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Abstract
The topic of this thesis is model (order) reduction in the context of numerical optimal control. Complex mathematical models based on ordinary differential
equations, can often be reduced in order to decrease computational complexity and
enable their use in control algorithms. A feature that can be exploited for the
purpose of model reduction is time scale separation, which means that the system
dynamics are comprised of fast and slow processes. Fast states relax to a slow invariant manifold in the state space, which is parametrized by the slow states. This
manifold is approximated numerically and the fast species can be eliminated from
the full model and thus also from the optimal control problem. To this end multivariate interpolation based on radial basis functions is used and compared with
an online approach that solves the model reduction problem ad hoc. Singular perturbation theory is employed to illustrate the theoretical background and illustrate
how reduced models influence the solution of the optimal control problem. It is
shown via numerical experiments that the application of the model reduction techniques can lead to significant savings in computation time without compromising
the quality of the optimal control solution.

Zusammenfassung
Das Thema dieser Arbeit ist Model(ordnungs)reduktion im Kontext von numerischer Optimalsteuerung. Komplexe mathematische Modelle, basierend auf gewöhnlichen Differentialgleichungen, können oftmals reduziert werden, was aufgrund
des verringerten Rechenaufwands ihre Anwendung in Steuerungsalgorithmen ermöglicht. Zeitskalenseparation ist eine Eigenschaft, die zur Modelreduction ausgenutzt werden kann. Dabei ist die Systemdynamik aus schnellen und langsamen
Prozessen zusammengesetzt. Schnelle Zustände relaxieren auf eine langsame, invariante Manigfaltigkeit im Zustandsraum, die von den langsamen Spezies parametrisiert ist. Diese Manigfaltigkeit kann numerisch approximiert werden womit die
schnellen Zustände aus dem vollen Modell und aus dem Optimalsteuerungsproblem
entfernt werden können. Zu diesem Zweck wird multivariate Interpolation basierend
auf radialen Basisfunktionen angewandt. Dieser Ansatz wird mit einem online Verfahren verglichen, bei dem das Modellreduktionsproblem ad hoc gelöst wird. Um
den theoretischen Hintergrund zu illustrieren, und um um reduzierte Optimalsteuerungsprobleme zu analysieren wird singuläre Störungstheorie verwendet. Numerische Experimente zeigen, dass die Anwendung von Modellreduktionstechniken zu
signifikanten Einsparungen bei der Rechenzeit führen kann, ohne die Qualität der
optimalen Lösung zu sehr zu verschlechtern.
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CHAPTER 1

Introduction
In this work the numerical solution of optimal control problems constrained by
ordinary differential equations with considerable time scale separation is studied.
This involves applying techniques from mathematical control theory, singular perturbation theory, approximation theory, and numerical analysis as well as scientific
computing.
Time scale separation is a natural occurring feature of many real world systems
and means that different states of the system evolve with significantly different
speeds. This can be exploited analytically and helps to understand the structure of
solutions of initial value, boundary value, and optimal control problems. Moreover,
under certain circumstances time scale separation allows to reduce a model to the
slower moving states which in turn can facilitate numerical algorithms that work
faster with the reduced model. The development and integration of such algorithms
plays an important role in this work.
A classic example of mathematical models with explicit time scale separation
are singularly perturbed problems in which the fast state variables are characterized
by multiplication of the (left-hand side) derivative with a small parameter. These
systems exhibit the interesting property that the dynamics can be decomposed
into a slow and a fast part and each of this parts can be regarded independently.
We study initial value, boundary value, and optimal control problems based on
singularly perturbed systems and present results that highlight the decomposition
of the solution into slow and fast varying components.
Another major feature of dynamic systems with two time scale behavior is
the presence of lower dimensional integral manifolds or slow invariant manifolds
(SIM) that represent the relaxed fast states parametrized by the slow states. This
manifold can be computed numerically and employed to reduce the order of the
model in question.
To utilize this manifold in the context of numerical optimal control, multidimensional interpolation based on radial basis functions is used. Alternatively, the
model reduction problem can be solved ad-hoc during the ongoing solution of the
optimal control problem.
Many of the theoretical results, especially from singular perturbation and control theory are illustrated with the help of two descriptive examples, which are also
used for the final assessment of the newly developed numerical procedures. This
way the two examples are extensively analyzed from different angles. Furthermore,
newly introduced concepts are illustrated with familiar systems and a comparison
between theoretical and numerical results is enabled.
The main contribution of this thesis lies in the bundling and channeling of
findings and tools from different fields of applied mathematics to the problem of
reduced optimal control. Besides clarifying what optimal control results are principally obtainable with reduced model the focus is on numerical implementation. A
fast interpolation routine based on radial basis functions and partition of unity is
the main reason for the observed speed up in the computation of optimal control
results.
1
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1. Outline
In Chapter 2 singular perturbation theory is outlined. The classic analytical
approach is presented and contrasted with a geometric approach that investigates
integral manifolds. In both cases expressions for the solution of the system with
dependence on a small parameter can be derived. We study initial value problems first and later boundary value problems, since they emerge in optimal control
applications.
Mathematical (optimal) control theory is one cornerstone of this work and
important results are highlighted in Chapter 3. The well known controllability
statements for linear and nonlinear systems are given and the Pontryagin minimum
principle as one central result for optimal control is discussed in greater detail.
Picking up the second chapter the implications of singular perturbation theory for
(optimal) control theory are presented. The last section of the chapter is devoted
to the numerical approach to control problems.
The topic of Chapter 4 is multidimensional interpolation. After a short introduction to the problem we quickly turn to the radial basis function (RBF) method
and develop the analytical framework necessary to state central convergence and
stability results. Since the interpolation is crucial for the computational performance of the optimal control procedure the development of fast algorithms and
implementations plays a major role in the later half of the chapter.
Chapter 5 deals with model reduction. After a short introduction to the general
concept our approach based on slow invariant manifolds is described. This manifolds can be approximated numerically and the involved procedures are explained
in detail. Some connections to singularly perturbed systems are also inspected.
Finally, in Chapter 6 the results and techniques introduced in the previous
chapters are brought together and are applied to three example optimal control
problems. It is shown that for two of the three examples the model reduction allows
to solve the optimal control problem significantly faster without loosing the main
characteristics of the full control solution. The third example displays a negative
result inasmuch as numerical instabilities prevent the successful application of the
model reduction toolbox.
The final Chapter 7 concludes this thesis with a summary, some final remarks,
and an outlook to possible future work.
2. Notation, Language, and Ordinary Differential Equations
Here we are going to clarify some notational aspects and conventions used
in this work. Also basic results regarding the solvability of ordinary differential
equations and properties of this solution are given here, because they are featured
prominently throughout the thesis.
2.1. Notation and Language. Vectors of real numbers are abundantly used
and denoted by plain letter symbols without additional markers. They are generally assumed to be columns. For the frequently needed vector x ∈ Rd , d ∈ N
we will use χ1 , χ2 , . . . , χd for its components. For two vectors x1 and x2 we will
(2)
add an additional superscript, for example as in χ1 for the first component of x2 .
Transposes of vectors and matrices are indicated with (·)T . Zero vectors and matrices are denoted with 0, the dimensions can usually be concluded from the context.
Unit vectors and matrices are given by Ik ∈ Rn and I ∈ Rn×n , respectively. The
k ∈ {1, 2, . . . , n} indicates the position of the 1.
Let H be a (pre-)Hilbert space. For elements x, y ∈ H we denote the inner
product with
(x, y)H .
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The subscript H is omitted if the space it is referring to, is clear from the context.
Multi-indices are a convenient way of expanding index notation to the multivariate case.
Definition 1 (Multi-index). The vector α ∈ Nd0 , d ∈ N is called a multiindex. Let α and β be multi-indices and x ∈ Rd . We define
• α ± β := (α1 ± β1 , α2 ± β2 , . . . , αn ± βn );
• |α| := α1 + α2 + · · · + αn (order);
αd
1 α2
• xα := χα
1 χ2 · · · χd .
The symbol C k (Ω) is used to denote the space of k-times differentiable functions
over a domain Ω ⊂ Rd . The argument Ω is omitted if it is clear from the context.
Functions in C ∞ are called smooth.
We use D as the exclusive operator for describing total and partial derivatives.
A variety of sub- and superscripts is used to denote the relevant cases. Let f :
Rd → Rm , g : Rd × Rd → R, and h : Rd → Rd be smooth functions. The different
notations are
d
h(x) for the total derivative of h with respect to x. For
• Dx h(x) := dx
single valued functions we omit the argument of D and write D h;
∂f
• Di f := ∂χ
, i ∈ {1, 2, . . . , d} for the partial derivative of f with respect
i
to the i-th input
variable;

• Dx g x, h(x) = D1 g + D2 g Dh for combinations;
• a superscript j ∈ N to denote higher derivatives as in D42 f which would be
the fourth order partial derivative of f with respect to the second variable;
• multiple subscripts for repeated differentiation as in D2 3 which is f differentiated with respect to the third and second input variable;
∂ α1 f ∂ α2 f
∂ αd f
• Dα := ∂χ
α1
α ···
α , where α is a multi-index, for repeated partial
∂χ2 2
∂χd d
1
derivatives with respect to different input variables and with different
orders;
•
 ∂ f1
∂ f1
∂ f1 
. . . ∂χ
∂χ1
∂χ2
d
 ∂ f2
∂ f2
∂ f2 
. . . ∂χ
 ∂χ1

∂χ
2
d 
D∗ f := 
. . . . . . . . . . . . . . . . . . . . .
∂ fm
∂ fm
fm
. . . ∂∂χ
∂χ
∂χ
1

2

d

for the Jacobian of f . Alternatively, if f depends on several r multivariate
variables x1 , x2 , . . . , xr we use Dxk for the partial Jacbian with respect to
xk .
• D2∗ g for the Hessian of g;
2.2. Ordinary Differential Equations. Ordinary differential equations play
a fundamental role in this work. We regard the initial value problem

(1)
Dt x(t) = f t, x(t) , x(τ ) = ξ,
where x : R → Rnx , f : R × Rnx → Rnx on the interval t ∈ [0, T ]. For this problem
to have a solution the right hand side function f must be Lipschitz continuous on
a domain of interest, with respect to its second argument.
Definition 2 (Lipschitz continuity, [67, Definition 4.1]). Let Ω ⊂ R × Rnx ,
f : Ω → Rnx . Then f is said to be Lipschitz continuous on Ω with respect to
its second argument if a constant L ∈ R, L > 0 exists such that for all (t, x1 ),
(t, x2 ) ∈ Ω it holds that
kf (t, x1 ) − f (t, x2 )k ≤ L kx1 − x2 k .

4
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If the right hand side function f is Lipschitz continuous on a domain Ω a
solution of the initial value problem (1) exists.
Theorem 3 ([67, Satz 4.7]). Let f from (1) be continuous with respect to t
and Lipschitz continuous with respect to x on a domain
Ω = {(t, x) | t ∈ [0, T ], x ∈ Rnx }.

Then, problem (1) has a unique solution x(t) on [0, T ] for every (τ, ξ) ∈ Ω.
This is the basic existence and uniqueness result for initial value problems
subject to ordinary differential equations. Often we are confronted with problems
depending on constant parameters p ∈ Rnp , i.e. f is extended and we have

(2)

Dt x(t) = f (t, x(t), p),

x(τ ) = ξ.

The solution x is now also regarded as function of ξ and p: x(t, ξ, p). It is often
convenient to write the solution of (2) in closed form
φ : R × R × Rnx × Rnp → Rnx , φ(t, τ, ξ, p) := x(t),

and collect all dependencies in one function. Here, φ is the state x(t) after solving the initial value problem x(τ ) = ξ with the parameters p. If f is partially
differentiable with respect to x and p then φ is too.
Theorem 4 ([39, Satz 13.2]). Let f from (2) be continuous with respect to t
and partially differentiable with respect to x and p on a domain
Ω = {(t, x, p) | t ∈ [0, T ], x ∈ Rnx , p ∈ Rnp }.

The solution φ(t, τ, ξ, p) of (2) is partially differentiable with respect to ξ and p for
all (t, ξ, p) ∈ Ω and τ < t.
Remark 1. The partial derivatives with respect to initial values and parameters are also called sensitivities. If (2) is written in integral form
Z t
φ(t, τ, ξ, p) = ξ +
f (σ, φ(σ, τ, ξ, p), p)dσ
τ

a differential equation for the initial value sensitivity Dξ φ(t, τ, ξ, p) can be obtained
via simply differentiating the above equation:
Z t
Dξ φ(t, τ, ξ, p) = 1 +
Dx f (σ, φ(σ, τ, ξ, p), p) Dξ φ(σ, τ, ξ, p)dσ,
τ

or in differential form (omitting the arguments for clarity)
Dt Dξ φ = Dx f (σ, φ, p) Dξ φ,

Dξ φ(τ, τ, ξ, p) = 1.

Dt Dp φ = Dx f (σ, φ, p) Dp φ,

Dp φ(τ, τ, ξ, p) = 0.

Analogously,
These are the so called sensitivity or adjoint differential equations to problem (2).
Proofs for this general results are left out and can be found in any basic textbook
dealing with ordinary differential equations, and especially in the cited references.
With the basic results in place we are now going to take a look at systems with
time scale separation.

CHAPTER 2

Singular Perturbation Theory
Systems, natural or artificial, that are composed of sub-processes which are
evolving on different time scales are abundant. Mathematical models that try to
capture such systems are inheriting the time scale properties, if they are reaching a
certain level of accuracy. If models based on ordinary differential equations (ODEs)
are used, then multiple time scales often lead to stiff systems and special care must
be taken to solve those systems fast and reliably [37]. A classic approach to ODE
systems with explicit time scale separation is singular perturbation theory which
is the main topic of this chapter. We are going to highlight the important results,
first for initial then for boundary value problems.
1. Singularly Perturbed Initial Value Problems
The following material is based on [40]. The classic singularly perturbed initial
value problem has the form
(3)

Dt x = f (t, x, y, ε),

x(0) = ξ(ε)

ε Dt y = g(t, x, y, ε),

y(0) = η(ε)

T
where 0 < ε ≤ 1. The overall state vector z(t) = x(t), y(t)
∈ Rnx +ny is
decomposed into the so called slow and fast states x(t) and y(t) respectively. We
only regard the problem on the finite interval t ∈ [0, T ]. Further assumptions
regarding the right-hand side functions f and g are given later. The parameter ε
in equation (3) represents the explicit time scale separation. The eigenvalues of
the Jacobian of 1ε g(t, x, y, ε) with respect to x and y are of the order O(ε) which
represents the time scale the fast modes evolve on. Accordingly, t is called the slow
time whereas τ = εt is the fast time and the transformed fast system
(4)

Dτ x = εf (τ, x, y, ε),
Dτ y = g(τ, x, y, ε),

x(0) = ξ(ε)
y(0) = η(ε)

is obtained. For ε > 0 both systems are equivalent, still (3) is better suited to
analyze the slow states whereas (4) increases the resolution for the fast variables.
Several additional systems are associated with either (3) and (4) and are analyzed in the following. If we set ε = 0 two vastly different problems are obtained.
System (3) becomes
(5)

Dt x = f (t, x, y, 0),

x(0) = ξ(0)

0 = g(t, x, y, 0),

a differential algebraic equation also known as the reduced problem. Note that the
initial conditions for y are relaxed, since in general they cannot be fulfilled anymore.
A possible interpretation is that the fast states immediately relax to a stationary
state for each x. The fast system (4) becomes
Dτ x = 0,

x(0) = ξ(0)

Dτ y = g(τ, x, y, 0),
5

y(0) = η(0),
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called the inner problem. Both states retain their initial values. The slow states
can be regarded as constant whereas the fast states are governed by a dynamical
equation.
The convergence of solutions of (3) to solutions of (5) for ε → 0 is one of the
central questions of singular perturbation analysis. If convergence happens on some
closed interval t ∈ [0, T ] the problem is said to degenerate regularly. In that case we
might expect that the solutions are smooth with respect to ε. This is reflected by
including ε as argument of the solutions x = x(t, ε) and y = y(t, ε). If we impose
the smoothness condition on (3) we arrive at the outer problem
Dt x∗ = f (t, x∗ , y ∗ , ε),

(6)

x∗ (0, ε) = ξ ∗ (ε),

ε Dt y ∗ = g(t, x∗ , y ∗ , ε),

subject to the constraints that x∗ (t, ε) and y ∗ (t, ε) and their derivatives with respect
to ε are continuous at ε = 0 and x∗ (t, 0), y ∗ (t, 0) are the solution of (5). The initial
value ξ ∗ (ε) is a smooth function of ε ≥ 0 and we assume |ξ(ε) − ξ ∗ (ε)| < ρ for
some ρ > 0. The reason for allowing a different initial value for the outer problem
becomes apparent later. There is no initial value for y ∗ (t, ε), instead the smoothness
conditions define y ∗ (0, ε) implicitly. If solutions x∗ (t, ε) and y ∗ (t, ε) of the outer
problem do exist yet another system can be introduced by regarding X := x − x∗
and Y := y − y ∗ and we get the following initial value problem
Dt X = fˆ(t, X, Y, ε),

(7)

ε Dt Y = ĝ(t, X, Y, ε),

ˆ
X(0) = ξ(ε),

Y (0) = η̂(ε)

with
fˆ = f (t, x∗ + X, y ∗ + Y, ε) − f (t, x∗ , y ∗ , ε),
ĝ = g(t, x∗ + X, y ∗ + Y, ε) − g(t, x∗ , y ∗ , ε),

ˆ = ξ(ε) − ξ ∗ (ε),
ξ(ε)

η̂(ε) = η(ε) − η ∗ (ε).

The new variables X(t, ε) and Y (t, ε) are called boundary layer corrections and
account for the difference between the solution of the full system and the outer
solution. Interestingly, we have
fˆ(t, 0, 0, ε) = 0,

ĝ(t, 0, 0, ε) = 0, t ∈ [0, T ],

so 0 is a stationary point for the boundary layer correction. The study of the
stability properties of this stationary point will show that under certain assumptions
the boundary layer correction converges to 0 and the long term evolution of (3) is
mainly governed by the outer solution. Finally, the transformation τ = εt puts (7)
into a regular perturbed form
(8)

Dτ X = εfˆ(ετ, X, Y, ε),
Dτ Y = ĝ(ετ, X, Y, ε),

ˆ
X(0) = ξ(ε),
Y (0) = η̂(ε).

Before we go into details a simple system will serve as a descriptive example
for singular perturbed problems.
Example 1. Consider the nonlinear system
Dσ s = −k1 es + k−1 c,
(9)

Dσ e = −k1 es + (k−1 + k2 )c,
Dσ c = k1 es − (k−1 + k2 )c,

Dσ p = k2 c
describing the enzymatic reaction
k

k2
1
−
*
S+E−
)
−−
−
− SE −→ P + E
k−1

1. SINGULARLY PERTURBED INITIAL VALUE PROBLEMS
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of the substrate S to the product P via the complex SE of substrate and enzyme
E. The quantities in equation (9) are the relative concentrations of the involved
species: s = [S], e = [E], c = [SE], and p = [P]. We assume that at the beginning
of the reaction there is zero substrate-enzyme-complex and product, so that
s(0) = s0 ,

e(0) = e0 ,

c(0) = 0,

p(0) = 0.

The differential equation for p is decoupled from the rest of the system, p can be
obtained through integration once c is known. Also
Dσ e + Dσ c = 0

⇒

e(σ) + c(σ) = e0

⇔

e(σ) = e0 − c(σ),

because the enzyme is not consumed in the reaction. The remaining system is
Dσ s = −k1 e0 s + (k1 s + k−1 )c,

s(0) = s0 ,

Dσ c = k1 e0 s − (k1 s + k−1 + k2 )c,

c(0) = 0.

The next step consists of introducing new variables (nondimensionalisation)
t = k1 e0 σ,

x(t) =

s(σ)
c(σ)
, and y(t) =
s0
e0

and parameters
β=

k2
,
k1 s0

K=

k−1 + k2
,
k1 s0

and ε =

e0
s0

to obtain
(10)

Dt x = −x + (x + K − β)y,

ε Dt y = x − (x + K)y,

x(0) = 1,

y(0) = 0.

