part these trajectories do not describe the attracting slow manifold

accurately enough. An alternative approach of minimizing pointwise the total en-

tropy production rate at the initial time doesn’t yield satisfactory results either.

For a more accurate description of the attracting slow manifold the phenomenon

of the optimal trajectories themselves relaxing to a manifold needs to be in-

vestigated further. It seems necessary to consider other criteria characterizing

maximal relaxation of chemical forces in order to determine the real attracting

slow manifold. However, in Section 3.3 we will refer back to the minimal entropy

production rate criterion presented here, modified and extended to ideas from

differential geometry.

3.2 Minimal Contraction of Phase Space Vol-

ume

By definition, the divergence of a vector field describes the change of an infinites-

imal volume element transported by the phase flow. This relation is formulated

mathematically e.g. in Lemma (2.19) (see Section 2.1).

The volume in phase space enclosed by neighboring trajectories is constant with

time for conservative systems (Liouville’s Theorem, see e.g. [Ver00]). For dis-

sipative chemical reaction systems, which we are considering here in this work,

however, phase space volume is contracting due to relaxation of chemical forces

(affinities) which drive chemical reactions. Thus the divergence of a vector field

of ordinary differential equations describing the kinetics of a chemical reaction

system is a local measure for the dissipation of chemical energy. Therefore it
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seems to correlate with the strength of the chemical forces being active. Their

total strength in the course of a reaction can be determined by integrating the

divergence along reaction trajectories. This motivates another approach of char-

acterizing maximal relaxation of thermodynamic forces.

For arbitrary initial concentrations any trajectory eventually relaxes to the equi-

librium point in phase space. In thermodynamic equilibrium all forces are and

stay relaxed, and therefore no contraction of the phase space volume occurs.

The “farther away” from the equilibrium point (in a chemical sense) a trajec-

tory starts, the greater the contraction of the phase space volume is on the way

towards equilibrium. And likewise starting “close to” equilibrium means just a

small contraction of the phase space volume.

Finding trajectories which are as close to equilibrium as possible in the sense that

all forces are maximally relaxed might therefore be expressed by finding trajec-

tories along which the local contraction of the phase space volume is minimal.

Since for dissipative systems ċ = f(c) as the ones considered here the divergence

is always negative, div f < 0, (div f)2 is minimized in the problem formulation

(3.1):

min
ck,k∈Ifree

∫ T̂

0

(
n∑

k=1

∂fk

∂ck

)2

dt (3.7a)

subject to
dck
dt

= fk(c), k ∈ Ifixed ∪ Ifree (3.7b)

ck(T̂ ) = cT̂k , k ∈ Ifixed (3.7c)

C1 = 2 cH2 + 2 cH2O + cH + cOH (3.7d)

C2 = 2 cO2 + cH2O + cO + cOH (3.7e)

Here a slightly different problem formulation is used. Instead of fixing the initial

values of the reaction progress variables and integrating the system until reaching

equilibrium as in (3.1), a small interval [0, T̂ ] is chosen and the final concentrations

of the reaction progress variables are fixed at time T̂ . The idea of this approach

(called reverse approach in the following) is to find a trajectory which reaches a

point in phase space specified by the fixed concentrations of the reaction progress

variables already under minimal contraction of the phase space volume. The

end point of the optimal trajectory now is the initial value for the trajectory

representing the reduced model we are actually interested in and which can be

obtained by pure integration.
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Figure 3.5: Trajectories calculated with the reverse approach as solutions of prob-
lem (3.7).

In Figure 3.5 the resulting trajectories are shown, which have been calculated

by integrating the trajectory from the final value of the optimal trajectory of

problem (3.7) into equilibrium. Problem (3.7) is solved for the concentration of

H2 varying from 0.3 to 0.9 and the concentration of H2O varying from 0.05 to

0.65 using the initial value embedding strategy described in Section 2.4.6 such

that the conservation equations are met for the constants C1 = 2.0 and C2 = 1.0.