Note, that a usual assumption for enzymatic reactions is that s0  e0 so that
ε  1.
For K = β = 1 Figures 2.1 and 2.2 show the solution for ε = 10−1 and ε = 10−3
respectively. On the slow time scale (Figure 2.1) y0.1 (t) and y0.001 (t) are essentially
confined to the same path after an initial transit. The curve for ε = 10−3 shows a
jump at t = 0 and seems to start at 0.5, which is the result of the described fast
relaxation and can be linked to the boundary layer correction. On the fast time
scale (depicted in Figure 2.2) we zoom in into the fast initial transient. It should be
noted that the τ -scale is different for both systems, if it is converted back to t. For
example, τ = 5 corresponds to t = 0.5 for ε = 10−1 but to t = 0.005 for ε = 10−3 .
Especially for the smaller ε the corresponding x seems to be constant.
After this introductory example we take a closer look at the limit process ε → 0.
Our goal is to expand the solution of (3) into a power series in ε around ε = 0.
As long as ε > 0, Lipschitz continuity of f and g guarantee the existence and
uniqueness of a solution of either (3) or (4), (Theorem 3). However, a few more
restrictions are necessary to state the first general result.
A1 The reduced system (5) has a continuous solution x(t, 0) = x0 (t), y(t, 0) =
y0 (t) on t ∈ [0, T ].
R+2
A2 The right hand side functions f, g are
with respect to (t, x, y, ε) in
 in C
a neighborhood of t, x0 (t), y0 (t), ε , t ∈ [0, T ], ε ∈ [0, ε0 ], ε0 > 0, R ∈ N.
The initial value functions ξ and η are in C R+2 ([0, ε0 ]).
A3 The Jacobian

gy (t) = Dy g t, x0 (t), y0 (t), 0 ∈ Rny ×ny
is nonsingular for t ∈ [0, T ].

8
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1
1

z(τ )

z(t )

x0.1 ( t )
y 0.1 ( t )
x0.001 ( t )
y 0.001 ( t )

0.5

0.5

x0.2 ( τ )
y 0.2 ( τ )
x0.002 ( τ )
y 0.002 ( τ )
0

0
0

2.5
t

5

Figure 2.1. The enzyme example for
two different values of ε, on the slow
time scale t.

0

2.5
τ

5

Figure 2.2. The enzyme example for
two different values of ε on the fast
time scale τ = εt .

A4 There exists a smooth and nonsingular matrix P (t) ∈ Rny ×ny such that
the matrix A(t) ∈ Rny ×ny given by
A(t) = P −1 (t)gy (t)P (t)

is block triangular. For the square blocks Ai,j , i, j = 1, 2, . . . , N , where N
is the number of blocks, it holds that
(
0
i>j
Ai,j =
nonsingular i = j.
This means the matrices on the main diagonal of A are invertible. Additionally, for functions φi (t, s, ε), ψi (t, s, ε) defined as fundamental matrices
of the systems
ε Dt φi = Ai,i φi ,

φ(s, s, ε) = I, i = 1, 2, . . . , M

ε Dt ψi = Aj,j ψj ,

ψ(s, s, ε) = I, j = M + 1, M + 2, . . . , N

there is a constant K > 0 independent of t, s and ε ∈ [0, ε0 ] such that
kφ(t, s, ε)k ≤ K, 0 ≤ s ≤ t ≤ T, i = 1, 2, . . . , M

kψ(t, s, ε)k ≤ K, 0 ≤ t ≤ s ≤ T, j = M + 1, M + 2, . . . , N

holds, where M ≤ N . Here, s is the initial time.
A5 There is a µ > 0 such that the Jacobian gy (t) has k, 1 ≤ k ≤ ny eigenvalues
λi (t), i = 1, 2, . . . , k with

Re λi (t) ≤ −µ, t ∈ [0, T ].
The remaining ny − k eigenvalues satisfy

Re λj (t) > −µ, t ∈ [0, T ], j = k + 1, k + 2, . . . , n.

Remark 2. The important and interesting assumptions are the ones that put
constrains on the Jacobian gy . Assumptions A1, A3, A4 are essential for the outer
solution to exist and behave “properly”. First, A3 guarantees that x0 (t) and y0 (t) are
unique and smooth with respect to t and moreover no turning point or bifurcation
behavior is possible. The technical assumption A4 is fulfilled if the eigenvalues of

1. SINGULARLY PERTURBED INITIAL VALUE PROBLEMS
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A11 , A22 , . . . , AM,M and −AM +1,M +1 , −AM +2,M +2 , . . . − AN,N have negative real
parts. The important point is that the inequalities for φi , i = 1, 2, . . . , M and ψj ,
j = M + 1, M + 2, . . . , N hold because this restricts the eigenvalues of the blocks
changing sign on the interval t ∈ [0, T ]. Otherwise, since the triangularization is
supposed to be smooth, a block would become singular and the estimation of the
norm would break. The last assumption A5 is important for the stability properties
of the stationary point of the boundary layer correction as ε → 0.
Some of the above assumptions are very technical however they allow very general
systems to fit into the singular perturbation setting. A very stringent but common
assumption is
A6 The Jacobian gy (t) has only eigenvalues with negative real part.
In this case the stationary point 0 of the boundary layer correction is always stable
and convergence is guaranteed for appropriate initial values. The assumptions A3–
A5 can be replaced by A6. A less demanding replacement is
A7 The Jacobian gy (t) has k, 1 ≤ k ≤ ny eigenvalues λi (t), i = 1, 2, . . . , k
with

Re λi (t) ≤ −µ, t ∈ [0, T ],
where µ > 0. The remaining ny − k eigenvalues satisfy

Re λi (t) ≥ µ t ∈ [0, T ].
Theorem 5 ([40, Theorem 1]). Let assumptions A1–A5 hold (or alternatively
A1, A2, and A6 or A7). For each ε > 0 there is a k-dimensional manifold S(ε) ⊂
Rny such that (3) has a unique solution x = x(t, ε), y = y(t, ε) on [0, T ] if η(ε) ∈
S(ε). The solutions admit a series expansion in ε:
x(t, ε) = x∗ (t, ε) + X(t/ε, ε)
y(t, ε) = y ∗ (t, ε) + Y (t/ε, ε),
with
R
X

x∗ (t, ε) −

r=0
R
X

y ∗ (t, ε) −
∗

r=0

x∗r (t)εr = O(εR+1 ),
yr∗ (t)εr = O(εR+1 ),

∗

where x (t, ε), y (t, ε) are solutions of (6) with ξ ∗ (ε) = x∗ (0, ε) implicitly defined.
The boundary layer corrections have the representation
X(t/ε, ε) −

R
X
r=0

Y (t/ε, ε) −

Xr (t/ε)εr = O(εR+1 ),

R
X
r=0

Yr (t/ε)εr = O(εR+1 ),

and X(t/ε, ε), Y (t/ε, ε) are solutions of (7). For X and Y the following estimate
with constants K1 , δ1 , ε0 > 0 holds:
|X(τ, ε)| + |Y (τ, ε)| ≤ K1 |η(ε) − y ∗ (0, ε)| e−δ1 τ , τ ∈ [0, T /ε], ε ∈ (0, ε0 ].
The theorem makes the notion of two time scales precise in as much as it gives
the solution of the overall problem (3) as the sum of solutions of two subproblems.
One is the fast boundary layer correction (7). The other one is the outer problem
(6) which describes the long term evolution. This is because the boundary layer
correction diminishes exponentially depending on the difference of the initial value
η(ε) for the fast variables y and the value of the outer solution y ∗ (0, ε) which is
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supposed to lie on some k-dimensional manifold. The speed of convergence hinges
on ε. For ε → 0 the boundary layer correction approaches 0 infinitely fast. This is
what was observed in Example 1: The initial transient for ε = 10−3 almost looked
like a jump in y0.001 on the slow time scale (see Figure 2.1). An idea for model
simplification would be to ignore the boundary layer correction and just work with
the outer solution if one is only interested in the long term behavior of the system.
Remark 3. A remark is in order with regard to the initial values. The functions
ξ(ε) and η(ε) are given and are therefore readily available. The theorem states that
the initial value ξ ∗ (ε) for the outer problem is implicitly defined. First, one must
note that the outer problem itself has a solution for a general ξ ∗ (ε) as long as
this function is differentiable with high enough order and “close” to ξ(ε) (see [40],
Lemma 1). The key to the “right” ξ ∗ for the application of the theorem is to look
at the two initial values for the boundary layer correction:

ˆ = ξ(ε) − ξ ∗ (ε) and η̂(ε) = η(ε) − y ∗ 0, ε, ξ ∗ (ε) .
ξ(ε)

The only unknown function is ξ ∗ (ε) because y ∗ (0, ε, ξ ∗ ε) is determined as the
solution of the outer problem, which of course depends implicitly on ξ ∗ (ε). For the
boundary layer solution to exist over the whole time interval it is necessary that
both initial values ξˆ and η̂ lie on a k-dimensional manifold embedded into Rnx +ny
(see [40], Lemma 2). This manifold is uniquely defined by ε and η̂ ∗ (ε) ∈ Rk
(obtained after a transformation of η̂ that enables partitioning of Y into stable and
unstable components) and corresponds to stable directions of the Jacobian DY ĝ
which is supposed to have k negative eigenvalues. In other words the manifold S(ε)
from Theorem 5 is parametrized through a linear combination of the components
of η(ε) with k terms. Thereby the points ξ ∗ (ε) are determined. In praxis one can
iteratively develop expansions for the manifold S(ε) and ξ ∗ (ε).
The coefficients in the series expansion of Theorem 5 can be computed in the
following way.
PR+1
Lemma 6 (Computation of x∗r and yr∗ ). Let ξ ∗ (ε) = r=0 ξr∗ εr + O(εR+2 ) be
given. The coefficients x∗r (t) and yr∗ (t), r = 0, 1, . . . , R of the expansion for x∗ (t, ε)
and y ∗ (t, ε) from Theorem 5 are given through
Dt x∗0 = f (x∗0 , y0∗ , 0),

x∗0 (0) = ξ0∗ ,

0 = g(x∗0 , y0∗ , 0),
for r = 0 and
Dt x∗r = D2 f (t, x∗0 , y0∗ , 0)x∗r + D3 f (x∗0 , y0∗ , 0)yr∗ + pr (t),

x∗r (0) = ξr∗ (0)

∗
Dt yr−1
= D2 g(t, x∗0 , y0∗ , 0)x∗r + D3 g(t, x∗0 , y0∗ , 0)yr∗ + q(t),

for r = 1, 2, . . . , R, where pr (t) and qr (t) are polynomials in x∗1 , x∗2 , . . . , x∗r−1 and
∗
y1∗ , y2∗ , . . . , yr−1
with coefficients depending on t, x∗0 and y0∗ .
Proof. We are seeking expansions of the form
x∗ (t, ε) = x∗0 (t) +

R
X

x∗r (t)εr and y ∗ (t, ε) = y0∗ (t) +

r=1

R
X

yr∗ (t)εr .

r=1

x∗0 (t)

∗

The zeroth order coefficients are thus simply
= x (t, 0) and y0∗ (t) = y ∗ (t, 0).
Setting ε = 0 in (6) gives the stated equations. For the initial value we have
x∗0 (0) = x∗ (0, 0) = ξ ∗ (0) = ξ0∗ .
The coefficients for r = 1, 2, . . . , R are obtained by iteratively differentiating
both sides of (3) with respect to ε and evaluate the resulting expression at ε = 0.
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We find

= Drε f t, x(t, ε), y(t, ε), ε ε=0



Dt x∗r = Dr−1
D2 f Dε x(t, ε) ε=0 + D3 f Dε y(t, ε)
ε

Drε Dt x(t, ε)
⇔
⇔
⇔

Dt x∗r
Dt x∗r

=
=



ε=0

D2 f Drε x(t, ε) ε=0 + D3 f ∗
D2 f ∗ x∗r + D3 f ∗ yr∗ + pr (t)
∗

Drε

y(t, ε)

ε=0

+ D4 f
ε=0


ε=0

+ pr (t, ε)

The remainder pr (t) is a polynomial in x∗r and yr∗ , r = 0, 1, . . . , r − 1 and involves
higher order differentials of f evaluated at x∗0 and y0∗ . The Jacobians are D2 f ∗ :=
D2 f (t, x∗0 , y0∗ , 0) and D3 f ∗ := D3 f (t, x∗0 , y0∗ , 0), respectively.
For yr∗ the general Leibniz rule is employed and gives
!
r  
X
r
r
k
r−k
Dε (ε Dt y(t, ε)) ε=0 =
Dε ε Dε Dt y(t, ε) ε=0
k
k=0
 

r
Dr−1
Dt y(t, ε) ε=0
= ε Drε y(t, ε) ε=0 +
ε
1
= r Dt yr−1 = D2 g ∗ x∗r + D3 g ∗ yr∗ + qr (t).
The last equality holds by the same argument as in the x∗r case with analog definitions for g ∗ .

Remark 4. The equations for yr∗ (t) are algebraic and the solvability of the
equation depends on the Jacobian gy (t) which is therefore required to be non∗
), r = 1, 2, . . . , R exists where y0 =
singular. Implicitly a map yr∗ = hr (x∗r , yr−1
h0 (x0 ) is defined through the algebraic equation of the reduced problem (5) and
one can say that iteratively the fast state is parametrized by the slow state. We
will come back to this view soon.
PR+1
Lemma 7 (Computation of Xr (τ ) and Yr (τ )). Let ξ ∗ (ε) = r=0 ξr∗ εr +O(εR+2 )
be given. For r = 0 the coefficients of the expansion in Theorem 5 are
Dτ X0 = 0,

ˆ
X0 (0) = ξ(0),

Dτ Y0 = ĝ(0, X0 , Y0 , 0),

Y0 (0) = η̂(0).

For r = 1, 2, . . . , R the coefficients are given through
Drτ Xr = Pr (τ ),
Drτ

Xr (0) = ξˆr ,



Yr = D2 ĝ 0, X0 (τ ), Y0 (τ ), 0 Xr + D3 ĝ 0, X0 (τ ), Y0 (τ ), 0 Yr + Qr (τ ),

Yr (0) = η̂r ,
PR
PR
where ξˆ = r=0 ξˆr εr , η̂ = r=0 η̂r εr and Pr (τ ), Qr (τ ) are polynomials in X1 , X2 ,
. . . , Xr−1 and Y1 , Y2 , . . . , Yr−1 with coefficients depending on τ , X0 and Y0 .
Proof. The coefficients are obtained in a similar way to the coefficients of the
outer solution, in this case by differentiating (8) iteratively with respect to ε and
then set ε = 0. Note that the Leibniz rule is applied to the right hand side for
Dτ X and the highest order term in the sum


ε Drε f (ετ, X, Y, ε) ε=0 = 0
and the right hand side for Dτ Xr does not depend on Xr .



12

2. SINGULAR PERTURBATION THEORY

1.1. Geometric Singular Perturbation Theory. From our viewpoint, a
more interesting result is connected to the geometric approach to the singular perturbation problem. It is already indicated in Remark 4 that in the outer solution
the fast variables are determined in a way by the slow variables. And as it turns out,
the fast variables are confined to move on a so called slow manifold. This approach
is known as geometric singular perturbation theory and is based on the work by
Fenichel, [21]. Compared to the analytic approach geometric singular perturbation
theory analyzes not only single trajectories but families of solutions which form
manifolds in the phase space. The starting point is the manifold defined by the
zero set of algebraic equation in (5). For ε > 0 but small enough this manifold
persists and is perturbed smoothly with respect to ε.
The bulk of the presented material is based on [42]. Geometric singular perturbation is also concerned with systems (3) or (4), respectively, but we drop the
explicit dependence of f and g on t i.e. regard right hand sides f = f (x, y, ε) and
g = g(x, y, ε) and initial values that do not depend on ε. The slow and fast systems
are thus
Dt x(t) = f (x, y, ε),
(11)
ε Dt y(t) = g(x, y, ε),
and
(12)

Dτ x(τ ) = εf (x, y, ε),
Dτ y(τ ) = g(x, y, ε)

respectively.
The foundation of the geometric approach is a manifold given by 0 = g(x, y, 0).
Definition 8 (Critical Manifold M0 , [42, Section 1.2]). Let D be a compact
domain in Rnx . If there is a function y = h0 (x) solving 0 = g(x, y, 0) on D then
the ny -dimensional critical manifold M0 is defined by
T
M0 = { x y | y = h0 (x), x ∈ D}.
Under the assumption A3 that gy is nonsingular the function h0 always exists
locally. The key feature of the manifold is invariance with regard to the flow in
(11).
Definition 9 (Local Invariance, [42, Definition 2]). A set M is locally invariant under (11) (or (12)) if it has a neighborhood V such that for all ξ ∈ M,
φ(t, 0, ξ) ⊂ V follows that φ(t, 0, ξ) ⊂ M.
Locally invariant means thus that if x(t) is on M it can not leave the set
without also leaving the neighborhood V . A few more assumptions are needed to
state the central theorem.
A8 The set M0 is a compact manifold and normally hyperbolic, i.e. gy has
(exactly) ny eigenvalues with real part unequal to 0.
A9 The set M0 is given by a function h0 (x) ∈ C R+2 as described in Definition
8, the domain D ⊂ Rnx is compact and its boundary ∂D ⊂ Rnx −1 is a
smooth submanifold.
Assumption A8 can be linked to the former A7, which states that the Jacobian gy
has 1 ≤ k ≤ ny negative and ny − k positive eigenvalues. The second assumption
(A9) is made for convenience. As already stated, a function h0 can always be found
locally through the use of the implicit function theorem. If necessary such local
solutions could be pieced together to form a global map. Additionally, we retain
A1 which was concerned with the smoothness of f and g. Under these assumptions
the following theorem can be stated.
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Theorem 10 ([44, Theorem 2.1], Fenichel, asymptotically stable slow manifolds). Let A1, A8 and A9 hold. For any sufficiently small ε, there is a function h
that is defined on D such that the graph
T
Mε = { x y | y = h(x, ε), x ∈ D}

is locally invariant under (11) (or (12) respectively). The function h admits an
asymptotic expansion,
h(x, ε) =

R
X
r=0

hr (x)εr + O(εR+1 ).

Remark 5. So far initial values did not play a role. As we mentioned we
are interested in families of solutions. In geometric singular perturbation theory
initial values come into play via the notion of locally invariant stable and unstable
manifolds that are transverse to M0 and also perturb regularly and smoothly with
ε. The stable manifold is the manifold S(ε) from Theorem 5, i.e. solutions with
initial values on it will converge to Mε exponentially for τ → ∞.
The theorem expresses that the critical manifold M0 persists for ε > 0 small
enough and its perturbation is regular which means Mε is within O(ε) of M0 and
diffeomorphic to it. Also Mε is locally invariant under (3). This is a compelling
result with regard to model reduction since if one can get hold of h it could be used
to reduce the system to the slow variables by regarding

Dt x = f x, h(x, ε), ε .
The state space for the system is Rnx compared to Rnx +ny for the full system.
The coefficients of the series expansions for h(x, ε) from Theorem 10 can be
computed algebraically.
Lemma 11 (Computation of hr ). The coefficients in the expansion of h(x, ε)
in theorem 10 are given by

g x, h0 (x), 0 = 0
for r = 0 and


D2 g x, h0 (x), 0 hr (x) = D1 hr−1 (x)f x, h0 (x), 0 + q
for r > 0. The function q is a polynomial in h0 , h1 , . . . , hr−1 .
Proof. Differentiating εy = εh(x, ε) with respect to t gives


(13)
g x, h(x, ε), ε = ε D1 h(x, ε)f x, h(x, ε), ε .
Now, we expand this equation asymptotically with respect to ε. For r = 0 this
leaves us

g x, h(x, 0), 0 = g(x, h0 , 0) = 0.
For r > 0 we first regard the left hand member of the invariance equation (13):



Drε g x, h(x, ε), ε ε=0 = Dr−1
D2 g x, h(x, ε), ε Dε h(x, ε)+
ε

D3 g x, h(x, ε), ε ε=0
= D2 g(x, h0 , 0)hr + p(h0 , h1 , . . . , hr−1 ).
Similarly, the right hand side can be expanded to obtain




Drε ε D1 h(x, ε)f x, h(x, ε), ε ε=0 = Dr−1
D1 h(x, ε)f x, h(x, ε), ε
ε

ε(. . . ) ε=0

ε=0

+

= Dx hr−1 (x)f (x, h0 , 0) + q̂(h0 , h1 , . . . , hr−2 ).
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Combining the results gives the assertion with q = q̂ − p.



Remark 6. The remainder terms p, q̂, and q could be given explicitly with
the help of Faà di Bruno’s formula for higher order chain derivatives [41]. But the
given abbreviated form already shows the main point: Asymptotic expansions exist
and the coefficients can be computed iteratively and algebraically.
1.2. Zero Derivative Principle. We already mentioned that the manifold
Mε could be used for model reduction. It involves evaluating the increasingly
complex algebraic equations for hr . Therefore we present another approach to the
system (11) that aims at computing the expansion of h in an algorithmic fashion
that is more suited for practical purposes. To this end we regard the solution
y(t, ε) of (11), (12) as a function of the initial value ξ ∈ Rnx for x(t) and the
small parameter ε. Hence we have y = y(t, ξ, ε). We assume that the assumptions
needed for the singular perturbation approach are fulfilled, and y(t, ξ, ε) is a smooth
function of all its arguments. The idea of the so called zero-derivative principle
[92, 30, 47] is to demand for a given point ξ ∈ Rnx that subsequently
(14)

Dr+1
y(t0 , ξ, ε) = 0,
t

r = 0, 1, . . . ,

t0 ∈ [0, T ] and x(t0 , ε) = ξ.

holds, which implies less and less movement in the fast directions. For further analysis we shorten the notation of y(t, ξ, ε) = h(x, ε) to y(ξ, ε) since only autonomous
systems are regarded and thus h does not depend on t and define the functional
iteration

Fr (y ∗ ) := y ∗ + Dr+1
y (x, y ∗ )
t
with fixed points y ∗ = ĥr (ξ, ε).
Theorem 12 ([92, Theorem 2.1]). For each r = 0, 1, . . . there is an εr > 0
such that, for ε ∈ (0, εr ] condition (14) can be solved uniquely for y to yield an
ny -dimensional manifold Mr which is the graph of ĥr . Moreover, the asymptotic
expansions of ĥr and h from Theorem 10 agree up to terms of order r.
Remark 7. Another way to make the connection between h from Theorem 10
and ĥr is to directly apply the zero-derivative principle to the second equation of
(11). This corresponds to disregarding terms with a factor of εr+1 . For r = 0 or
setting ε = 0 we have
0 = g(x0 , y, ε),
the essential first order approximation of the slow manifold. More interestingly for
r = 1 we find
ε D2t y = D1 g Dt x + D2 g Dt y
1
= D1 gf + D2 g g
ε
which is equivalent to
ε2 D2t y = ε D1 gf + D2 gg.
Disregarding ε2 or setting D2t y = 0 gives rise to the first order approximation of
the manifold. This also shows another motivation for this approach: The second
order time derivative of y evolves on a time scale that is O(ε2 ).
By using the above defined fixed-point equation one can approximate the manifold Mε to arbitrary order just by regarding time derivatives of y. It is much more
feasible to implement the fixed-point iteration in a numerical procedure compared
to solving the algebraic equations for hr (x).
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There is also a relationship between the analytical approach and the manifold
given by h(x, ε) [79]. Because of the invariance of the manifold Mε with respect
to (11) for initial values ξ, h(ξ, ε) ∈ Mε it follows that

 

x(t, ε)
x(t, ε)
=
if x(0, ε) = ξ and y(0, ε) = h(ξ, ε).
y(t, ε)
h(x(t, ε), ε)
This means y(t, ε) can be identified with h evaluated along x(t, ε).
The outer solution y ∗ (t, ε) approximates the fast modes on the manifold Mε .
If we use h(x, ε) for model reduction purposes this means we get an approximation
of the outer solution which describes (as expected) the long term evolution of the
system. No information on the fast boundary layer correction can be obtained from
such a reduced system because it corresponds to the full system starting on the slow
manifold and thus the boundary layer correction is zero.
Remark 8. That using h(x, ε) will approximate x∗ (t, ε) is indicated if one tries
to compute coefficients for the expansion of x∗ (t, ε) for the reduced system and the
full system. Let x(t, ε) and y(t, ε) be the solution of (11) with x(0, ε) = ξ and
y(0, ε) = h(ξ, ε). We seek outer expansions of

Dt x̃(t, ε) = f x̃(t, ε), h(x̃(t, ε), ε , x̃(0, ε) = ξ
and

Dt x(t, ε) = f x(t, ε), y(t, ε), ε ,

ε Dt y(t, ε) = g x(t, ε), y(t, ε), ε ,

x(0, ε) = ξ,
y(0, ε) = h(ξ, ε).

For r = 0 we get

Dt x̃∗0 = f x̃∗0 , h0 (x̃∗0 ), 0 ,

0 = g x̃∗0 , h0 (x̃∗0 ), 0 ,

x̃0 (0) = ξ

and
Dt x∗0 = f (x∗0 , y0∗ , 0),
0=

x0 (0) = ξ,

g(x∗0 , y0∗ , 0).

Obviously both systems are equivalent and x∗0 (t) = x̃∗0 (t).
For r = 1 we have
Dt x̃∗1 = D1 f x̃∗1 + D2 f (D1 h0 x̃∗1 + D2 h)
|{z}
=h1

=

D1 f x̃∗1

+ D2 f

D1 h0 x̃∗1


+ D2 g −1 (D1 h0 f − D3 g) .

On the other hand we find
Dt y0∗ = D1 gx∗1 + D2 gy1∗
⇔ y1∗ = D2 g −1 (Dt y0∗ − D1 gx∗1 − D3 g),
then noting

Dt y0 = Dt y0 x0 (t) = D1 y0∗ Dt x∗0 = D1 h0 f

and (differentiating 0 = g x, h(x, ε), ε with respect to x)
Dx h0 (x, ε) = − D2 g −1 D1 g
we obtain
Dt x∗1 = D1 f x∗1 + D2 f y1∗

= D1 f x∗1 + D2 f D1 h0 x∗1 + D2 g −1 (D1 h0 f − D3 g) .
which equals the above result.
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We conclude this section with an example.

(15)

Example 2. Consider
Dt x = f (x, y) = −2x − y,
ε Dt y = g(x, y) = −x − 2y,

x(0) = ξ,
y(0) = η.

We are going to derive zero and first order approximations for x∗ , y ∗ , X, Y and
h. First, we notice that D2 g = −2 is trivially nonsingular and has eigenvalue −2.
The reduced problem
Dt x = −2x − y,

x(0, 0) = ξ,
1
0 = −x − 2y ⇔ y = − x
2
has a solution for all ξ ∈ R because the remaining equation for x is

3
Dt x = − x, x(0, 0) = ξ.
2
Assumptions A1–A7 are fulfilled and we proceed with computing the coefficients of
the various expansions.
For h0 we have to solve the algebraic equation

1
h0 (x) = − x.
2
Substituting this into (15) and disregarding y corresponds to the reduced problem.
The zeroth order coefficients of the outer expansion are obtained from
0 = −x − 2h0 (x)

⇔

Dt x∗0 = −2x∗0 − y0∗ ,

x∗0 (0) = ξ,

0 = −x∗0 − 2y0∗

which gives
1
y0∗ (t) = − x∗0 (t)
2
and

3
3
Dt x∗0 = − x∗0 , x∗0 (0) = ξ ⇔ x∗0 (t) = ξe− 2 t .
2
For the boundary layer correction we need to calculate initial values first. Since
X(0, ε) = x(0, ε) − x∗ (0, ε) we get X0 (0) = x(0, 0) − x∗ (0, 0) = ξ − ξ = 0 and
Y (0, ε) = y(0, ε) − y ∗ (0, ε) leads to Y0 (0) = η − y0∗ (0) = η + 12 ξ. The corresponding
system on the stretched time scale τ = t/ε is

Dτ X0 = 0,

X0 (0) = 0,



Dτ Y0 = g 0, x∗0 (0) + X0 (τ ), y0∗ (0) + Y0 (τ ) − g 0, x∗0 (0), y0∗ (0)


1
1
= − ξ + X0 (τ ) − 2 − ξ + Y0 (τ ) − (ξ + ξ)
2
2
= −2Y0 , Y0 (0) = η + 12 ξ.
Solutions are
X0 (τ ) = 0 and Y0 (τ ) = (η + 12 )e−2τ .
Because the outer solution for x(t, ε) starts at ξ the zeroth order boundary layer
correction is zero. The correction Y0 starts with the difference between the initial
value of the full system η and the initial value − 21 ξ for the outer solution y ∗ . Also
it converges exponentially to zero for τ → ∞ as expected.
We continue with

3
−2h1 (x) = Dx h0 (x)f x, h0 (x)
⇔ h1 (x) = − x
8
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and obtain
1
3
h(x, ε) = h0 (x) + h1 (x)ε + O(ε2 ) = − x − xε + O(ε2 ).
2
8
To get x∗1 and y1∗ we have to solve the system
Dt x∗1 = D1 f (x∗0 , y0∗ , 0)x∗1 + D2 f (x∗0 , y0∗ , 0)y1∗
= −2x∗1 − y1∗ ,

(16)

x∗1 (0) =?,

Dt y0∗ = D1 g(x∗0 , y0∗ , 0)x∗1 + D2 g(x∗0 , y0∗ , 0)y1∗

3 −3t
ξe 2 = −x∗1 − 2y1∗ .
4
The last equation can be solved and
3
1
3
y1∗ = − x∗1 − ξe− 2 t .
2
8
The initial value x∗1 (0) still remains to be determined. To this end we try to match
the boundary layer correction for τ → ∞ with the outer solution. In general we
have Xr (0) = ξr − x∗r (0) and since ξ does not depend on ε and therefore ξr = 0 for
r > 0 it follows x∗r = −Xr (0). We are forced to regard the coefficients of the inner
expansion and have


Dτ X1 =f x∗0 (0) + X0 (τ ), y0∗ (0) + Y0 (τ ) − f x∗0 (0), y0∗ (0)

1
1
= − 2(ξ + 0) − − ξ + Y0 (τ ) − (−2ξ + ξ)
2
2
1
= − (η + ξ)e−2τ , X1 (0) = −x∗1 (0),
2

Dτ Y1 = D1 g x∗0 (0) + X0 (τ ), y0∗ (0) + Y0 (τ ) X1 +

D2 g x∗0 (0) + X0 (τ ), y0∗ (0) + Y0 (τ ) Y1
⇔

= − X1 − 2Y1 ,

Y1 (0) = η1 − y1∗ (0) = −y1∗ (0).

We know (Theorem 5) limτ →∞ X1 (τ ) = 0 and
Z τ
X1 (τ ) = X1 (0) +
Dτ X1 (σ)dσ,
0

therefore we choose
X1 (0) = −

Z
0

∞

Z
Dτ X1 (σ)dσ =

0

∞

1
1
1
e−2σ (η + ξ)dσ = η + ξ.
2
2
4

With x∗1 (0) = −X1 (0) we can continue the outer expansion. From (16) we get


1
1
3
∗
− 23 t
x1 (t) = e
− η − ξ + ξt
2
4
8
and


1
1
3
=e
η − ξ − ξt .
4
4
16
The complete first order expansion of the outer solution is thus


3
3
1
1
3
x∗ (t, ε) = ξe− 2 t + e− 2 t − η − ξ + ξt ε + O(ε2 ),
2
4
8


3
3
1
1
1
3
y ∗ (t, ε) = − ξe− 2 t + e− 2 t
η − ξ − ξt ε + O(ε2 )
2
4
4
16
y1∗ (t)

− 23 t



Finally, with X1 (0) = −x∗1 (0) and Y1 (0) = −y1∗ (0) the first order inner coefficients are


1
1
−2τ
X1 = e
η+ ξ
2
4
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Figure 2.3. Approximation of x(t, ε)
with the full expansion, i.e. outer solution plus boundary layer correction.

Figure 2.4. Approximation of x(t, ε)
with the full expansion, i.e. outer solution plus boundary layer correction.

and
Y1 = e−2τ



1
1
1
η− ξ+ τ
4
4
2



so



1
1
η + ξ ε + O(ε2 )
2
4




1
1
1
1
η − ξ + τ ε + O(ε2 ).
Y (τ, ε) = e−2τ η + ξ + e−2τ
2
4
4
2

X(τ, ε) = e−2τ

For ξ = η = 1 and ε = 0.1 Figures 2.3 and 2.4 show the solutions and approximations of the slow and fast variable, respectively. The approximations are

x(t, ε) = x∗0 (t) + X0 (t/ε) + x∗1 (t) + X1 (t/ε) ε + O(ε2 )
for x(t, ε) and similarly for y(t, ε). Especially for x the improvement of including
the first order terms is visible. The plot of y shows also that the width of the initial
correction layer is of order ε = 0.1.
Figures 2.5 and 2.6 show only the outer approximations. For x only the first
order expansion captures the long term dynamics nicely.

Lastly, we consider the reduced system Dt x = f x, h(x, ε) where the zeroth or
first order expansion of h is used. Figures 2.7 and 2.8 show the results. Surprisingly,
the first order approximations lead to slightly worse results in the slow and fast
variables. However, a good approximation could not be expected since the fast
variable did not initially start on the slow manifold Mε . If we set ξ = 1 and
η = h0 (ξ) we get the result from Figures 2.9 and 2.10. In this case the first
order approximation of h leads to a better approximation of x. The
 fast variable
approaches the first order h and stays close to it while h0 x(t) is significantly
different from y(t). This difference of course leads to the increasing error in the
slow variable obtained from solving Dt x = f x, h0 (x) .
First of all, the example shows that even for simple linear systems the computations to obtain the full expansion, consisting of the outer and inner expansions
for slow and fast variables are rather tedious. They involve solving differential
equations which in the general nonlinear case will not be feasible analytically. The
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Figure 2.5. Approximation of x(t, ε)
with the outer expansion.
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Figure 2.6. Approximation of y(t, ε)
with the outer expansion.
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Figure 2.7. Approximation of x(t, ε)
obtained from the
 reduced system
Dt x = f x, h(x, ε) , η = 1.
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Figure 2.8. Approximation of y(t, ε)
through y = h(x(t), ε), η = 1.

expansions for h can be carried out algebraically. However, we ignore the boundary
layer correction completely and this can lead to significantly different results for
the slow variable.
2. Singularly Perturbed Boundary Value Problems
After dealing with singular perturbed initial value problems we now turn to
boundary value problems. Later they come into play when handling optimal control
problems involving different time scales. They are analyzed similarly to initial value
problems. Boundary layer corrections, however, now emerge at both ends of the
integration interval.
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Figure 2.9. Approximation of x(t, ε)
obtained from the
reduced system

Dt = f x, h(x, ε) , η = h(ξ).

Figure
2.10. Approximation of
y(t, ε) through y = h(x(t), ε), obtained from the reduced system
Dt x = f x, h(x, ε) , η = h(ξ).

We regard the following singularly perturbed boundary value problem [40]:
Dt x = f (t, x, y, ε),
(17)

ε Dt y = g(t, x, y, ε),

L x(0), y(0), ε = 0,

R x(1), y(1), ε = 0.

For general (smooth) functions L and R it is difficult to determine a reduced outer
problem. This already becomes apparent when we look at the first order approximation (ε = 0)
Dt x = f (t, x, y, 0),
(18)

0 = g(t, x, y, 0),

L x(0), y(0), 0 = 0,

R x(1), y(1), 0 = 0.

Here, L : Rnx × Rny × R → RnL and R : Rnx × Rny × R → RnR , with nL + nR =
nx + ny . In general the problem is overdetermined. The fast variables are subject
to three algebraic equations at t = 0 and t = 1. There will be no solution unless
some boundary conditions are relaxed. In the last section we removed the initial
condition for y from the problem, but here L and R are nonlinear functions and
general cancellation laws can not be stated. The situation is different if simple
initial and end values are considered, i.e.
 
 


ξ
ξ
L x(0), y(0), ε = L and R x(1), y(1), ε = R .
ηL
ηR
It is natural to relax the boundary conditions for y since it is expected to relax
T
fast onto some kind of slow manifold Mε in the vicinity of M0 = { x y | 0 =
g(t, x, y, 0)}. The slow state x can still fulfill its boundary conditions since it is
governed by a differential equation.
We need the following assumptions to be able to state the main result.
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B1 The functions f , g, L, and R from problem (17) are C R+2 , R ∈ N functions
of their arguments on any domain of interest.
B2 For problem (18) there is at least one consistent set of boundary value
conditions L∗ and R∗ , i.e. the algebraic part of the problem has a solution.
Moreover, the remaining differential-algebraic boundary value problem
Dt x = f (t, x, y, 0),
0 = g(t, x, y, 0),

L x(0), y(0), 0 = 0,

R∗ x(1), y(1), 0 = 0.
∗

has continuous solutions x0 (t) and y0 (t) for t ∈ [0, 1].
B3 The Jacobian

gy (t) = Dy g t, x0 (t), y0 (t), 0 ∈ Rny ×ny , t ∈ [0, 1]
is nonsingular.
B4 The Jacobian gy has kL eigenvalues with negative real part and kR eigenvalues with positive real part on 0 ≤ t ≤ 1 and 1 ≤ kL + kR ≤ ny .
Remark 9. The assumptions are similar to A1-A7 for the singular perturbed
initial value problem. The most opaque requirement is B2 which can be hard to
check depending on the problem. The last point concerns the stability of both
boundary layer corrections on both sides of the interval. The right-hand side correction is stable in backward time, hence the need for eigenvalues with positive real
part.
We proceed similarly to the initial value problem from the last section and state
the outer problem
Dt x∗ = f (t, x∗ , y ∗ , ε),
ε Dt y ∗ = g(t, x∗ , y ∗ , ε),

L∗ x∗ (0, ε), y ∗ (0, ε), ε = 0,

R∗ x∗ (1, ε), y ∗ (1, ε), ε = 0,

where we demand solutions x∗ (t, ε) and y ∗ (t, ε) to be continuous with respect to ε
as ε → 0 and converge to x0 (t) and y0 (t).
Next, define XL (τ, ε) = x(ετ, ε) − x∗ (ετ, ε) and YL (τ, ε) = x(ετ, ε) − x∗ (ετ, ε)
with right hand sides

Dτ XL (τ, ε) = −εf ετ, x∗ (ετ, ε) + XL (τ, ε), y ∗ (ετ, ε) + YL (τ, ε), ε ,

Dτ YL (τ, ε) = −εg ετ, x∗ (ετ, ε) + XL (τ, ε), y ∗ (ετ, ε) + YL (τ, ε), ε ,
and
XL (0, ε) = x(0, ε) − x∗ (0, ε) and YL (0, ε) = y(0, ε) − y ∗ (0, ε).

We use the transformation τ = t/ε to zoom in into the initial boundary layer
correction. For the boundary layer at the end of the time interval we introduce the
new time variables s = 1 − t and σ = s/ε and deal with XR (σ, ε) = x(1 − εσ, ε) −
x∗ (1 − εσ, ε) and YR (σ, ε) = y(1 − εσ, ε) − y ∗ (1 − εσ, ε). The governing equations
are

Dτ XR (σ, ε) = −εf 1 − εσ, x∗ (1 − εσ, ε) + XR (σ, ε), y ∗ (1 − εσ, ε) + YR (σ, ε), ε ,

Dτ YR (σ, ε) = −εg 1 − εσ, x∗ (1 − εσ, ε) + XR (σ, ε), y ∗ (1 − εσ, ε) + YR (σ, ε), ε ,
with initial values
XR (0, ε) = x(1, ε) − x∗ (1, ε) and YR (0, ε) = y(1, ε) − y ∗ (1, ε).
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For both boundary layer solutions we demand convergence to 0 for τ → ∞ and
σ → ∞ respectively.
With all the assumptions and subproblems in place we can state the main
theorem.
Theorem 13 ([40, Section 2]). Let assumptions B1–B3 hold. Then there exist
an ε0 > 0, a kL -dimensional manifold SL (ε), and a kR -dimensional manifold SR (ε)
such that for each point in SL ∩ {L(x, y, ε) = 0} and SR ∩ {R(x, y, ε) = 0} there is
a solution of (17) which can be represented through
x(t, ε) = x∗ (t, ε) + XL (t/ε, ε) + XR (s/ε, ε)
y(t, ε) = y ∗ (t, ε) + YL (t/ε, ε) + YR (s/ε, ε)

for t ∈ [0, 1] and ε ∈ (0, ε0 ).
The boundary layer corrections XL (τ, ε) and YL (τ, ε) decay exponentially with
τ → ∞ as do XR (σ, ε) and YR (σ, ε) for σ → ∞.
Remark 10. All functions can be expanded into series with respect to ε.
Matching the outer solutions and the boundary layer corrections has to be done
on both sides of the time interval. The boundary conditions L∗ and R∗ have εexpansions too and are determined through a matching condition similarly to the
initial value problem case from last section.
There is also a geometrical view on boundary layer problems. Again it involves
perturbations of the manifold of critical points g(x, y, ε) = 0, [86]. We will only
give a very short introduction because the geometrical details are not needed later
when we deal with singularly perturbed optimal control problems. Again we regard
autonomous systems
Dt x = f (x, y, ε),
(19)

ε Dt y = g(x, y, ε)

L x(0), y(0), ε = 0

R x(1), y(1), ε = 0.