The time horizon considered is [0, T̂ ] = [0, 0.0001].

It can be seen that these optimal trajectories also span a two-dimensional mani-

fold. However, similar to the results of the MEPT formulation (see Figure 3.3 in

Section 3.1) the trajectories themselves seem to relax to a two-dimensional slow

manifold first before relaxing to equilibrium.

Both the MEPTs and the trajectories calculated on the basis of the concept of

minimal contraction of phase space volume only partly describe the actual at-

tracting slow manifold.

In the next section concepts from differential geometry are exploited and com-
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bined with the thermodynamic concept of entropy production to yield a criterion

which describes the attracting slow manifold much more accurately.

3.3 Minimal Curvature and Geodesics

As we have seen in the previous sections, both the criterion of a minimal total

entropy production rate and the criterion of minimal contraction of the phase

space volume yield families of trajectories spanning two-dimensional manifolds for

the example application (3.2). However, for both criteria the optimal trajectories

calculated themselves still relax to a two-dimensional manifold and therefore do

not represent the true attracting slow manifold accurately enough in all parts.

In this section we want to derive another criterion for the characterization of

maximal relaxation of thermodynamic forces based on the concept of curvature

of trajectories in phase space. This criterion can overcome the problems of the

criteria described previously and yields an improved and very accurate description

of the real attracting slow manifold.

From a physical point of view curvature is closely related to the concept of force.

One of the most popular examples is Einstein’s general theory of relativity [Ein16]

which proposes the idea that gravitational force is replaced by a “geometric pic-

ture”. Einstein’s general theory of relativity relates the special theory of relativity

and Newton’s law of universal gravitation with the insight that gravitation can

be described by curvature of space-time. Space-time is treated as a 4-dimensional

manifold whose curvature is due to the presence of mass, energy, and momentum.

But even long before Einstein, the concept of curvature has already been related

to the concept of force in physics. In 1687 Sir Isaac Newton published the laws

of motion in his work “Philosophiae Naturalis Principia Mathematica”. In a

differential formulation Newton’s second law can be stated as

F = m · a ,

where m is mass, a is acceleration and F is force. Since the acceleration a is the

second derivative of the state variable x(t) with respect to time, a = ẍ, and thus

contains information about the curvature of x, in Newton’s law for the first time

force is related to curvature.

In this context it is important to remark that equations of motion in classical
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mechanics can also be described by a variational principle, the principle of least

action or principle of stationary action. In Lagrangian mechanics, the trajectory

of an object is determined such that the action (which is defined as the integral

of the Lagrangian over time, where the Lagrangian is the difference of kinetic

energy and potential energy) is minimal. It can be shown by using the calculus

of variations, that Lagrange’s equations of motion are equivalent to Hamilton’s

principle – also called the principle of stationary action [Gol80].

Another well known variational principle is Fermat’s principle of optics. It states

in its classical form that the actual path between two points taken by a beam of

light is minimal.

We now want to transfer the principle of “force = curvature” to the field of chem-

ical systems and look for a corresponding variational principle formally similar

to those mentioned above in a physical context.

In chemical systems dissipative forces are present. Slow and fast dynamic modes

result in an anisotropic force relaxation behavior in phase space. To formally

being able to describe this anisotropy for a chemical system whose dynamics are

described by the ODE ċ = f(c), curvature of the trajectories in phase space is

considered. The following relations hold:

c̈(t) =
d2c

dt2
=

dċ

dt
=

dċ

dc
· dc

dt
= J(ċ(t)) · ċ(t) = J(f(c(t))) · f(c(t)) (3.8)

with J(f) being the Jacobian of the right hand side of the ODE ċ(t) = f(c(t)).