In general there might exist several domains Dk ⊂ Rnx , k = 1, 2, . . . , N and several
slow manifolds Mkε and they can be represented by functions hk (x, ε) such that
T
Mkε = { x y | y = hk (x, ε)}. These slow invariant manifolds Mkε are an intrinsic property of the ODE system from (19) and not connected to the initial or in
this case boundary values. Solutions, if they exist, will approach the slow manifolds and stay close to it for “most of the time”. This “most of the time” means that
there are boundary layers and maybe even interior layers of width O(ε). Interior
layers may occur if manifolds are normally hyperbolic and the unstable manifold is
intersected transversely by trajectories. The solutions “jump” from one slow manifold to another. This corresponds to heteroclinic orbits that connect the stationary
points that make up the critical manifolds Mk0 . The critical manifolds are assumed
to be hyperbolic, i.e. all eigenvalues have strictly positive or strictly negative real
part. And only if there are unstable directions the described jumps from one slow
manifold to another might occur.
3. Summary
In this chapter we collected the basic results in singular perturbation theory
with regard to initial and boundary value problems. Singular perturbation theory
is concerned with problems based on ordinary differential equations where a small
parameter ε > 0 occurs in such a way that if ε → 0 the problem formulation
becomes singular. In the case of initial value problems some of the initial values
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can not be attained any more. One interpretation is that slow and fast processes
are present in the system and slow states move on a time scale O(1) compared to
fast states which are O(ε).
The system decouples for ε → 0 and the slowly varying outer problem can be
analyzed independently from the fast varying boundary layer correction. The solution of singularly perturbed initial value problems is continuous and differentiable
with respect to the small parameter and series representations for the outer solution
and boundary layer correction can be derived.
A geometric view of the problem is introduced, based on invariant manifolds
in the state space of a singularly perturbed system. The critical manifold M0 is
defined by the zero set of the fast right hand side and a function y = h(x) exists
and describes how the fast states are parametrized by the slow states. The critical
manifold persists under perturbation with ε and again a ε-series can be derived.
Finally, boundary value problems are regarded. They are treated similarly to
initial value problems, albeit now boundary layer corrections are present at both
end points of the time interval.

CHAPTER 3

Mathematical Control Theory
Mathematical models are often used to describe and represent real world systems that can be controlled, i.e. systems whose state can be influenced through a
certain input path. Naturally, a variety of question arises: How are such systems
represented mathematically? What type of problems can be dealt with? What
mathematical limitations are there with respect to states of a system that can be
reached or inputs that can be applied. Can optimal inputs to reach a certain state
of a system be computed? If so, how can this be done numerically? In this chapter
we briefly answer some of these questions. Our focus will be on optimal control
problems and numerical algorithms to solve these problems.
1. Introduction to Mathematical Control Theory
Mathematical control theory and optimal control theory are well established
branches of applied mathematics. Therefore most of the material presented here is
standard and can be found in many textbooks. This exposition is based on [84].
Other textbooks are [61, 80, 12, 1].
As introduced in Chapter 1 we concentrate on dynamical systems based on
ordinary differential equations. Given a time interval T = [T0 , T1 ] ⊂ R and a
metric state space X ⊂ Rnx the transition map that takes a state x(τ ) ∈ X , τ ∈ T
to x(t), t ∈ T , t > τ is provided through the initial value problem

(20)
Dt x(t) = f t, x(t) , x(τ ) = ξ,
where x : R → Rnx . We saw that under certain assumptions (Lipschitz continuity
of f , nonemptiness of X and T , see Theorem 3) this problem has a unique solution
at least in a neighborhood of τ . The system (20) can not be controlled other then
by choosing the initial value ξ, because once τ and ξ are fixed the state x(t) is
determined. The natural extension to allow for control inputs is to represent them
as functions over T . Given a control-value or input-value set U ⊂ Rnu the most
liberal definition of the control space U consists of all functions (called controls)
that map T onto U :
U = {u | u : T → U }.
Later we will constrain U for example by demanding certain degrees of differentiability, confining U, or imposing more general path constraints on u(t). The input
or control u is incorporated into the right hand side function of system (20) and we
have the controlled system

(21)
Dt x(t) = f t, x(t), u(t) , x(τ ) = ξ.

Its solution will depend on t, τ , ξ, and now also on u and we write φ : T × T × X ×
U → X for the solution of the initial value problem (21) where φ(t, τ, ξ, u) is the
state the system has reached at time t starting at τ with initial value ξ and using
the control u : [τ, t] → U . The domain of φ is abbreviated
Dφ := {(t, τ, x, u) | t, τ ∈ T , t > τ, x ∈ X , u ∈ U}.
25
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A control system Σ is thus given by the 4-tupel Σ = (T , X , U, φ) where φ represents
the transition map and is defined at least on a nonempty subset of Dφ . For a solution
to exist we first of all demand that U is an open subset of Rnu and
f : R × X × U → Rn x

is continuously partially differentiable with respect to all of its arguments. Moreover, we define L∞
U , the set of all measurable, essentially bounded controls u : T →
U . A function u : T → U is essentially bounded on T if there exists a compact
subset K ⊂ U such that u(t) ∈ K for almost all t ∈ T [84, Appendix C, Remark
C.1.2]. Since U is a metric space, with
d∞ (u, v) := ess sup |u(t) − v(t)|
t∈T
nu

L∞
U

a metric on
can be defined. For U = R the space is complete with respect to
d∞ (·, ·). For u ∈ L∞
U , there exists a unique solution to problem (21) on a nonempty
time interval.
Theorem 14 ([84, Lemma 2.6.2]). Let f be continuously differentiable with
respect to its arguments. For any τ ∈ T , u ∈ L∞
U , and any ξ ∈ X there is a t ∈ T ,
t > τ such that the initial value problem (21) has a unique solution φ(t, τ, x, u) on
[τ, t].
The theorem is a straightforward extension of the usual existence theorem
(Theorem 3) for initial value problems. If a solution of the initial value problem
can be extended to the whole time interval for a certain control u this control is
called admissible.
Definition 15 (Admissible Control). Given a control system Σ = (T , X , U, φ),
a control u(t) ∈ U is admissible for ξ ∈ X if φ(t, τ, x, u) ∈ X is the unique solution
of (21) for all τ, t ∈ T , t > τ .
The concept of admissibility rejects controls that would lead to the system (21)
having no solution at all or solutions outside the predefined state space X .
Let Ua (x) ⊂ U be the set of admissible controls for the initial value x(τ ) = ξ
for τ ∈ T . We define
φ : X × Ua → X ,

φ(x, u) := φ(t, τ, x, u)

as the unique solution of (21) for any fixed τ, t ∈ T , t > τ . Then φ(x, u) is a
continuous function of both of its arguments. Moreover it is even differentiable.
Theorem 16 ([84, Theorem 1]). Let Σ = (T , X , U, φ) be a control system.
Pick any interval [τ, t] ∈ T and let φ(t) = φ(t, τ, x, u) be a solution of (21) on [τ, t].
Consider the solution λ : [τ, t] → Rnx of the variational equation


Dt λ(t) = D1 f x(t), u(t) λ(t) + D2 f x(t), u(t) µ(t), λ(0) = λ0
where λ0 ∈ Rnx and µ ∈ L∞
U ([τ, t]). Then it holds that
(1) The set
Dτ,t = {(x, u) |(τ, t, x, u) ∈ Dφ }
is open in X × L∞
U and φ(x, u) is continuously differentiable where the
derivative with respect to u is meant to be in the Fréchet sense.
(2) The directional derivative of φ(x, u) in the direction λ0 and µ is given by
the solution of the variational equation λ(t) with initial value λ0 .
Remark 11. We state another result more informally here: For any x and
any admissible u let {uj }∞
j=1 be a bounded sequence of controls, i.e. uj (t) ∈ K for
almost all j and t where K ⊂ U is bounded. Then
lim φ(t, τ, x, uj ) = φ(t, τ, x, u)

j→∞
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if uj → u for j → ∞ pointwise almost everywhere. This result enables us for
example to approximate arbitrary controls u via piecewise constant controls to any
degree of accuracy in the resulting trajectory x(t).
The theorem extends the notion of sensitivity to control systems. If the system
is at least continuously partially differentiable then small changes in the control
will only lead to small changes in the state. Even directional derivatives can be
computed which may serve as basis for gradient based algorithms that aim at finding
an optimal control in some sense.
1.1. Reachability and Controllability. After introducing control systems
and the basic smoothness properties we continue with the classic notion of reachability and controlability. Both terms capture the same essential question: “Given an
initial state ξ which states of a system can be reached on a certain time interval?”.
Definition 17 (Reachability/Controllability, [84, Definition 3.1.1]). Let Σ be
a control system. An event is a pair (x, t) ∈ X × T .
• The event (z, t) can be reached from (x, τ ) iff there exists a u ∈ U such
that
z = φ(t, τ, x, u).
The other way around (x, τ ) can be controlled to (z, t). We write x

z.

• One says that (z, t) can be reached in time T if there exist τ, t ∈ T ,
T = t − τ and u ∈ U such that z = φ(t, τ, x, u). Equivalently (x, τ ) can
be controlled to z in time T . We write x
z.
t

Less formally we will also say z can be reached from x or x can be controlled
to z without explicitly referring to the respective events.
Definition 18 (Controllability, [84, Definition 3.1.6]). Let Σ = (T , X , U, x)
be a control system. It is called (completely) controllable on [t, τ ] if for each
z, x ∈ X it holds that z is reachable from x. Analogously a system is said to be
controllable in time T if z can be reached from x in time T . If x can be controlled
to z regardless of the time interval, the system is just (completely) controllable.
For time invariant systems the following definitions for sets of reachable points
are reasonable.
Definition 19 (Reachable set, [84, Definition 3.2.1]). Let Σ = (T , X , U, φ) be
a time invariant system. Additionally let t ∈ T and x ∈ X . The set
Rt (x) := {z ∈ X | z = φ(t, τ, x, u), u ∈ Ua }

is called the reachable set from x in time t. The reachable set from x is
[
R(x) :=
Rt .
t∈T

Let S be a subset of X then we also define
[
Rt (S) :=
Rt (x)
x∈S

and
R(S) :=

[
x∈S

R(x).

Obviously, a system is completely controllable if R(x) = X for all x ∈ X . For
time variant systems the set R(x) (or Rt (x) respectively) will also depend on the
starting time τ and we have R(x, τ ) (or Rt (x, τ ), t ≥ τ respectively).
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With all the basic definitions in place the aim now is to deduce for a given
system Σ if it is controllable. For systems governed by differential equations the
most important part for this analysis is played by the right hand side function
f . Unfortunately, as often in systems theory there is a big difference between
linear and nonlinear problems. The linear case is well understood with linear, time
invariant systems being the most simple class. The nonlinear case is complex:
Either linearizations are used to obtain local properties, or more complex tools like
Lie brackets have to be employed. Even then, proving controllability for certain
systems remains a challenge.
1.1.1. Controllability for Linear Systems. Let us regard the simple, linear, time
invariant system given by T = R, X = Rnx , U = Rnu , and the transition map
φ(t, τ, ξ, u) through
Dt x(t) = Ax(t) + Bu(t)
where A ∈ Rnx ×nx and B ∈ Rnx ×nu are matrices. We collect some basic properties
of this system with regard to controllability.
Lemma 20 ([84, Lemma 3.1.5, Lemma 3.1.7]). Let Σ be a linear, time invariant
system.
(1) If x1
z1 and x2
z2 it follows that (x1 + αx2 )
(z1 + αz2 ) for all
t
t
t
α ∈ R.
(2) The system Σ is controllable in time t iff 0
x for all x ∈ X
t

(3) The system Σ is controllable in time t iff x

t

0 for all x ∈ X .

The first point is a natural consequence of the linearity of the system. The
later points illustrate the fact that in case of linear systems reaching 0 from any
state and the reverse reaching any state from 0 are equivalent. This is not generally
true.
Theorem 21 ([84, Corollary 3.2.7]).
 Let x be a stationary point, i.e. there
exists a u ∈ U such that 0 = f x, u(t) for all t ∈ T . Further let Rt (x) be a
subspace of X for each t then Rε (x) = R(x), ε > 0.
The subspace requirement is fulfilled for linear systems if x = 0 which is not
a limitation because such systems are translation invariant. The theorem states
that any state that can be reached from 0 can be reached in any given time ε > 0.
The reason is that there is no constraint on the magnitude of the control. With
arbitrarily large controls all states within R(x) can be reached. This is of course
unrealistic and we will later consider problems where U is a proper closed subset
of Rnu . For now we continue with another observation that will lead the way to a
general result on the controllability of time invariant linear systems.
Lemma 22 ([84, Corollary 3.2.10]). A time invariant linear system is controllable iff R(0) = Rε (0) = X , for all ε > 0.
This lemma is a conclusion of Lemma 20 and Theorem 21. Finally, we present a
verifiable condition for controllability of time invariant linear systems that involves
the matrices A and B. Therefore we introduce the matrix
R = R(A, B) := [B, AB, A2 B, . . . , An−1 B]
where the last part means that the columns of R are the collection of the columns
of the matrices in the expression. Note that higher exponents of A do not have to
be considered due to the Cayley-Hamilton theorem (any matrix A fulfills its own
characteristic polynomial) which states that An+1 is a linear combination of Ai for
i < n. In any event the following theorem is the main result.
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Theorem 23 ([84, Theorem 2]). The linear, time invariant system Σ is controllable iff the rank of the controllability matrix is nx , i.e. rank R(A, B) = nx .
This result is also known as the Kalmann characterization of controllability. If
this condition is fulfilled for a system, every state can be attained from any other
state in any given time period greater than 0. Surprisingly, an algebraic condition
suffices to make a statement about a continuous time, dynamical system.
Example 3. The following example, taken from [69, Example 4.2] will be
revisited later and serves as an illustration here. It is based on a voltage regulator
with five states. Let
 

 1
1
−5
0
0
0
0
2
8
0

 0 −1
0
0
2
5
 



0 − 75 30
0 
and B = 
A=
7
0 .

 0
15 
5

 0
0
0
0 −4
4
3
1
0
0
0
0 −2
2

The ODE system is given by

M Dt x = Ax + Bu.
where M is a diagonal matrix with entries diag(M ) = (1, 1, ε, ε, ε) and ε > 0. The
ε represents a small parasitic parameter. Its significance will also be made clear
later. For now we choose ε = 1 and M can be safely ignored. Using MATLAB to
compute R(A, B) we get


0
0
0
0
19.2857
 0
0
0
38.5714 −114.3367



0
24.1071 −59.4069 101.1947 
R(A, B) =  0
,
 0
5.6250 −9.8438 13.7109
−17.8418 
1.5000 −0.7500 0.3750
−0.1875
0.0938

a triangular matrix and therefore rank R(A, B) = 5 which means the system is fully
controllable.
We already mentioned that this result is based on the fact that U = Rnu . If
the controls are bounded the reachable set gets smaller. If U ⊂ Rnu is a bounded
neighborhood of 0, we redefine the reachable set as follows:
RU
t (x) := {z | z = φ(t, 0, x, u), u(t) ∈ U almost everywhere},

i.e. the states that can be reached from
S x in time t only using controls that have
values in U . Analogously, RU (x) = t>0 RU
t (x).
Theorem 24 ([84, Theorem 6]). Let Σ be a time invariant system and U be a
bounded neighborhood of 0. Then, RU (0) = Rnx iff
• rank R(A, B) = nx , and
• the matrix A has no eigenvalues with negative real part.
The second condition is a rather strong one, however negative eigenvalues would
imply that at least in some directions of the state space the states would tend to 0
and if the control action possible with U is too small, controllability is lost.
Example 4. Picking up Example 3 the matrix A has eigenvalues
1
5
5
1
1
λ1 = − , λ2 = − , λ3 = − , λ4 = − , and λ5 = − .
5
2
7
4
2
All eigenvalues have negative real part so whenever U 6= R the system is not controllable. Note that this does not exclude certain states to be reached by constrained
controls but only that not all of X = R5 can be attained.
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So far we dealt with time invariant systems. The time varying case is the next
step on the ladder of complexity. In this case A = A(t) and B = B(t) have entries
that depend on t ∈ T . The smoothness of this functions plays a vital role for
stating results about controllability. Two cases are considered: A(t) and B(t) are
smooth on T and A(t) and B(t) are even analytical on T . We extend this and speak
of smooth or analytical systems Σ if the respective matrices have said properties.
With B0 = B we define the recursion
Bi+1 := A(t)Bi (t) − Dt Bi (t).
Theorem 25 ([84, Proposition 3.5.16, Corollary 3.5.18]). Let Σ be a smooth
system on T and pick any sub-interval [τ, σ] ⊂ T . If there is a t ∈ [τ, σ] and a
k ∈ N such that
rank[B0 (t), B1 (t), . . . , Bk (t)] = n
then Σ is controllable.
If Σ is even analytical then Σ is controllable on any non-empty subinterval of
T iff for any fixed t ∈ T the rank condition holds for some k ∈ N.
Remark 12. For time invariant systems we find B1 = AB −0 and more general
Bi = Ai−1 B − 0 so that the rank condition is an extension to the rank condition
given above.
1.1.2. Controllability for Nonlinear Systems. Nonlinear systems can be treated
in two distinct ways: Consider linearizations along trajectories and deal with the
full nonlinear system.
Local controllability is a concept based on first order information. Therefore
we regard systems that are at least C 1 , i.e. the right hand side f is continuously
differentiable with respect to its arguments. Moreover, we introduce the equilibrium
state x∗ , for which holds that there is a control u∗ such that x∗ = φ(t, τ, x∗ , u∗ )
for each t > τ . Again, this adds up to f (x∗ , u∗ ) being 0. The uniform distance
between two functions of t on an interval [τ, σ] ⊂ T is given by
d∞ (x, y) := sup{kx(t) − y(t)k , t ∈ [τ, σ]}.

For general nonlinear systems (complete) controllability is a property that is
hard to grasp and we have to retire to a weaker concept.
Definition 26 (Local controllability, [84, Definition 3.7.4]). Let Σ be a system
and x(t) a trajectory on an interval [τ, σ] ⊂ T . With x(τ ) = ξ and x(σ) = x1 . The
system Σ is locally controllable along x(t) if for ε > 0 there is a δ > 0 such
that for each η, y1 ∈ X with kξ − ηk < δ and kx1 − y1 k < δ there is a trajectory
y(t) with y(τ ) = η and y(σ) = y1 and
d∞ (x, y) < ε.

If x∗ is an equilibrium state and x(t) = x∗ for all t ∈ [τ, σ], T = σ − τ then Σ is
called locally controllable (in time T ) at x∗ , without reference to the trajectory.
A system is thus locally controllable along a trajectory x(t) if states near the
initial state ξ can be controlled to a state near the final state x1 without deviating to
much from the trajectory x(t). For equilibrium states we do not rely on the trajectory since it is trivial and the definition can be reformulated using an environment
V ⊂ X that contains x∗ , y1 and y2 . A system is said to be locally controllable at x∗
(in time T ) if y2 can be reached from y1 (in time T ) by a trajectory y(t) without
y(t) leaving V.
Remark 13. The notion of local controllability is not useful for linear systems.
If a linear system is controllable on an interval [τ, σ] it means that any state x1 ∈ X
can be reached from any initial state ξ ∈ X in any nontrivial amount of time. This
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indicates also that any trajectory can be tracked arbitrary closely and thereby the
definition of local controllability is fulfilled.
Theorem 27 ([84, Theorem 7]). Let Σ be a C 1 system.
(1) Let x(t) be a trajectory to the control u(t) onan interval [τ, σ] ⊂ T . If the
linearized system with A(t) = Dx f x(t), u(t) and B(t) = Du f x(t), u(t)
is controllable on [τ, σ] then Σ is locally controllable along x(t).
(2) Let Σ be time invariant and x∗ an equilibrium point. For any ε > 0 and
any u ∈ U such that f (x∗ , u) = 0 a sufficient condition for Σ to be locally
controllable at x∗ in time ε is that the linearization of Σ at (x∗ , u) is
controllable.
1.1.3. Accessibility for Nonlinear Systems. The basic idea behind controllability concepts for nonlinear systems lies in regarding the control input of the differential equation
Dt x = f (x, u)
as constant on small time intervals. We will write fu (x) := f (x, u) for u = const.
The result of using fu as the right hand side for an initial value x(0) = ξ will be
denoted by
etfu ξ = φ(t, 0, ξ, u)
which is merely a notational device and only for linear systems with f = A the
matrix exponential etA represents the solution of the system. The advantage of
this notation is that the result of following successive different right hand sides for
different time intervals and using the result of over one interval as the initial value
for the next interval can be easily written. Suppose we have f and g and start at
ξ using f for one time unit and then g for two time units. The result is denoted as
x1 = e2g e1f ξ
and means solving Dt x = f (x) on [0, 1] with initial value ξ and using x(1) as initial
value for solving Dt x = g(x) on [0, 2] to obtain the final result x1 . For nonlinear
systems in general the order in which f and g are used will play an important role
and e2g e1f ξ 6= e1f e2g ξ. With regard to control systems we could ask the question
which states are accessible from ξ through a combination of fu (x) with u ∈ U , i.e.
x1 = eεk fuk eεk−1 fuk−1 · · · eε1 fu1 ξ

with εk > 0.
To access this idea and characterize the directions one can move to from x
using fu (x) we need Lie algebra techniques. To this end let O ⊂ X ⊂ Rnx be open
with x ∈ O. The collection of all smooth vector fields i.e. infinitely many times
differentiable functions f : O → Rnx will be denoted by V(O). Furthermore we
need the space of smooth functions g : O → R which is denoted by F(O).
Definition 28 (Lie bracket, [84, Definition 4.1.1]). The Lie bracket of f, g ∈
V(O) is
[f, g] := D∗ gf − D∗ f g ∈ V(O).
Definition 29 (Lie algebra, [84, Definition 4.1.3]). A linear subspace S of
V(O) is called Lie algebra if it is closed under the Lie bracket operation, i.e.
f, g ∈ S ⇒ [f, g] ∈ S.
We call ALA the Lie algebra generated by A ⊂ V(O) if it is the intersection of
all Lie algebras that contain A. This set is the smallest Lie algebra that contains
A and can be generated thusly: Let A0 = A and then recursively:
Ai+1 := {[f, g] | f, g ∈ Ai },

i = 0, 1, 2, . . . .
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S
Additionally, A∞ = i≥0 Ai . The linear span of A∞ is equal to ALA . If we evaluate
every vector field in ALA at x we get a subspace of Rnx which is defined by
ALA (x) := {X(x) | X ∈ ALA }.

If we now regard the k-tuple F = (f1 , f2 , . . . , fk ) with elements from A ⊂ V(O)
we say that this tuple is nonsingular at x ∈ O if there exists a vector of time points
T = (t1 , t2 , . . . , tk ) such that the map
FFξ = etk fk · · · et2 f2 et1 f1 ξ

has a Jacobian of rank k at T . Note that FFξ (T ) is a function that maps a subset
of Rk containing 0 to O. The rank condition implies that all points in a vicinity
of ξ can be reached by means of combining the vector fields from A because all
directions are present in the linearization.
Lemma 30 ([84, Lemma 4.2.8]). If ALA (x) = Rnx then there exists a nonsingular nx -tuple at x. Additionally, for ε > 0 there is T ∈ Rn+x such that T < ε and
there are f = (f1 , f2 , . . . , fnx ) in A such that the Jacobian D∗ FFx (T ) has rank nx .
Finally we will make the connection to control systems.
Definition 31 (Accessibility rank condition, [84, Definition 4.3.2]). Let Σ be
a control system. Define
A := {fu (x) | u ∈ U }.
The Lie algebra ALA is called the accessibility Lie algebra of system Σ. The accessibility rank condition at ξ holds if ALA (ξ) = Rnx .

Nonlinear controllability amounts to the statement that the set of points that
can be reached from x is nonempty. Sometimes this is also coined accessibility to
distinguish it from the much stronger controllability that we used earlier on. We
define the set of points reachable from x without leaving a neighborhood V ⊂ X of
x in time t by
RtV (x) := {x1 | ∃u ∈ U : φ(s, 0, x, u) ∈ V ∀s ∈ [0, t] and x1 = φ(t, 0, x, u)}.
Theorem 32 ([84, Theorem 9]). Let Σ be a system and let the accessibility
rank condition hold at x. Then for each neighborhood V of x and each t > 0
int RtV (x) 6= ∅.

Remark 14. In order to check the accessibility rank condition for a control
system one has to generate nx linearly independent (at x) vector fields through
ongoing bracketing, i.e. every vector field Xi , i = 1, 2, . . . , nx is generated through
[[. . . [fu1 , fu2 ], fu3 ], . . . , fu` ] with possibly different ` for each Xi . Moreover ` can
become arbitrary large and the verification of the accessibility condition might be
impossible.
Remark 15. Control-affine systems are based on differential equations of the
form
Dt x = g0 (x) + g1 (x)u1 + g2 (x)u2 + · · · + gnu (x)unu

and for them ALA = {g0 , g1 , . . . , gnu }LA . For time invariant linear systems g0 = Ax
and gi = bi , i = 1, 2, . . . , nu where bi is the i-th column of B. We find
[Ax, Ax] = 0,

[bi , bj ] = 0,

and [bi , Ax] = Abi , i, j = 1, 2, . . . , nu .

Thus iterative brackets of the form [[. . . [bi , Ax], Ax], . . . , Ax] are equal to A`−1 bi .
All other brackets will be 0. Hence if
rank[Ax, b1 , . . . , bnu , Ab1 , . . . , Abnu , . . . , Anx −1 b1 , . . . , Anx −1 bnu ] = nx
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at a point x the accessibility rank condition holds and is very similar to the Kalman
rank condition presented above albeit weaker because it contains the additional
term Ax.
We close this section with an example taken from [68].
Example 5. We return to the enzyme example, see Example 1. A possible
control scenario consists of assuming that substrate can be introduced into the
system. And with u(t) : U → R, where U ⊂ R is a subset containing zero (10)
becomes
Dt x = −x + (x + K − β)y + u(t),

ε Dt y = x − (x + K)y,

x(0) = 1,

y(0) = 0.

This is a control-affine system and as pointed out in Remark 15 it suffices to regard

  
−x + (x + K − β)y
1
A = {g0 , g1 , . . . , gnu } =
,
.
x − (x + K)y
0
To check the accessibility rank condition we have to compute ALA (ξ) possibly

through iterated bracketing as introduced after Definition 29. For ξ = x(0), y(0) =
(1, 0) it is sufficient to regard
   
−1
1
A0 (ξ) = A(ξ) =
,
1
0
because rank A0 (ξ) = 2 = nx already and the condition is fulfilled which implies
that the accessibility region around ξ has a nonempty interior and states in a
neighborhood of ξ can be reached using suitable controls.
If we choose ξ = (0, 0) we find
   
0
1
A0 (ξ) = A(ξ) =
,
0
0
with rank A0 (ξ) = 1 and the rank condition fails. For A1 we compute the nontrivial
[g0 , g1 ] = −[g1 , g0 ] and get


−1 + y x + K − β
D∗ g0 =
1−y
−(x + K)
and D∗ g1 = 0 so


[g0 , g1 ] =

Finally,
(A0 ∪ A1 )(ξ) =


1−y
.
y−1

     
0
1
−1
,
,
0
0
1

with rank(A0 ∪ A1 )(ξ) = 2 and the rank condition is fulfilled.
2. Optimal Control
2.1. Introduction to Optimal Control. Up to this point we were interested
in the question whether a given control system is susceptible to control inputs and
can be steered into an arbitrary state. The question that is asked in optimal
control is, how control can be achieved in an optimal fashion. Optimal in this
case relates to a given cost or value functional that maps state and control into
the real numbers. Optimal control problems can be viewed as infinite-dimensional
optimization problems over the space of admissible controls and trajectories where
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the differential equation enters the problem as a constraint. The basic problem can
be formulated as
min J(x, u)
x,u

(22)

s.t. Dt x = f (x, u)

where we have a system Σ = (T , X , U, φ) and J : X × U → R. The formulation as
a minimization problem is merely conventional. If J is to be maximized we could
regard
min −J(x, u)
x,u

instead.
There are two distinct approaches to problem (22), both of which aim at replacing the infinite dynamic optimization problem with a (hopefully) more accessible finite dimensional static one. In dynamic programming [4] a partial differential
equation in x and t is obtained which is optimized pointwise (for (x, t)) with respect
to u(t) and whose solution is the optimal trajectory. The Pontryagin minimum
principle [74] is based on a reformulation using Lagrange multipliers and results in
a couple of necessary optimality conditions part of which define a boundary value
problem.
There are many textbooks on the subject, among them [61, 12, 1, 20]. Much
of the material covered here can be found in there in one form or the other. Our
exposition is strongly based on a lecture on the subject given by Dirk Lebiedz in
the winter term 2011 at Freiburg University, [32].
2.2. Problem Formulation. The most general optimal control problem we
are going to deal with in the theoretical part of this chapter is

min Θ x(T ) +

Z

x,u,T

(23)

T


θ t, x(t), u(t) dt

0

s.t. Dt x = f (t, x, u),
x(0) = ξ,


ψ x(T ) = 0,

u(t) ∈ U,

U ⊂ Rn u ,

t ∈ [0, T ],

where f : R × Rnx × Rnu → Rnx , Θ : Rnx → R, θ : R × Rnx × Rnu → R, and
ψ : Rnx → Rr , 0 ≤ r ≤ n are smooth functions of their arguments and U is
nonempty and convex. The final time T can enter the problem as an optimization
variable and leads to the notion of time optimal control. Problems with both, final
and intermediate time costs present, i.e. Θ and θ are not equal to zero, are called
Bolza problems. If Θ ≡ 0 (23) is dubbed Lagrange problem and θ is called Lagrange
functional accordingly. The other way around, if θ ≡ 0 we speak of a Mayer problem.
It is possible to transfer one problem formulation into another, e.g. free end-time
problems can be converted to fixed end-time problems or Lagrange problems can
be turned to Mayer problems. This is advantageous for theoretical and numerical
purposes since in principle only one type of problem has to be considered.
Example 6. A Mayer problem with fixed end time will later serve as the basis
for our numerical algorithm. To this end consider (23) and introduce the new
time variable s ∈ [0, 1], defined by t = sT . The new variables x̃(s) = x(sT ) and
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ũ(s) = u(sT ) lead to
Z

1


θ sT, x̃(s), ũ(s) ds,
0

s.t. Ds x̃ = T f sT, x̃(s), ũ(s) ,

x̃(0) = ξ, ψ x̃(1) = 0,

min Θ x̃(1) + T
x̃,ũ

ũ(s) ∈ U,
s ∈ [0, 1].

U ⊂ Rn u ,

Some of the equations still contain T . To replace this we add the state z(s) ≡ T
for which
Ds z(s) = 0, z(0) = z(1) free.
The free end-time is exchanged for free initial and final values of the new state
z(s). Since z appears in the objective, the initial and final value are subject to
optimization. The most simple case
min T

T,x,u

is converted to
min z(1).

z,x,u

Now we are confronted with a fixed end time Bolza type problem. To not
clutter the notation we disregard the above transformation to fixed end-time and
start anew. To convert to a Mayer problem consider the additional state variable
Z t

z(t) =
θ s, x(s), u(s) ds.
0

Differentiating with respect to t results in
Dt z(t) = θ(t, x, u),

z(0) = 0,
T
and with the extended state vector x̃(t) = z(t), x(t) ∈ R × X we have the Mayer
problem


min Θ x(T ) + z(T ) ,
x̃,ũ


θ t, x(t), u(t) 
s.t. Dt x̃ =
,
f t, x(t), u(t)
 


0
x̃(0) =
, ψ̃ x̃(T ) = ψ x(T ) ,
x
u(t) ∈ U,

t ∈ [0, T ],

U ⊂ Rnu ,
T fixed.

2.3. Pontryagin Minimum Principle. We are going to focus on the Pontryagin minimum principle and dismiss the dynamic programming approach because the former offers more flexibility in handling additional constraints and it
will again play a vital role later when dealing with optimal control of reduced
models.
For notational convenience we write
Z T 



J(u) = Θ φ(T, 0, ξ, u) +
θ t, φ t, 0, ξ, u(t) , u(t) dt,
0

where φ is the solution of the differential equation starting at ξ using the control u.
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Definition 33 (Optimality, [84, Definition
9.2.1]). The control u∗ is optimal

for ξ if it is admissible for ξ, ψ xu∗ (T ) = 0, and
J(u∗ ) ≤ J(u),

∀u ∈ U.

The idea of characterizing a possible optimal solution is to view problem (23)
as an infinite-dimensional constrained optimization problem where the dynamic
equation is a part of the constraints. Much in analogy to the Lagrange method
for finite-dimensional constrained problems Lagrange multipliers are introduced to
couple the constraints and the objective functions. However, here these multipliers
are functions, too.
Remark 16 (Digression into the method of Lagrange multipliers, [66].). Let
f : Ω → R be a function of x where Ω ⊂ Rnx is an open subset. Moreover, let
g : Ω → R also be a function of x and let f and g be at least differentiable. The
problem of finding x ∈ Ω such that
crit f (x),

(24)

x∈Ω

s.t. g(x) = 0,

where crit f (x) describes the set of critical points (minimum or maximum) of f (x),
can be approached using the Langrange multiplier method. The key observation is:
Theorem 34 ([66, Satz 7.3.6]). For every solution x∗ of (24) with Dx g 6= 0
there exists a λ ∈ R such that
Dx f (x∗ ) + λ Dx g(x∗ ) = 0.

The number λ is called Lagrange multiplier. The condition stated in the theorem can be interpreted in the way that in x∗ the curve g(x) = 0 and f (x) = f (x∗ )
are tangent.
In the case that several constraints {gi }ki=1 , 1 ≤ k ≤ nx are present we consider
T
the function G : Ω → Rk , G(x) = g1 (x), g2 (x), . . . , gk (x) . If the Jacobian D∗ G
has rank k then there is a vector λ ∈ Rnx such that
Dx f (x∗ ) + λT D∗ G(x∗ ) = 0

at critical points of the Lagrange function
L(x, λ) := f (x) + λT G(x).
If rank D∗ G(x∗ ) < k there is a nonzero λ such that λT D∗ G(x∗ ) = 0 and x∗ is a
critical point of
(25)

L(x, λ0 , λ) := λ0 f (x) + λT G(x),

where λ0 ∈ R. Finally, one can summarize: There exists a λ0 ∈ R and a vector
λ ∈ Rk not both zero such that
λ0 Dx f (x∗ ) + λT D∗ G(x∗ ) = 0

at solutions x∗ of
crit f (x),

x∈Ω

s.t. G(x) = 0.
The nonlinear equation (25) can be used as a starting point for analytical or numerical methods that aim at solving the constrained optimization problem. Note that
the Lagrange method only states necessary conditions for an optimum to occur. In
praxis the type of extrema has to be determined through different approaches.
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Also for optimal control the objective and the constraint function, in this case
the right hand side function of the ODE, are combined in a single function and a
multiplier is added.
Definition 35 (Hamiltonian). The function H : T × X × U × R × Rnx → R
defined by
H(t, x, u, η0 , η) := η0 θ(t, x, u) + η T f (t, x, u)
is called Hamiltonian function associated with the optimal control problem (23).
For the following we only assume that f and the cost functions are C 1 in x and
u. If controls are bounded it might happen that the optimal control u∗ (t) is not
continuous.
Theorem 36 (Pontryagin Minimum Principle, [32, Satz 10.1]). Let x∗ (t) and
u∗ (t) be an optimal solution of (23) and let D∗ ψ x∗ (T ) have full rank. Then there
exist λ0 ≥ 0, a piecewise continuous function λ : [0, T ] → Rnx , and a vector ν ∈ Rr
such that (λ0 , λ(t), ν) 6= 0 for almost all t ∈ [0, T ]. The following conditions apply:
(1) For all t ∈ [0, T ] at which u∗ (t) is continuous it holds that


H t, x∗ (t), u∗ (t), λ0 , λ(t) = min H t, x∗ (t), u(t), λ0 , λ(t) .
u∈U

(2) For all t ∈ [0, T ] at which u∗ (t) is continuous it holds that

Dt λ(t)T = − Dx H t, x∗ (t), u∗ (t), λ0 , λ(t) .
This equation is called the adjoint equation.
(3) At the final time T


λ(T )T = λ0 Dx Θ x∗ (T ) + ν T Dx ψ x∗ (T ) ,
which is known as transversality condition.
(4) For time invariant systems with time invariant Lagrange term and fixed
end time

H t, x∗ (t), u∗ (t), λ0 , λ(t) = const.
(5) If the end time T is free it holds at the optimal T ∗ that

H T ∗ , x∗ (T ∗ ), u∗ (T ∗ ), λ0 , λ(T ∗ ) = 0.
Remark 17. If λ0 > 0 (as in most cases, for example if their are no end-point
constraints, i.e. ψ x(T ) ≡ 0) we set λ̃0 = 1 and rescale λ̃(t) = λ(t)/λ0 and regard
H(t, x, u, 1, λ̃).
Remark 18. The theorem only states necessary conditions that have to be
fulfilled along an optimal pair of a control u∗ (t) and trajectory x∗ (t). Only under
stronger conditions they become sufficient.
Theorem 37 ([32, Satz 10.3]). Let x∗ (t) and u∗ (t) be admissible for problem
(23) and fulfill the conditions of Theorem 36 with λ0 = 1 and λ(t) and ν accordingly.
If
(1) ψ is affine-linear,
(2) Θ convex and
(3) H ∗ (t, x, λ) = minu∈U H(t, x, u, λ0 , λ) is convex in x for every t, λ,
then x∗ , u∗ are an optimal solution of problem (23).
The condition λ0 = 1 is no restriction since under the assumptions of the
theorem λ0 6= 0 anyway and H can be rescaled such that λ0 = 1 holds.

38

3. MATHEMATICAL CONTROL THEORY

The minimum principle is a central result in optimal control theory. The first
condition gave the theorem its name. Note that the minimum is pointwise over
the finite-dimensional space U which replaces the optimization over the infinitedimensional space U. The adjoint equations can be given explicitly in terms of the
right hand side f and the cost function. Differentiating H with respect to x gives
us
Dx H(t, x, u, η0 , η) = η0 Dx θ(t, x, u) + η T Dx f (t, x, u)
and therefore

Dt λ(t)T = − Dx H t, x∗ (t), u∗ (t), λ0 , λ(t)
= −λ0 Dx θ(t, x∗ , u∗ ) + λ(t)T Dx f (t, x∗ , u∗ ).

Also, one can easily see that Dt x = f (t, x, u) = Dλ H(t, x, u, λ0 , λ). Assuming (an)
optimal control(s) u∗ (t) exist we can use the minimum condition to define
u∗ (t, x, λ) := argmin H(t, x, u, λ0 , λ).
u∈U

This minimum must not necessarily be unique. For the optimal control u∗ (t) we
have

u∗ (t) = u∗ t, x∗ (t), λ(t)
where x∗ (t) is the optimal trajectory. Using the rest of the statements of the
minimum principle we arrive at the boundary value problem



Dt x = Dλ H t, x, u∗ t, x∗ (t), λ(t) , λ0 , λ ,



Dt λT = − Dx H t, x, u∗ t, x∗ (t), λ(t) , λ0 , λ ,

x(0) = ξ, ψ x(T ) = 0,


λ(T )T = λ0 Dx Θ x∗ (T ) + ν T Dx ψ x∗ (T ) .
This two-point boundary value problem serves as basis for so-called indirect methods that aim at computing an optimal control. In case U = Rnu which we assume
henceforth and H differentiable with respect to u the equation

0 = Du H t, x∗ (t), u, λ0 , λ(t)

can be solved pointwise to get u∗ (t) = u∗ t, x∗ (t), λ(t) , which is used in the boundary value problem.
Definition 38 (C k Regularity of the Hamiltonian). Let x∗ (t) and u∗ (t) be the
optimal solution of problem (23). If there is an ε > 0 such that
u∗ (t, x, λ) = argmin H(t, x, u, λ0 , λ)
u∈U

is unique on the set
Dε = {(t, z, η) | t ∈ [0, T ], kz − x∗ (t)k < ε, kη − λ(t)k < ε}

we call H regular (with respect to x∗ (t)). If additionally u∗ (t, x, λ) is in C k we
call H C k -regular.
One consequence of C k regularity of H is that u∗ (t), x∗ (t) and λ(t) are also C k
functions.
Definition 39 (Legendre-Clebsch Condition). Let x∗ (t) and u∗ (t) be an optimal solution of (23) and the conditions of Theorem 36 fulfilled. If

D2u H t, x∗ (t), u∗ (t), λ0 , λ(t) ≥ 0
for all t ∈ [0, T ] the optimal solution is said to satisfy a Legendre-Clebsch condition.
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Together with the C k regularity of the Hamiltonian the Legendre-Clebsch condition ensures that u∗ (t, x, λ) is the unique minimizing control for problem (23).
Again, we take advantage of the fact that the minimization of H is pointwise over
U.
If U = [a, b] ⊂ R, where a, b ∈ R, is a bounded interval there might be parts of
the optimal control u∗ (t) that breach that boundary. The restriction to one control
u(t) ∈ R is made to simplify the notation. The statements we are about to make
carry over to the case nu > 1. If the Hamiltonian is C k regular (with k ≥ 2) this
amounts to
u∗ (t, x, λ) = argmin H(t, x, u, λ0 , λ)
u∈U

probably having solutions outside [a, b]. Let i, j, `, r = 1, 2, . . . . In that case there
will be inner intervals [ti , tj ], ti < tj such that
a < u(t) < b,

t ∈ [ti , tj ]

and boundary intervals [t` , tr ], t` < tr , and [ti , tj ] ∩ [t` , tr ] = ∅ with
t ∈ [t` , tr ].

u(t) = a or u(t) = b,

The point t` is an entry-point for u(t) if there is a ε > 0 such that u(t` ) = a or
u(t` ) = b respectively and
u(t) < a or u(t) < b,

t ∈ [t` − ε, t` ).