Hence we may define the curvature of c(t) as

||c̈(t)|| = ||J(f(c(t))) · f(c(t))|| . (3.9)

Transferring the principle of force being equivalent to curvature, we consider the

curvature of trajectories in a kinetic model ċ = f(c) as the forces driving the

chemical system towards equilibrium. Close to thermodynamic equilibrium those

chemical forces decrease and at equilibrium the driving forces are zero. In search

of a criterion which characterizes maximal relaxation of thermodynamic forces it is

tempting to describe the relaxation of the system towards equilibrium by minimal

remaining chemical forces, i.e. in our context by minimal total (“integrated”)
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curvature of trajectories defined as an optimization problem

min
ck,k∈Ifree

∫ T

0

‖J(f(c)) · f(c)‖ dt (3.10a)

subject to
dck
dt

= fk(c), k ∈ Ifixed ∪ Ifree (3.10b)

ck(0) = c0k, k ∈ Ifixed (3.10c)

|ck(T )− ckeq| ≤ ε, k ∈ Ifixed (3.10d)

C1 = 2 cH2 + 2 cH2O + cH + cOH (3.10e)

C2 = 2 cO2 + cH2O + cO + cOH (3.10f)

As the curvature – being the norm of a second derivative – is some kind of

“acceleration”, the integral over the curvature in the objective function (3.10a)

can be interpreted as some term with the physical dimension of velocity. It

correlates to the time scales present in the chemical system described by (3.10b).

Minimizing the velocity term is related to minimizing the “overall” velocity of

the reactions. In the optimal solution then the fast modes are relaxed as much

as possible subject to constraints (3.10b) - (3.10f), and the system is “as close to

equilibrium as possible” in a certain sense.

From a different point of view the objective function (3.10a) can also be inter-

preted as minimizing the length of a trajectory in a suitable Riemannian metric.

For any continuously differentiable curve γ in a Riemannian manifold (see Section

2.2), the length L of γ is defined as

L(γ) =

∫

γ

√
g(γ̇(t), γ̇(t)) dt . (3.11)

If the Riemannian metric g is chosen as

g(f, f) := fT JTJ︸︷︷︸
positive definite

f = ‖J f‖2 (3.12)

the length-minimizing objective functional equivalent to (3.10a) is now

min

∫ T

0

√
g(ċ(t), ċ(t)) dt . (3.13)

The solution trajectory of this problem can be interpreted as a geodesic (see

Section 2.2), i.e. the curve which minimizes the length of the path between two

points in a curved space. Hence the “distance from equilibrium in a chemical

sense” can be formulated here in an explicit mathematical form based on concepts

from differential geometry.
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Figure 3.6: Two different views of trajectories calculated as solutions of problem
(3.10)
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As an example application again the hydrogen combustion mechanism (3.2) is

considered. As in the previous sections H2 and H2O are chosen as reaction

progress variables. A family of trajectories is calculated solving problem (3.11),

varying the fixed initial concentration of H2 between 0.3 and 0.9, and the initial

concentration of H2O between 0.05 and 0.65.

In Figure 3.6 one can see that the resulting trajectories span a two-dimensional

manifold, which is much more accurately approximating the two-dimensional at-

tracting slow manifold than the manifold spanned e.g. by the MEPTs discussed

in Section 3.1 (Figure 3.2) or the trajectories calculated minimizing the contrac-

tion of the phase space volume in Section 3.2 (Figure 3.5). But in the second

plot of Figure 3.6 still a rudimentary relaxation of the trajectories towards the

attracting manifold can be observed.

Since the goal of this work is to describe the low-dimensional attracting slow man-

ifold by trajectories as accurate as possible using optimization criteria, we tried to

diminish the relaxation of the optimal trajectories towards the low-dimensional

manifold even more. Therefore in the following we will investigate a further mod-

ification of the metric defined by (3.12).

To describe the distance of a chemical system from its thermodynamic equilibrium

in an even more specific way, now the following Riemannian metric is considered

ĝ(f, f) := fT JT · A · J︸ ︷︷ ︸
positive definite

f = ‖J f‖2
A , (3.14)

where A is a diagonal matrix with the entries

akk =
n∑

j=1

νkj
dSi,j

dt
(k = 1, . . . ,m) , (3.15)

and zero in non-diagonal entries.