Exit points tr where the control leaves the boundary are similarly defined. Since
we assume C k regularity it can be shown that u(t) is continuous at entry and
exit points and this fact can be used in analytical or numerical computations to
determine those points. For example for an optimal control that takes its maximum
value b at the beginning of the overall time interval [0, T ] one has
(
b
0 ≤ t ≤ t1
∗

u (t) =
∗
∗
u x (t), λ(t) t1 < t ≤ T.
with the additional condition that

u∗ x∗ (t1 ), λ(t1 ) = b
from which t1 might be determined. For general nonlinear optimal problems with
control constraints there is no way to determine the number of time intervals on
which the control reaches the boundary.
The regularity of the Hamiltonian turned out to be a useful property, however
many control systems that emerge from the simulation of real world systems are
lacking regularity. An example are control systems based on
Dt x = f (x) + g(x)u,

f : Rnx → Rnx , g : Rnx → Rnx ×nu

and cost function
θ(x, u) = a(x) + b(x)u,

a : Rnx → R, b : Rnx → R1×nu

that are linear in the controls u(t) ∈ U ⊂ Rnu , where U is convex and compact.
Let there be an optimal solution x∗ (t), u∗ (t) and the condition of the minimum
principle fulfilled with costate λ(t) and λ0 = 1. We remove λ0 from the list of
arguments of H which is given by

H(x, u, λ) = a(x) + λT f (x) + b(x) + λT g(x) u.
The linearity in u transfers to the Hamiltonian.
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Definition 40 (Switching Function). The function σ(x, λ) : X × Rnx → R
defined by
σ(x, λ) := Du H(x, λ, u) = b(x) + λT g

is called switching function. We also write σ(t) := σ x(t), λ(t) .
The switching function is thus the term of the Hamiltonian that is multiplied by
u. Obviously minimizing the Hamiltonian pointwise with respect to u ∈ U reduces
to
u∗ (t) = min σ(t)u
u∈U

which is a linear optimization problem in u. For the sake of simplicity we set nu = 1
and U = [a, b] again. The optimal control structure is obviously


σ(t) > 0
a,
u∗ (t) = ∈ (a, b) σ(t) = 0


b,
σ(t) < 0.
Depending on the smoothness of the involved functions, σ(t) will at least be continuous. Still, u will have discontinuities if σ(t) changes sign at isolated roots σ(ti ) = 0.
This also means H is discontinuous and thus not regular. This is the reason why
for σ(t) = 0 the value of u can not be determined via the condition Du H = 0 as in
the regular case, because H is not differentiable.
Definition 41 (Switching points, Bang-Bang Control, Singular Arc). Let the
time interval [t1 , t2 ] ⊂ [0, T ], t1 < t2 be given. If

(1) σ(t) has only isolated or no roots in [t1 , t2 ] the optimal control u∗ (t)
defined above is called bang-bang on [t1 , t2 ]. The roots of σ(t) are called
switching points.
(2) σ(t) ≡ 0 on [t1 , t2 ] the control u∗ (t) is called singular or singular arc
on [t1 , t2 ].

Of course there might be several singular arcs on the overall time interval [0, T ].
Also, singular arcs may appear or disappear depending on T and the boundary
values a and b. The value of u∗ (t) on a singular arc may be obtained through
repeatedly differentiating σ(t) with respect to t until it depends on u, i.e. there is
a k > 0 such that Du Dkt σ(t) 6= 0. We define

σ 0 (t) := σ t, x(t), λ(t) and σ k+1 (t) := Dt σ k (t) = D1 σ k Dt x + D2 σ k Dt λ.
If there is a k such that Du σ k 6= 0, and if the resulting equation can indeed be solved
for u, can not be determined beforehand and depends strongly on the underlying
system.
Theorem 42 (Order of Singular Control, Generalized Legendre-Clebsch Condition, [32, Satz 11.4]).
(1) Let k ∗ ≥ 0 be the index for which Du σ k (t) 6= 0 holds for the first time.
Then k ∗ = 2q is even and q ≥ 1 is called the order of the singular control.
(2) Let x∗ (t) and u∗ (t) be an optimal solution with according costate λ(t). If
q is the order of the singular control it holds that


∗
∗
(−1)q Du D2q
D
H
x
(t),
u
(t),
λ(t)
≥ 0.
t
u
The inequality is called a generalized Legendre-Clebsch condition.
We conclude this section with an example:
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Example 7. We return to the enzyme kinetic Example 5 and consider the
optimal control problem
Z 5
−50y + u2 dt
min
0

1
subject to: ẋ = −x + (x + )y + u,
2
εẏ = x − (x + 1)y,
x(0) = 1,

y(0) = η,

u ∈ R.
The parameter values K = β = 1, the final time T , and the scaling of the objective
bear no meaning and are chosen for simplicity and clarity. The objective function
aims at maximizing the output of y on the time horizon while minimizing the action
T
of the control. Assuming λ0 = 1, we define λ(t) := λ1 (t), λ2 (t) and write down
the Hamiltonian




λ2
1
2
(x − (x + 1)y) .
y+u +
H(x, u, λ) = −50y + u + λ1 −x + x +
2
ε
The differential equations for the costate λ(t) are given by Dx,y H and we have
λ2
(1 − y) ,
ε
1
λ2
Dt λ2 = −λ1 (x + ) −
(−x − 1) + 50.
2
ε
Dt λ1 = −λ1 (y − 1) −

The final value λ(T ) is obtained by employing the transversality condition but
since there are neither final-time state constraints nor final-time costs we simply
have λ(T ) = 0. If we further assume C k regularity of H with k ≥ 2 we might try
to minimize H by solving
Du H(x, u, λ) = 2u + λ1 = 0

⇒

u∗ = −

λ1
.
2

Hence u(T ) = 0, which is common for problems with no endpoint constraints and
a regularity term u2 in the Lagrange objective. Checking the Legendre-Clebsch
condition D2u H = 2 > 0 tells us that u∗ is indeed a minimizer of H. Substituting
u∗ (t) = λ12(t) back into the differential equation for x we have a two point boundary
value problem in x, y, λ1 , and λ2 .
Due to the nonlinearity there is no analytical solution, however, a numerical
solution could be obtained with the help of a boundary value problem solver. Using
the MATLAB solver bvp4c the problem with ε = 10−2 is solved. The final objective
value is −188.8. In Figure 3.1 the optimal state trajectories are shown. The costate
trajectories are given in Figure 3.2. More interestingly, the optimal control is given
in Figure 3.3. As expected u∗ (T ) = 0, moreover, the maximum control input is
reached at t = 0. An interpretation with the system characteristics in mind is
as follows: The reaction S + E to SE is fast compared to the reaction from SE
to P + E. The second state y(t) represents this through the initial transient (fast
build up) and slow degradation over time. A larger u(t) towards the end of the
time interval would create a large contribution to the objective value via the u2
term without increasing the output y to much. Looking at Figure 3.1 we see that
y(t) is nearly constant except for t small, although x(t) increases to values over 6.
The high inflow of x in the beginning and its decrease over time while “waiting” for
the reaction to happen seems to be a reasonable approach given the objective.
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Figure 3.2. Costates λ1 (t) and λ2 (t)
to the optimal trajectories for the enzyme kinetic example with ε = 10−2 .

Figure 3.1. Optimal trajectories
x∗ (t), y ∗ (t) for the enzyme kinetic
example with ε = 10−2 .

u∗ ( t )

u( t )

4

2

0
0

2

4
t

Figure 3.3. Optimal control u∗ (t) =
ε = 10−2 .

λ1 (t)
2

for the enzyme kinetic example with

2.4. Control Theory for Two Timescale Systems. In this subsection we
conclude the study of singular perturbed systems from Chapter 2 and consider
singularly perturbed optimal control problems. These problems have drawn considerable attention in the past and a couple of reviews dealing with the subject
have been published: [46, 88, 70, 17].
All the aspects of mathematical control theory, like controllability, accessibility,
and optimal control can be reviewed from the singular perturbation angle. Of
course, as long as ε > 0 the various results continue to hold, still, exploiting the
time scale structure often gives additional insight. Often, properties of the full
control system can be deduced from independently analyzing the reduced fast and
slow subproblems.
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2.4.1. Controllability for Linear Two Timescale Systems. To illustrate some of
the specifics of singularly perturbed control problems we regard the linear system
(26)

Dt x = A11 (t)x + A12 (t)y + B1 u
ε Dt y = A21 (t)x + A22 (t)y + B2 u

where A11 , A12 , A21 , A22 , B1 , and B2 are (possibly time varying) matrices of
appropriate size. We are going to drop the argument t in favor of a compact
notation. This short exposition is mainly based on [46]. Obviously, if ε = 0 we can
solve the second equation if A22 (t) is non-singular for all t > 0 and obtain
z = −A−1
22 (A21 x + B2 u)
which gives the reduced system
−1
Dt x0 = (A11 − A12 A−1
22 A21 )x0 + (B1 − A22 B2 )u

or zero order approximation. A system for the zeroth order boundary layer Y (t)
solution is obtained by looking at the difference

−1
Y (t) = y − −A−1
22 (A21 x + B2 u) = y + A22 (A21 x + B2 u).
The following theorem on the controllability of (26) is deduced after applying a
transformation that decouples slow and fast motions.
Theorem 43 (Controllability, [46, Theorem 3.1]). There is an ε0 > 0 such
that for ε ∈ (0, ε0 ] the linear control system (26) is controllable (in the sense of
Definition 17) if
(1) the slow subsystem
−1
∗
Dt x∗ = (A11 − A12 A−1
22 A21 )x + (B1 + A12 A22 B2 )u

is controllable and
(2) the boundary layer controllability condition
rank[B2 , A22 B2 , . . . , A−1
22 B2 ] = ny
holds for all t ≥ 0.
In principle we have to check the controllability of the time-varying slow system
and a time-invariant zeroth order fast subsystem.
Remark 19. The conditions of the theorem are only sufficient but not necessary. They fail if the fast subsystem is controlled through the slow system.
Example 8. We now apply the theorem to the linear problem from Example
3. It has the system matrices



 1
1
0 0 0
−5
2
,
A
=
,
A11 =
12
8
0 0
0 − 21
5


 5 30

−7
0
0 0
7

A21 = 0 0 , A22 =  0 − 45 15
4
1
0 0
0
0 −2

and



0 0 0 0 0
B1 = 0 as well as B2 = 0 0 0 0 0 
0 0 0 0 32
Since the slow subsystem
 1



1
0 0 0 0
0
−5
∗
2
D t x∗ =
x
+
u
0 0 0 0 − 432
0 − 12
5
|
{z
}
|
{z
}
A

B
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is not time varying we have to check the rank condition from Theorem 23 and get
(omitting zero columns)


0
− 216
5
R(A, B) =
216
− 432
5
5

which has rank nx = 2 and thus the first condition of the theorem is fulfilled. The
second condition requires for


675
0
0
28

− 315
R(B2 , A22 ) =  0 − 45
8
32
3
3
3
−
2
4
8

to have rank ny = 3 which is the case. Thereby the second condition of the theorem
holds and there is a ε0 small enough such that the full system is controllable.

2.4.2. Optimal Control. We skip the analysis of nonlinear controllability and
reachability and proceed with singularly perturbed optimal control problems. We
will see that the structure of outer solutions and boundary layer corrections persists
also for the optimal control and the objective function.
The general approach to nonlinear singularly perturbed optimal control problems via the Pontryagin minimum principle is to derive a singularly perturbed
boundary value problem which then can be treated with methods presented in
Chapter 2, especially Section 2.
To illustrate the main ideas we review the nonlinear state regulator problem
[72], see also [88]:
Z 1
min J(u) = Θ(x(1), εy(1), ε) +
θ(x, y, u, ε)dt
u

(27)

subject to: ẋ = f (x, y, u, ε),

0

x(0) = ξ,

εẏ = g(x, y, u, ε), y(0) = η,

ψ x(T ), Y (T ) = 0
which is analog to the general problem (23) we dealt with before. For convenience
all functions are supposed to be C ∞ functions of their arguments on any domain of
interest. The εy(1) in the final time cost avoids Θ to depend on the fast variable y for
ε = 0. This enables to view y(t) as additional control in the reduced problem (ε = 0)
because then y(t) is an additional function constrained by algebraic equations only.
Using the Pontryagin minimum principle (Theorem 36) with the Hamiltonian
(assuming λ0 = 1)
T
H(x, y, λx , λy , u, ε) = θ + λT
x f + λy g
we get (additionally to the primal dynamic equations) the following ODE system
for the adjoint variables λx and λy :

Dt λx = − Dx H, λx (1) = Dx Θ(x(1), εy(1), ε) + νxT Dx ψ x(1), y(1) ,
(28)

ε Dt λy = − Dy H, λy (1) = ε Dy Θ(x(1), εy(1), ε) + νyT Dy ψ x(1), y(1) .
The singular perturbation transfers to the co-state equations.
We note that there are no restrictions on the value of the control u thus Du H =
0 is a necessary condition for a minimum to occur. Moreover, we assume the strong
Legendre-Clebsch condition (39), D2u H is positive definite, to hold. In that case a
(locally) optimal control u(t), that minimizes the cost functional J(u) exists [12]
for ε > 0. It also allows to solve Du H = 0 (locally) for u = ω(x, y, λx , λy , ε) and
replace it in (27) and (28). We now have a singularly perturbed boundary value
problem.
In Section 2 of Chapter 2 we dealt with such problems and saw that the main
challenge with problems of this type is to determine a reasonable reduced problem,
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i.e. setting ε = 0 in (27) and (28). In general, not all boundary values can be
satisfied and some of them have to be relaxed. For y(0) and λy (1), the boundary
values associated with the fast modes, the choice is obvious since they can not be
fulfilled for ε = 0. Their values
 are determined by algebraic equations. The final
state constraint ψ x(1), y(1) is too general to be able to state simple cancellation
rules. Only if they are also simple point constraints, like x(1) = ξT and y(1) = ηT ,
the conditions on y(1) and λy (1) have to be eliminated from the problem.
Back in Section 2 of Chapter 2 we stated a couple of assumptions for a singularly
perturbed boundary value problem to have a continuous solution (with respect
to ε → 0): B1–B4. If these assumptions hold for the problem compiled above,
Theorem 13 tells us that series solutions for x, y, λx , and λy exist and that boundary
layer corrections emerge at both ends of the time interval. If one would plug in
these representations into u = ω(x, y, λx , λy , ε) and further J(u) they can also be
developed into ε-series. Thus the optimal control u∗ is a combination of two fast
varying boundary layer corrections and slow varying outer solution.
The assumptions B1–B4 can be refined for control problems.
B1’ The reduced problem
Dt x = f (x, y, ω, 0),

x(0) = ξ,

Dt λx = − Dx H(x, y, λx , λy , ω, 0),


λx (1) = Dx Θ(x(1), εy(1), ε) + νxT Dx ψ x(1), y(1) ,
0 = Dλy H(x, y, λx , λy , ω, 0) = g(x, y, ω, 0),
0 = − Dy H(x, y, λx , λy , ω, 0),

has a unique solution x0 (t), y 0 (t), λ0x (t), and λ0y (t).
B2’ The Jacobian


Dyλy H + Dλy λy H
Hy,λy :=
∈ R2ny ×2ny
− Dyy H − Dyλy H
evaluated along x0 (t), y 0 (t), λ0x (t), and λ0y (t) has no purely imaginary
eigenvalues, moreover we require it to have exactly ny eigenvalues with
positive and ny eigenvalues with negative real part.
The assumption B1’ corresponds to B2 whereas B2’ is equivalent to B3 and B4.
The Jacobian Hy,λy can be analyzed in more detail. To this end we define z(t) =
T
y(t), λy (t) and further ω(z) = ω(x, y, λx , λy , 0), H(z, u) = H(x, y, λx , λy , u, 0),
and


0 I
E=
, I ∈ Rny ×ny ,
−I 0
so the algebraic equations from B1’ can be rewritten as

0 = E D1 H z, ω(z) .
The Jacobian Hy,λy is thus given by





Dz E D1 H z, ω(z) = E D11 H z, ω(z) + D21 H z, ω(z) Dz ω(z) .

We notice that differentiating the optimality condition Du H z, ω(z) = 0 with
respect to z gives


D22 H z, ω(z) Dz ω(z) + D12 H z, ω(z) = 0
−1

⇔ Dz ω(z) = − D22 H z, ω(z)
D12 H z, ω(z) .
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T
Finally, D21 H z, ω(z) = D12 H z, ω(z) and

T
−1


Hy,λy = E D11 H z, ω(z) − D12 H z, ω(z) D22 H z, ω(z)
D12 H z, ω(z) .
|
{z
}
Hz

The inner matrix Hz is real symmetric since D11 H as well as D12 H T D22 H D12 H
are symmetric (D22 H is symmetric). From the symmetry we have that Hz has a
full set of eigenvalues λi , i = 1, 2, . . . , ny and the multiplication with E leads to
Hy,λy having 2ny eigenvalues ±λi . The second part of condition B2’ is therefore automatically fulfilled if all eigenvalues of Hy,λy have nonzero real part. Interestingly,
for optimal control problems the partitioning of the eigenvalues is a consequence
of the co-state condition of the minimum principle. In other words, singularly perturbed boundary value problems derived from optimal control problems are well
behaved.
If B1’ and B2’ hold, the solution of the full problem converges to the solution
of the reduced problem for ε → 0 and the following series representations can be
stated [72, 40]:
x(t, ε) = x∗ (t, ε) + XL (t/ε, ε) + XR (s/ε, ε),
(29)

y(t, ε) = y ∗ (t, ε) + YL (t/ε, ε) + YR (s/ε, ε),
u(t, ε) = u∗ (t, ε) + UL (t/ε, ε) + UR (s/ε, ε),
J(u) = J ∗ (t, ε) + JL (t/ε, ε) + JR (s/ε, ε),

with s = 1 − t. Boundary layer corrections emerge at both ends of the time interval
and appropriate series representations can be found for all right-hand-side terms
in (29). The eigenvalue condition on Hy,λy is necessary for the stability of the left
and right hand boundary layer corrections to be stable in forward and backward
time, respectively.
Remark 20. We only considered one of the most simple nonlinear singularly
perturbed optimal control problems. Specifically we excluded constrained and
Mayer problems, problems with singular Hessians, and time optimal control. In
this cases often only examples can be treated completely since the convergence of
the full problem to the reduced problem for ε → 0 can not be guaranteed for a general problem class and for the asymptotic development into ε-series the involved
Hamiltonians and related boundary value problems are not smooth enough. For
examples and further analysis see [88, 17].
Remark 21. Another approach to obtain ε-series expansion is the so-called
direct scheme [5]. The idea is to formally plug in the expansions (29) into the
control problem (27) and collect same order terms separately for the three time
scales t, t/ε, and s/T . For each order of approximation, i.e. εk , k = 0, 1, 2, . . . ,
three optimal problems are obtained: One for the outer solution and one for each
boundary layer correction.
The main difference lies in the fact that the expansion in ε is performed before
applying the minimum principle. One can show that both approaches, i.e. the
direct scheme and the boundary value problem solution are the same if the control
problem can be expanded into ε asymptotically at all.
So far we only talked about the classic analytical approach to singularly perturbed optimal control problems, involving expansions of outer solutions and boundary layer corrections. We are now focusing on the geometric point of view (see Section 1.1). There we saw that the fast variable is restricted to a slow manifold given
by y = h(x, ε). For control problems the right hand side functions also depend on
the control input u. We define the new critical manifold (compare Definition 8)
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Definition 44 (Critical Manifold M0 for control systems). Let D be a compact domain in Rnx ×Rnu . If there is a function y = h0 (x, u) solving 0 = g(x, y, u, 0)
on D then by
T
M0 = { x y u | y = h0 (x, u), (x, u) ∈ D}
the ny -dimensional critical manifold M0 is defined.
If additionally the assumptions A8 and A9 (see page 12) are accordingly fulfilled
for (x, u) ∈ D then there is a function h(x, u, ε) such that
T
Mε = { x y u | y = h(x, u, ε), (x, u) ∈ D}
is (locally) invariant under the flux created by
Dt x = f (x, y, u, ε)
ε Dt y = g(x, y, u, ε).
The function h(x, u, ε) can be expanded into an ε-series with u being a pointwise
input. We now consider the reduced optimal control problem
Z 1
min J(u) = Θ(x(1), ε) +
θ(x, h(x, u), u, ε)dt
u

0

subject to: ẋ = f (x, h(x, u, ε), u, ε),

x(0) = ξ.