Here n is the number of reactions, νkj are the stoichiometric coefficients describ-

ing the degree to which the chemical species k participates in reaction j, and

dSi,j/dt is the entropy production rate of reaction j. akk is the sum of the en-

tropy production rates of all elementary reactions in which species k takes part.

A is positive definite since according to the Second Law of Thermodynamics (see

Theorem 2.49 in Section 2.3.2) dSi,j/dt > 0 holds for all spontaneous processes,

and therefore akk > 0 for all k = 1, . . . ,m.

By including A into metric (3.12) a sort of anisotropic “kinetic weighting” is

added to the measure of the distance from thermodynamical equilibrium.
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Problem (3.10) reformulated with the modified Riemannian metric (3.14) yields

the optimization problem

min
ck,k∈Ifree

∫ T

0

√
(J(f(c)) · f(c))T · A · (J(f(c)) · f(c)) dt (3.16a)

subject to
dck
dt

= fk(c), k ∈ Ifixed ∪ Ifree (3.16b)

ck(0) = c0k, k ∈ Ifixed (3.16c)

|ck(T )− ckeq| ≤ ε, k ∈ Ifixed (3.16d)

C1 = 2 cH2 + 2 cH2O + cH + cOH (3.16e)

C2 = 2 cO2 + cH2O + cO + cOH (3.16f)

In Figure 3.7 the optimal trajectories are depicted. As in the previous problem

formulations the fixed initial concentration of H2 is varied between 0.3 and 0.9,

and the initial concentration of H2O is varied between 0.05 and 0.65. As in

Figure 3.6 the optimal trajectories span a two-dimensional manifold, but in

contrast to Figure 3.6, now the relaxation of the optimal trajectories towards the

attracting slow manifold has almost completely vanished.

A direct comparison of the families of trajectories calculated by solving problem

(3.10) and (3.16) respectively is shown in Figure 3.8.
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Figure 3.7: Two different views of trajectories calculated as solutions of problem
(3.16).
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Figure 3.8: Two different views of trajectories calculated as solutions of prob-
lem (3.16) which are depicted in blue, and trajectories calculated as solutions of
problem (3.10) which are depicted in red.
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3.4 Conclusions

In search of a criterion which accurately describes the attracting slow manifold

representing the reduced model of an originally high dimensional chemical re-

action system, different approaches have been investigated. The first criterion

is based on the “principle of minimum entropy production” ([KP98]) and the

aim of the problem formulation is to calculate trajectories which minimize the

weighted sum of deviations of the entropy production rate from zero in each reac-

tion step. In another approach, dissipative contraction of the phase space volume

is minimized. Both criteria – total minimal entropy production rate and minimal

contraction of the phase space volume – yield families of trajectories, which to

some extent approximate the two-dimensional attracting slow manifold. However,

the description is not accurate enough since the optimal trajectories themselves

relax to the attracting manifold in the first part. Therefore another criterion

has been developed which unites ideas from differential geometry related to the

curvature of curves and the thermodynamic concept of entropy production. For

an appropriately chosen Riemannian metric involving entropy production rates

as a weighting factor, optimal trajectories can be calculated by minimizing their

length with respect to the chosen metric. This chosen metric can also be moti-

vated by the deep physical concept of relating force to curvature of trajectories

or manifolds which is transferred to chemical kinetics here. The computed family

of optimal trajectories describes very accurately the two-dimensional attracting

slow manifold and presents a promising perspective for general applications.





Chapter 4

Summary and Outlook

Since reaction mechanisms describing chemical systems continually become more

detailed, model reduction techniques gain in importance. The general idea of

model reduction techniques is to replace a high-dimensional detailed kinetic model

described by ordinary differential equations by a reduced model of lower dimen-

sion approximating the original system.