Tackling singularly perturbed optimal control problems with analytical methods is not an easy task. General and applicable statements, especially about nonlinear systems are rare. Even if all assumptions are fulfilled, the asymptotic expansions
and the matching of outer solutions and boundary layer corrections is a tedious undertaking. The more important are numerical methods, to which we come in the
next section.
3. Numerical Methods
Numerical methods to solve optimal control problems can be broadly divided
into two major categories: Direct and indirect methods. Indirect methods consist
of using either the dynamic programming approach or the minimum principle to
derive an equivalent problem and then use numerical algorithms. Deducing the
boundary value problem and solving it with MATLAB in Example 7 was prototypical
for that approach. Direct methods aim at solving the optimal control problem via
directly (hence the name) discretizing u(t) and the dynamic equations for the state
and thereby obtaining a finite-dimensional optimization problem which then can be
solved numerically. The difference between those two methods is often stated as first
optimize, then discretize (indirect) versus first discretize, then optimize (direct).
Both approaches rely on robust and efficient numerical optimization algorithms (in
the indirect approach to solve the BVP), so that the “backend” is often the same.
We will concentrate on direct methods and then give a short introduction into
constrained numerical optimization.
Optimal control problems arising from real world systems often feature additional parameters, that are subject to optimization, general objectives, and more
complex constraints and do not fit into the setting proposed by (23). For example, initial
values for the states might also be given by an equation of the form

ϑ x(0) = 0. More general, states and controls can be subject to nonlinear path
(in)equality constraints, i.e. there are functions
v(x(t), u(t), T, p) = 0
w(x(t), u(t), T, p) ≤ 0
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where v : X × U × T × Rnp → Rnv , w : X × U × T × Rnp → Rnw , and p ∈ Rnp
are additional parameters and are also featured in the right hand side function and
objective. The problem we aim to solve is
Z T
min J(t, x, u, p, T ) = Θ(T, x(T ), u(T ), p) +
θ(t, x(t), u(t), p)dt
x,u,T,p

(30)

0

s.t. Dt x(t) = f (t, x(t), u(t), p),
v(t, x(t), u(t), T, p) = 0,
w(t, x(t), u(t), T, p) ≤ 0,
t ∈ [0, T ].

All functions are supposed to be at least twice continuously differentiable.
Dealing with this problem theoretically is quite challenging. One central approach is to extend the minimum principle to obtain necessary conditions [38]. See
also [65] for a very general form. Extensions of the minimum principle are proven
for various different settings, i.e. the concrete form of the constraints allowed. In
general, one has to assume that the constraints v and w along an optimal solution
fulfill constraint qualification conditions involving rank conditions on the Jacobians
of v and w with respect to u and/or x. Besides the Hamiltonian
H(t, x, u, λ0 , λ) = λ0 Θ(t, x, u, p) + λf (t, x, u, p)
additional multipliers µ, ν and the Lagrangian
L(t, x, u, λ0 , λ, µ, ν) = H(t, x, u, λ0 , λ) + µv(t, x, u, T, p) + νw(t, x, u, T, p)
are introduced. Optimal solutions are then necessarily critical points of the Lagrangian with multipliers not equal to zero. A final value problem for λ(t) is obtained via Dt λ = Dx L∗ and a transversality condition on λ(T ). We are not stating
more details here and proceed with numerical methods that are used to solve the
problem.
3.1. Multiple Shooting. The ultimate goal of direct methods is to derive a
finite dimensional nonlinear program that can be solved numerically. This means
in essence discretization of the functions involved in the problem, i.e. eventually
regarding the functions only on finitely many time points ti ∈ [0, T ], i = 1, 2, . . . .
There are several methods available to achieve this.
Single shooting [15] consists of parametrizing u(t) with finitely many parameters such that
u(t) = u(t, α), α ∈ Rnα
where u(t, α) is completely defined by α for each t ∈ [0, T ]. A common example
are piecewise constant controls. To this end the parameters would be fixed time
points ti , i = 1, 2, . . . , nt , 0 = t1 < t2 < · · · < tnw = T and constants ui ∈ U ,
i = 1, 2, . . . , nt − 1 such that
u(t) = ui ∈ U

t ∈ [ti , ti+1 ), i = 1, 2, . . . , nt − 1.

Remark 22. The parametrization for u is arbitrary as long as the number
of parameters needed is finite. Common are the mentioned piecewise constant
approximations and higher order (piecewise) polynomials, e.g. cubic splines that
could be used to ensure a differentiable control solution. Depending on the problem
at hand other approaches are possible, for example
u(t) = u(t, α) =

nα
X
j=−nα

αj e2πjit ,

t ∈ [0, 1],
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where u(t) is approximated through a finite Fourier sum and the parameters are
the amplitudes of the involved harmonic functions.
The initial value problem Dt x(t) = f (t, x(t), u(t), p), x(0) = ξ on [0, T ] is
replaced by Dt x(t) = f (t, x(t), u(t, α), p), x(0) = ξ and can be solved for admissible
α by using an appropriate numerical initial value solver that computes x(T ) =
φ(T, 0, ξ, α). Problem (30) is replaced with
min J(t, x(t, x), u(t, α), p, T )

x,α,p,T

s. t. Dt x(t) = f (t, x(t), u(t, α), p),
v(0, x(0), u(0, α), T, p) = 0,
(31)

w(0, x(0), u(0, α), T, p) ≤ 0,

v(t, x(T ), u(T, α), T, p) = 0,
w(t, x(T ), u(T, α), T, p) ≤ 0,
t ∈ [0, T ].

Note that the path constraints can only be checked for t = 0 and t = T . Problem
(31) is an optimization problem over a finite dimensional search space and the result
is an initial value ξ ∗ , control parameters α∗ , an optimal final time T ∗ , and optimal
parameters p∗ . If the solution of the finite problem is a good approximation of
the solution of the infinite problem depends critically on the parametrization of
u. Moreover, it turns out that the nonlinear optimization problem (31) is often
numerically unstable depending on the sensitivity of the differential equation with
respect to ξ and α. If the solution of the initial value problem is (numerically)
unstable for certain input α the relatively long integration from [0, T ] will lead to
difficulties.
Among other things these stability issues lead to development of multiple shooting [9, 15, 85]. The idea is to divide the time domain of interest [0, T ] into nt
subintervals 0 = t1 < t2 < · · · < tnt = T where ti might be free. At this time
points, also called multiple shooting nodes we introduce the approximate solution
xi ≈ x(ti ). The control is replaced by a parametrized version, however, parameters
might vary on each multiple shooting interval, meaning we have


t ∈ [ti , ti+1 ), i = 1, 2, . . . , nt − 1,
ui (t, αi )
u(t) = ui (t, αnt ) t = T,


0
else,
where each αi ∈ Rnα . For example if again piecewise constant controls are desired
each αi would be a single real number. The numerical solution on the i-th multiple
shooting interval can now be obtained by integrating the initial value problem
Dt x(t) = f (t, x(t), ui (t, αi ), p),

x(ti ) = ξi , t ∈ [ti , ti+1 ], i = 1, 2, . . . , nt − 1,

which is completely defined if ti , ti+1 , αi , and ξi are known. Let us denote the
solution of this problem by xi (t), i = 1, 2, . . . , nt − 1 and let xnt (t) = xnt . To
obtain a continuous solution for the state over the whole time interval we add the
following continuity constraints to the problem:
xi (ti+1 ) = xi+1 (ti+1 ) = ξi+1 ,

i = 1, 2, . . . , nt − 1.
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Figure 3.4. Multiple shooting.
Note that x1 (t1 ) = x1 (0) is (possibly) already constrained in the original problem
(30) as is xnt −1 (tnt ) = xnt −1 (T ) = xnt . Finally, we arrive at
nt
X
J(t, xi (t), ui (t, αi ), p, T )
min
ξi ,αi ,p,ti ,T

i=1

s. t. Dt xi (t) = f (t, xi (t), ui (t, αi ), p),
xi (ti ) = ξi ,

i = 1, 2, . . . , nt − 1,

xi (ti+1 ) = xi+1 ,
(32)

i = 1, 2, . . . , nt − 1,

i = 1, 2, . . . , nt − 1,

v(ti , xi (ti ), ui (ti , αi ), T, p) = 0,

i = 1, 2, . . . , nt ,

w(ti , xi (ti ), u(ti , αi ), T, p), ≤ 0,

i = 1, 2, . . . , nt ,

nX
t −1
i=1

ti+1 − ti = T,

0 = t0 < t1 < t2 < · · · < tnt = T,
gv (t1 , t2 , . . . , tnt , T ) = 0,

gw (t1 , t2 , . . . , tnt , T ) ≤ 0.
Remark 23. The last four constraints are dealing with the multiple shooting
nodes. The first condition ensures that the final time T is reached if the length of all
multiple shooting intervals is summed up. In the next condition the strict inequalities are necessary because in the case ti = ti+1 and ui−1 (t, αi−1 ) = ui (t, αi ) =
ui+1 (t, αi+1 ), i = 1, 2, . . . , nt − 2, t ∈ [ti−1 , ti+2 ] the position of ti = ti+1 would
be arbitrary within [ti−1 , ti+2 ] which, depending on the concrete implementation,
might lead to failures in the optimization because ti = ti+1 is undetermined. The
time constraint gv and gw are introduced to implement additional constraints on
the position of the multiple shooting nodes, e.g. only allowing an equidistant grid
of time points or a minimal length for the multiple shooting intervals. They do not
have to be present.
Problem (32) is a finite nonlinear program because all optimization variables
are finite-dimensional. Figure 3.4 serves as illustration of the approach. In the state
of the algorithm depicted, the continuity conditions for x are not yet fulfilled. In
comparison to the single-shooting approach the number of optimization variables
has increased as has the number of constraints. This might increase the computation time. However, the aim of multiple shooting is not so much speed but stability.
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The initial value problems only have to be solved on the comparatively short multiple shooting intervals. The granularity of the discretization is easily adjustable to
achieve a stable solution or to adopt a control structure (e.g. switching points) that
are inherited from the underlying control problem. The path constraints defined
by v and w can only be guaranteed to be fulfilled at the multiple shooting nodes.
This is still better than in single shooting where without extension path constraints
can not be handled.
For a successful numerical solution of (32) two main ingredients are needed:
First, a numerical integration routine to solve the initial value problems that preferably is also able to compute derivatives of the solution of an ODE with respect to
initial values and parameters. And secondly, an NLP solver.
3.1.1. Numerical Solution of Initial Value Problems and Automatic Differentiation. Consider the initial value problem
(33)

Dt x(t) = f (t, x(t), p),

x(τ ) = ξ,

t ∈ [τ, σ],

with f : R × Rnx × Rnp → Rnx , σ > τ . Let the right hand side be at least twice
continuously differentiable with respect to x and p. The initial value problems
resulting from the multiple shooting approach fit into this setting by subsuming the
control function parameters αi and the parameter vector p into the “new” parameter
vector p in problem (33). We are not only interested in the solution x(σ) but also
in the derivatives Dξ x(σ), Dσ x(σ) and Dp x(σ). The later derivatives are often
called parameter sensitivities of the ODE (33). To facilitate the computation of the
sensitivity of the solution with respect to σ we introduce
∆t = σ − τ
and each time point t ∈ [τ, σ] can now be represented through
τ ∈ [0, 1].

t = τ + ∆tτ,

Using this equation we transform (33) to the new time scale τ ∈ [0, 1] and have
Dτ x(τ ) = ∆tf (τ + ∆tτ, x(τ ), p),

x(0) = x,

τ ∈ [0, 1].

abusing the notation and reusing x for the new state variable on the new time scale.
The result of the transformation is that the length of the time interval ∆t is an
explicit parameter of the right hand side function and the derivative D∆t x(1) can
be treated the same way as Dp x(1). Note that in the context of multiple shooting
the transformation also has to be applied to the control function as well as the time
constraint functions. For convenience we regard the new problem
Dt x(t) = f (t, x(t), p),

(34)

x(0) = ξ,

t ∈ [0, 1],

We proceed with describing a backward differentiation formula (BDF) based
integration routine which is employed in the numerical tool that is used to solve
our optimal control problems [37, 15]. BDF methods are linear multistep methods
that are particularly suited to tackle stiff problems. We introduce the time grid
tj = jh, j = 0, 1, . . . , nt with a time step h such that tnt = 1, i.e. h = n1t . The
approximate solution at time tj is xj ≈ x(tj ). The approximation is done via a
(variable) order polynomial that is used to interpolate the last s solution values,
s ∈ {1, 2, . . . , S} where S is the maximum order of the method. The general form
of a BDF is
S
X

αk xn−k = hβf (tn , xn , p),

n = S, S + 1, . . . , nt .

k=0

The coefficients αk and β are chosen to guarantee a maximal approximation order.
The method is implicit for β 6= 0, because the unknown new approximation xn is
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argument of the possibly nonlinear right-hand side function f . Typically a Newton
type method is used to solve for xn .
From Theorem 4 we know that if f is partially differentiable the solution of
the initial value problem is a differentiable function of x and p and the desired
sensitivities exist and are bounded. If one writes the solution of problem (34) in
the form
Z
1

x(t, x, p) = ξ +

f (τ, x(τ, ξ, p), p)dτ,
0

a differential equation for the sensitivities can be formulated by formally differentiating the integral equation with respect to x and p. We obtain
Z 1
Dξ x(t, x, p) = 1 +
D2 f (τ, x(τ, ξ, p), p) Dξ x(τ, ξ, p)dτ
0

and
Z
Dp x(t, ξ, p) =

0

1

D2 f (τ, x(τ, ξ, p), p) Dp x(τ, ξ, p) + D3 f (τ, x(τ, ξ, p), p)dτ.

Writing s0 (t) = Dξ x(t, ξ, p) and s(t) = Dp x(t, ξ, p) we have

 

s0 (t)
D2 f (t, x(t, ξ, p), p)s0 (t)
Dt
=
,
s(t)
D2 f (t, x(t, ξ, p), p)s(t) + D3 f (t, x(t, ξ, p), p)



  
s0 (0)
1
=
s(0)
0

which are known as the adjoint or variational differential equation to the initial value
problem (34). They can in principle be solved using the BDF method described
above.
However, another method that is used in practice because of its computational
advantages is internal numerical differentiation [6, 7]. The basic idea is to differentiate the BDF algorithm itself with respect to initial values and parameters.
This way internal states of the integrator can be reused, for example adaptive time
grids.
Regardless of the method used to compute sensitivities there is a need for the
Jacobians of f with respect to x and p. Also for the not augmented BDF method
differential information is needed if a Newton method is used to solve the nonlinear
system of equations. In general these could be generated using finite differences
at the cost of extra evaluations of the right hand side function f . Depending on
the problem, besides the increased cost, finite differences might be unstable or even
unreliable. An alternative is to use analytic expressions, however, this would mean
the user has to provide them and for large systems this can become very tedious
even if symbolic computing tools are used. An advanced method is the use of
automatic or algorithmic differentiation (AD) [35]. To this end the elementary
operations that are needed to evaluate the right hand side f are recorded and can
then be differentiated. Differential information of any order can be obtained by use
of the chain rule. For the simple example f h(x) we have

Dx f h(x) = Dh f Dx h.
With AD the chain rule is either evaluated from left to right (forward mode) or
right to left (reverse mode). Note that this is not equivalent to symbolic differentiation with the help of a symbolic mathematics program (like Mathematica).
There f would be regarded as a single expression whereas AD regards the elementary operations that make up the right hand side. Another advantage of AD is
that sparsity information for Jacobian or Hessian matrices can be obtained easily,
probably saving storage and computation time.
In actual implementations sophisticated approximation error controlling strategies are used as well as adaptive time grids and adaptive method order and other
improvements that increase the robustness and efficiency of the BDF method. The
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implementation we use was written by Dominik Skanda for his PhD thesis [83]. It
uses CppAD [3] for automatic differentiation and includes many advanced techniques,
that were not included in this description.
3.1.2. Nonlinear Programming. Eventually, the NLP (32) has to be solved to
obtain an approximated optimal control solution to problem (30). We will only
provide a very short overview over the most important results with a focus on
interior point methods. There is a bulk of literature available, e.g. textbooks like
[71, 31, 60]. We generally follow the review [25].
We rephrase the problem we are dealing with in general terms to facilitate the
discussion. Consider
min f (x)
x

(35)

s.t. v(x) = 0,
w(x) ≥ 0,

where x ∈ Rnx and f : Rnx → R, v : Rnx → Rnv , and w : Rnx → Rnw are at least
twice continuously differentiable. For notational convenience we write ∇ f (x) :=
Dx f (x)T ∈ Rnx ×1 for the gradient of f at x and ∇2 f (x) for the Hessian of f at x.
The Jacobian D∗ v will be denoted by Jv (x), analogously Jw is defined while the
combined Jacobian J(x) := [Jv , Jw ](x) is defined thusly. Additionally, to simplify
the notation we will write x · y for the componentwise multiplication of two vectors
x, y ∈ Rnx .
Definition 45 (Feasible Region, [25, Definition 2.1]). Let the constraint functions w(x) and v(x) be given. The set
ΩF = {x ∈ Rnx | v(x) = 0 and w(x) ≥ 0}
is called the feasible region
The next definition describes conditions under which “interesting” points of
(35) might exist.
Definition 46 (KKT Points, [25, Definition 6.1]). Let problem (35) be given.
The (first-order) KKT conditions hold at a point x∗ ∈ Rnx if there is λ∗ =
(λv , λw )T ∈ Rnx , λv ∈ Rnv , λw ∈ Rnw such that
(1) x ∈ ΩF , (feasibility)
(2) ∇ f (x∗ ) − J(x∗ )T λ = 0, (stationarity),
(3) λv ≥ 0 (nonnegativity of the inequality multipliers), and
(4) v(x∗ ) · λ∗w = 0 (complementarity for the inequality constraints).
Additionally, x∗ is called a KKT point.
Remark 24. The second condition of the theorem becomes more clear if we
look at the Lagrangian


v(x)
T
L(x, λ) = f (x) − λ
,
w(x)
i.e. KKT points are stationary points of the associated Lagrangian function to
problem (35). The Lagrangian resembles a remarkable similarity to the Hamiltonian encountered in optimal control and indeed the two problems are very similar,
both include minimizing an objective function with respect to a variable subject
to constraints. The difference lies in the dimensionality of the search space, finite
versus infinite.
The KKT conditions are based on the linearization of the Lagrangian and the
constraint functions. However, on their own they are not necessary conditions for
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an optimum to occur. More assumptions are needed and to state them we define
A(x) := {j | wj (x) = 0},
the set of indices of active constraints: Inequality constraints for which equality
holds.
Definition 47 (LICQ, [25, Definition 6.3]). Consider problem (35). The linear independence constraint qualification hold at a feasible point x∗ if the
combined Jacobian
[JA (x∗ ), Jv (x∗ )]
has full rank. Here, JA (x∗ ), is the Jacobian of the active inequality constraints.
The LICQ condition is fulfilled if the gradients of the active constraint functions
are linearly independent. Now necessary conditions can be stated.
Theorem 48 (First Order Necessary Conditions, [25, Lemma 6.5]). Let x∗
be a local minimizer of (35). If LICQ holds at x∗ then the KKT conditions are
satisfied for x∗ .
The other way around if LICQ holds, which can be checked numerically then
KKT points are candidates for a local minimum of f . Finally, to state sufficient
conditions we define the Hessian of the Langrange function with respect to x:
H(x, λ) = D2x L(x, λ) = ∇2 x −
(v)

nv
X
j=1

(v)

λj ∇2 vj (x) −

nw
X
j=1

(v)

λj ∇2 wj (x),

(w)

where λ and λ
are the Lagrange multipliers with respect to the equality and
inequality constraints, respectively.
Theorem 49 (Second Order Sufficient Conditions, [25, Theorem 6.10]). For
problem (35) the point x∗ is a local, isolated minimizer if
(1) x∗ is feasible and LICQ holds for x∗ ,
(2) x∗ is a KKT point and λ∗j > 0 for all j ∈ A(x∗ ) (strict complementarity),
(3) for all vectors p 6= 0 satisfying JA (x∗ )p = 0 there is a ω > 0 such that
pT H(x∗ , λ∗)p ≥ ω kpk

2

holds.
Remark 25. The condition on the Hessian H(x, λ) can be restated in terms
of the reduced Hessian
T
NA
H(x, λ)NA
where NA is a matrix of basis vectors for the null space of [JA (x∗ ), Jv (x∗ )].
With this we end the discussion of the theoretical background and now turn
to the algorithmic side of the problem. We use the interior point solver IPOPT [89]
later. To outline the algorithm it implements we consider the simplified problem
min f (x)
x

(36)

s.t. v(x) = 0
x ≥ 0.