For the purpose of this work, only isolated chemical systems are considered.

They are dissipative systems approaching a stable attractor – thermodynamic

equilibrium. For dissipative systems, the phase space volume is contracting along

trajectories. Since usually different time-scale are present in a chemical system

and therefore some processes are relaxing faster than others, the contraction of

the phase space volume is not isotropic. Due to the anisotropic contraction, phase

space trajectories bundle after a transient time and form low-dimensional attract-

ing slow manifolds which can be exploited for model reduction by computing the

long-term dynamics on these manifolds with a model of lower dimension.

In this work a new trajectory-based method for automatic model reduction of

chemical systems is investigated whose basic idea is to find criteria related to

maximal relaxation of chemical forces along phase space trajectories under given

constraints. These trajectories are supposed to approximate attracting low-

dimensional manifolds.

For the practical application of model reduction of chemical kinetics, a priori

some species are generally chosen as so-called reaction progress variables which

serve as representatives of the reduced model in terms of a parametrization. In

our approach the initial concentrations of these progress variables are fixed and
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both a special trajectory converging towards the equilibrium point in phase space

and the a priori unknown initial values of the remaining species are calculated

at the same time as a solution of an optimization problem. The reduced model

then can be represented by the optimal trajectories being “as close as possible”

in some sense to their attractor – thermodynamic equilibrium.

For the characterization of the maximal relaxation of chemical forces, different

optimization criteria are developed and compared. The first criterion is based

on the thermodynamic concept of a minimal total entropy production rate since

entropy production is decreasing while the system approaches its attractor.

As for dissipative chemical systems the phase space volume is contracting, an-

other criterion for a trajectory being “maximally relaxed” can be described by

minimal contraction of the phase space volume. The criterion can be formulated

as minimizing the divergence of the ODE describing the system dynamics.

For a third criterion, the general concept of curvature from differential geometry

is exploited and the principle of “force being equal to curvature” in a suitable

geometric picture is transferred from physics to the field of chemical systems.

Minimal remaining chemical forces close to equilibrium can be characterized by

minimal curvature of trajectories in phase space in a suitable geometry. Most

promising results are obtained when an alternative metric is defined which is re-

lated to the concept of entropy production. The resulting optimal trajectories

can be considered as geodesics describing “minimal distance” from equilibrium

on a curved manifold equipped with a suitable metric.

In an application of our model reduction approach to a realistic six component

hydrogen combustion mechanism all three criteria yield families of trajectories

spanning two-dimensional manifolds. For the minimal total entropy production

rate criterion and the criterion of minimal contraction of the phase space vol-

ume the resulting manifolds do not describe the low-dimensional attracting slow

manifold accurately enough since the optimal trajectories themselves still relax

to the slow manifold. The third criterion of minimal curvature, however, yields

a very good approximation of the low-dimensional attracting slow manifold and

provides a promising basis for a novel model reduction approach which may be

very useful in practical applications.

For the numerical solution of the optimization problem of minimizing one of the

criteria discussed above subject to the system dynamics, fixed initial values of

the reaction progress variables and some conservation equations, the software
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package MUSCOD-II is used. The multiple shooting approach implemented in

MUSCOD-II combined with an initial value embedding strategy for the solution

of neighboring optimization problems yields a fast convergence to the optimal

solutions and considerably reduces the computational effort needed when com-

puting higher-dimensional manifolds as families of neighboring trajectories. In

this work the initial value embedding strategy is applied to model reduction for

the first time and allows the efficient calculation of not only one-dimensional but

also two- or higher-dimensional attracting slow manifolds.

In ongoing and future research, the extension of our method to large-scale realis-

tic reaction mechanisms will be tested. Another future aim is to implement our

method into simulations of spatially distributed systems, e.g. in CFD applica-

tions. In addition, the realization of the full calculation and tabulation of the

reduced model needs to be investigated.
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