We assume f and v to be at least twice continuously differentiable. Additionally we
assume at least one local isolated minimizer x∗ exists and that the LICQ conditions
are satisfied at x∗ . General nonlinear inequality constraints w(x) ≥ 0 can be treated
through the use of a slack variable s ∈ Rnw as in
w(x) − s = 0,

s ≥ 0.
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The general inequality is replaced by an equality constraint and a bound constraint
for s which is now also subject to optimization.
The basic idea of an interior point method is to replace the constrained problem
(36) with a series of problems only constrained by equality constraints by augmenting the objective with a so called barrier term. Common is
nx
X
min θ(x, µ) = f (x) − µ
log χj
x

j=1

s.t. v(x) = 0,
where µ > 0 is called the barrier parameter, which is consecutively driven towards
zero. Obviously, log χj will approach infinity if the component χj converges to zero
and thus the bound constraint can not be broken. The homotopy problem
(37)

∇ f (x) + Jv (x)T λ − z = 0,
v(x) = 0,

x · λ − µ1nx = 0

is equivalent to the KKT conditions for the original problem (36) for µ = 0
and additionally x, z > 0 has to hold. In the third equation 1nx is the vector
(1, 1, . . . , 1)T ∈ Rnx . Here λ are the Lagrange multipliers for the equality constraints and z for the zero bound. Since we assume LICQ to hold this are necessary
conditions for an optimum and a solution of (37) can be numerically obtained by
applying a version of Newtons method for a fixed µj > 0. Therefore we have
an outer iteration over µ (using the index j) and inner iterations of the Newton
method (using index k). In each iteration of inner problem we have to solve the
linear system

  x


dk
Wk Ak −I
∇ f (xk ) + Ak λk − zk
 AT

v(xk )
0
0  dλk  = − 
k
xk · zk − µj e
Zk
0 Xk
dzk

where Ak = Jv (xk ), Wk = ∇2 L(xk , λk , zk ). The new iterates are generally computed through
xk+1 = xk + αk dxk ,
λk+1 = λk + αk dλk ,
zk+1 = zk + αk dzk ,

with a step size αk , which is computed through a sophisticated filter-line-search
approach, [89]. It can be shown, [25] that decreasing µ monotonously, will produce
a differentiable path (with respect to µ) through the interior of the feasible region
of solutions to the barrier problem that converges to a local solution of the original
problem (36).
Practical implementations like IPOPT employ various additional tweaks and subalgorithms like second order corrections, feasibility restoration phases, and more to
ensure a robust and efficient convergence to a feasible minimizer. These tweaks are
a topic of its own and we are not presenting any details here.
3.1.3. Implementation Details of the Multiple Shooting Algorithm. The multiple shooting algorithm outlined above is implemented in the software package DOT
by Markus Esenwein, [18]. The software can solve multi-stage Mayer problems subject to time dependent ODEs with nonlinear equality and inequality constraints on
path and controls as well as nonlinear constraints on the multiple-shooting nodes.
Multi-stage means that there might be several right hand sides fj and according
time intervals Tj = [tj0 , tj1 ] with tj1 = tj+1
0 , j = 1, 2, . . . , n possibly depending on the
same controls and/or parameters. They arise for example when modeling chemical
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control processes with several reaction stages, like heating phase, reaction phase,
and cooling phase.
DOT uses the BDF integrator from Dominik Skanda [83] and IPOPT to solve
the two main problems of integrating the initial value problem and optimizing
the NLP. The controls are approximated by arbitrary order polynomials on each
multiple shooting interval. The optimization variables with respect to the control
are thus the polynomial coefficients.
To solve the NLP various functions have to be differentiated once or twice with
respect to the optimization variables. Although, finite differences could be used
to approximate the sensitivities the stability and efficiency is highly increased if
exact gradients, Jacobians and Hessians are provided. Automatic differentiation via
CppAD [3] (as described in Section 3.1.1) is used for this purpose for the objective and
the constraint functions. Since the constraints involve the solution of the ODE the
sensitivity generating capabilities of the BDF integrator are used to obtain accurate
derivatives of the solution of the ODE with respect to the control parameters, initial
values, and the length of the multiple shooting intervals.
4. Summary
In this chapter we provide an overview of the theory of mathematical control
with an emphasis on optimal control and concluded with some remarks on how such
problems might be solved numerically. The control systems we consider here are
based on ordinary differential equations to provide a dynamical system map that
takes an initial state ξ ∈ X ⊂ Rnx to some final state x1 via the time dependent
path x(t), t ∈ T ⊂ R. The dynamical system is subject to external input u ∈ U,
with values in U ⊂ Rnu , i.e. the ODE is given by
Dt x = f (x, u).
We introduce the notion of controllability which means every initial state ξ ∈ X
can be controlled to every final state x1 ∈ X and see that for time independent
linear systems, i.e. f = Ax + Bu, with U = Rnu controllability is equivalent to the
condition that the matrix
[B, AB, A2 B, . . . , Anx −1 B]
has rank nx . For strict subsets U ⊂ Rnu controllability depends on the stability
properties of the matrix A, i.e. all eigenvalues have to have positive or zero real
parts. A similar albeit less practical condition can be stated for time dependent
linear systems. For nonlinear systems the problem is more complex and the concept
of controllability has to be weakened to the less strict concept of reachability, which
describes sets of points that can be reached from an initial state ξ. Using Lie
algebra techniques a rank condition can be given that if fulfilled is equivalent to
the reachable set of a point x having nonempty interior.
Optimal control problems are control systems subject to an objective functional,
i.e. a performance measure J : X × U → R, J x(t), u(t) 7→ R that has to be
minimized. One approach to problems of this type is the Pontryagin minimum
principle which replaces the optimization over an infinite search space (the space
of admissible control functions) to a pointwise minimization of the Hamiltonian
function H associated with an optimal control problem. To this end a costate
variable λ : R → Rnx is introduced and using the conditions of the minimum
principle a boundary value problem is obtained for x and λ that has to be fulfilled
by an optimal solution. The minimum principle gives necessary conditions that
have to be realized along an optimal trajectory x∗ (t), λ∗ (t) and u∗ (t).
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Although the minimum principle can be used to solve optimal control problems
in practice direct numerical algorithms are employed mainly. They aim at discretizing the control function space and approximate the optimal control problem with an
NLP. Our approach is multiple shooting where the overall time interval is divided
into subintervals on which the control is parametrized finitely, e.g. piecewise constant. The initial values for the state equations are also subject to the optimization
and additional continuity constraints guarantee the continuity of the solution x∗ (t).
As a result two main subproblems remain: Integration of the initial value problems
and solving the NLP. For the integration a BDF method is used while the NLP is
solved using the interior point software IPOPT. All the differential information that
is needed in the integrator and IPOPT is generated using automatic differentiation
with CppAD.

CHAPTER 4

Interpolation
1. Introduction
Interpolation in general describes the process of obtaining information about
a mapping from a finite number of samples. The defining feature of interpolation
(versus approximation) is that the samples are reproduced exactly by the interpolation process.
Example 9 (Lagrange Polynomial). Let f : R → R be a (unknown) function.
Further we are given xi ∈ R, i = 1, 2, . . . , n, x1 < x2 < · · · < xn , and fi = f (xi ).
The objective is to construct sf : R → R such that fi = sf (xi ) holds. One possible
solution is
n
X
(38)
sf (x) =
fi `i (x)
i=0

with the Lagrange basis polynomials
`i (x) =

n
Y
x − xj
.
x
− xj
j=0 i
j6=i

Since `k (xi ) = 0 for k 6= i and `i (xi ) = 1 the interpolation condition is fulfilled.

The interpolation of function values on the real line, also called univariate
interpolation is a cornerstone of numerical mathematics, [14, 85]. Therefore, we
will only highlight a few results that we need later when dealing with multivariate
interpolation.
We will now state the general form of the interpolation problem considered
here. To this end let W be a linear (function) space and W ∗ its dual. Further let
L = {Li }ni=1 ⊂ W ∗ be a finite set of bounded linear functionals, and F = {fi }ni=1
a set of real numbers. The aim of interpolation is to find a sL ∈ W such that
(39)

Li (sL ) = fi ,

i = 1, 2, . . . , n

holds. The existence of an interpolation function is highlighted in the next theorem.
Theorem 50 ([14, Theorem 2.2.2]). Let W be a n-dimensional linear space
and L = {Li }ni=1 ⊂ W ∗ elements of its dual. The interpolation problem (39) has a
solution iff the Li are linearly independent in W ∗ . The solution is unique.
It is clear that if we choose si ∈ W , i = 1, 2, . . . , n linearly independent,
the unknown interpolation
function sL can be uniquely represented as a linear
Pn
combination sL = i=1 ai si with ai ∈ R. The interpolation condition (39) takes
the form
n
X
(40)
Li (sL ) =
aj sj = fi , i = 1, 2, . . . , n,
j=1

and the solution of the interpolation problem is coupled to the regularity of the
system of linear equations in (40). In other words the dimension of the interpolation
space W must be the same as the number of functionals.
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Example 10. Picking up Example 9 we have as functionals the evaluation of
f at the nodes xi :
Li (f ) = f (xi ) = fi , i = 1, 2, . . . , n.
We choose W = πn (R), the space of polynomials with maximum degree n and
coefficients in R. The Lagrange polynomials form a basis of that space, and using
the interpolation formula (38) the unique polynomial of degree n is obtained that
fulfills
Li (sπn ) = sπn (xi ) = fi .
Other important and frequently used functionals are
Li (f ) = Dix f (x0 ),

i = 0, 1, . . . , n

which give rise to the Taylor polynomial and
(
f (xi )
i = 1, 2, . . . , n, j = 0,
j
Li (f ) =
Dx f (xi ) i = 1, 2, . . . , n, j = 1,
which is known as Hermite interpolation.
2. Multivariate Interpolation
In contrast to the interpolation problem in one variable the multivariate counterpart proves to be more complex and difficult. The major obstacle to overcome
is to determine the space of interpolation functions that in a certain way optimally
fits with the given data. Often, there are many different interpolation spaces or
their construction depends on the functionals that are interpolated. A major part
of this material is based on [91].
Definition 51 (Haar Space, [91, Definition 2.1]). Let Ω ⊆ Rd contain at least
n points, moreover let W ⊆ C(Ω) be an n-dimensional linear space. If for arbitrary
distinct points xi ∈ Ω and arbitrary fi ∈ R, i = 1, 2, . . . , n there exists exactly one
function s ∈ W such that s(xi ) = fi , i = 1, 2, . . . , n then W is called a Haar space
of dimension n.
Lemma 52 ([91, Theorem 2.2]). If W is an n-dimensional Haar space then the
following statements are equivalent
• Every s ∈ W \{0} has at most n − 1 zeros.
n
• For arbitrary distinct points
n xi , i = 1, 2, . . . , n and any basis {si }i=1 of
W it holds that det si (xj ) i=1, j=1 6= 0.
The crucial and somewhat surprising theorem is the following
Theorem 53 (Mairhuber-Curtis, [91, Theorem 2.3]). If Ω ⊆ Rd , d ≥ 2 contains an interior point then there exists no Haar space on Ω with dimension n ≥ 2.

Proof. Suppose W = span{si }ni=1 is a Haar space on Ω. Since Ω contains an
interior point, say x0 there is a nonempty ball B(x0 , δ) with δ > 0 such that we can
fix n − 3 distinct points xi ∈ B(x0 , δ), i = 3, 4, . . . , n. Now we construct continuous
curves x1 (t) and x2 (t), t ∈ [0, 1] with the following properties: x1 (0) = x2 (1),
x1 (1) = x2 (0), x1 (t) 6= x2 (t) for t 6= 0, 1, and x1 (t), x2 (t) 6= xi i = 3, 4, . . . , n for all
t. In other words the curves do not intersect with each other (except at t = 0 and
t = 1) and the other xi . This is possible since d ≥ 2. Now we have a look at the
determinant
n
D(t) = det si (xj ) i=1, j=1 .
Because W is supposed to be a Haar space D(t) is continuous and nonzero for all
t. However, it also holds that D(0) = −D(1) because the first two rows of D(t) are
exchanged. This is a contradiction and W can not be Haar space.


2. MULTIVARIATE INTERPOLATION

61

Remark 26. The theorem excludes the possibility that for regions Ω ⊂ Rd
with d ≥ 2 there exists a space of interpolation functions that can be used for
all configurations of sample points to solve the interpolation problem. For multivariate interpolation two possibilities are left: Construct the space of interpolation
functions based on the configuration of the sample points or only allow a certain
configuration of sample points such that a given interpolation space can be employed.
Remark 27. If we soften the requirement, that the interpolation space has
exactly the same dimension as the number of functionals that are interpolated then
we may find interpolation spaces that are unisolvent for all sets of sample points
[29], but it is yet impossible to determine the minimum dimension needed for the
interpolation space given a certain amount of sample points.
In the application that we have in mind we have first order derivative information available at the sample points of the function f that we try to interpolate. So we are looking for an extension of Hermite interpolation to dimensions
d ≥ 2. This is not consistently defined. In this work we will constrain ourselves
to the case that is usually called Hermite interpolation of total degree [59]. To
d
this end let X = {xk }N
k=1 be a set of pairwise distinct points from R , further let
m1 , m2 , . . . , mN ∈ N0 , then Hermite interpolation of total degree is defined by the
functionals
Lk,α (f ) = δxk ◦ Dα f = Dα f (xk ),

0 ≤ |α| ≤ mk , k = 1, 2, . . . , N.

For mk = 0, k = 1, 2, . . . , N we get Lagrange interpolation. In our case mk = 1 for
all k = 1, 2, . . . , N , which implies all first order partial derivatives are available. It
also means we have N + N d = N (d + 1) functionals to interpolate.
The classic approach to multivariate interpolation are tensor based methods.
The main idea is to treat each dimension independently and solve d univariate
interpolation problems. Thus this approach is independent from the dimensionality
of the overall problem and the univariate interpolation process that is used. The
main drawback is that the interpolation nodes are confined to regular d-dimensional
grids. This is problematic in two aspects: Sometimes the function that should be
interpolated can not be evaluated on a complete grid or data might be missing
at some nodes. Also, if a higher resolution or higher accuracy is only needed in
part of a domain still the granularity of the whole grid has to be increased which,
depending on the input dimension and the refinement means a huge increase in the
problem size. This is due to the exponential dependence of the number of points in
a tensor grid on the dimension, which is a problem in itself, because it essentially
restricts the method to only a few dimensions.
2.1. Multivariate Polynomials. In the univariate setting polynomial based
methods are predominant, mainly in the form of splines. This is due to the already
mentioned fact that the involved interpolation spaces are Haar spaces and that
efficient and robust implementations are possible. Theorem 53 tells us that we do
not have this favorable situation in the multivariate case. Nevertheless, polynomial
interpolation can be extended in various directions.
An overview over the historical development and different approaches for global
polynomial interpolation can be found in the two review papers [28, 29]. Given the
general problem two main strategies are possible. First, given a certain interpolation
space of polynomials determine the sets of nodes for which the interpolation problem
does have a solution. Often general conditions on the distribution of the nodes
can be formulated. The other way around, given a set of nodes determine or
construct a polynomial space such that the interpolation problem has a solution.
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In [10] a framework is developed that allows to construct the minimum dimensional
polynomial space that allows the unique solution to the interpolation problem given
a set of points X ⊂ Rd . The described method can be extended to interpolating
general linear functionals Lk , including the Hermite case.
3. Radial Basis Function Interpolation
Radial basis function (RBF) interpolation is a method of multivariate interpolation that is truly dimension and grid independent and can thus be used for very
general multivariate interpolation problems. It is the method we use for the purpose of interpolating the slow manifold in the optimal control problems we solve,
see Chapters 5 and 6.
3.1. Positive Definite Functions. A central concept of RBF interpolation
is that of a positive definite function.
Definition 54 (Positive definite function, [91, Definition 6.1]). A continuous
function Φ : Rd → C is said to be positive semi-definite if for all N ∈ N, all sets
N
of pairwise distinct nodes X = {xk }N
it holds that
k=1 , and all α ∈ C
N X
N
X
`=1 k=1

α` αk Φ(x` − xk ) ≥ 0.

If the quadratic form is positive for all α ∈ C \{0} then Φ is called positive
definite.
The reason why this property is compelling lies in the fact that if we consider
Lagrange interpolation, i.e. Lk (f ) = δxk f = f (xk ) = fk , with the set of pairwise
distinct centers X = {xk }N
k=1 the interpolant
sf,X (x) =

N
X
k=1

λk Φ(x − xk )

with Φ positive definite leads to the interpolation condition
δx` sf,X = sf,X (x` ) =

N
X
k=1

λk Φ(x` − xk ) = δx` f = f` .

We obtain the linear system
Aλ = F,
where
A`,k = Φ(x` − xk ),

λ = λ1

λ2

...

λN

T

,

F = f1

f2

...

fN

T

with A positive definite since αT Aα > 0 holds for all α ∈ CN \{0} by definition.
That guaranties a unique solution to the interpolation problem for all sets of pairwise distinct nodes.
We will go on to characterize positive definite functions a little more. Some
basic properties are collected in the next theorem.
Theorem 55 ([91, Theorem 6.2]). If the Φ(x) are positive definite functions,
then the following statements hold:
(1)
(2)
(3)
(4)

Φ(0) ≥ 0.
Φ(−x) = Φ(x), ∀x ∈ Rd .
|Φ(x)| ≤ Φ(0), ∀x ∈ Rd .
Φ(0) = 0 ⇔ Φ ≡ 0.
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(5) If Φ1 ,P
Φ2 , . . . , Φn are positive semi-definite and cj ≥ 0, j = 1, 2, . . . , n ⇒
n
Φ = j=1 cj Φj is also positive semi-definite. If Φk is positive definite
and ck > 0 for at least one k ∈ {1, 2, . . . , n} ⇒ Φ is positive definite.
(6) The product of two positive definite functions is also positive definite.
We introduced positive definite functions with values in C since later we will
employ Fourier transforms for their characterization. From the above theorem,
property (2) it follows that positive definite functions can be real-valued only if
they are even. In that case it is sufficient to use real coefficients in the quadratic
form.
Theorem 56 ([91, Theorem 6.3]). Let Φ : Rd → R be continuous. Then Φ is
positive definite iff it is even and for all N ∈ N, for all α ∈ RN \{0}, and for all
pairwise distinct {xk }N
k=1 it holds that
N X
N
X
`=1 k=1

α` αk Φ(x` − xk ) > 0.

We will proceed with providing tools that will help to decide whether a given
function is positive definite or not. It turns out that the Fourier transform plays
a viable role in this. Therefore, the Lp spaces, 1 ≤ p ≤ ∞, are defined as usual:
Lp (Ω) for Ω ⊂ Rd is the set of all measurable functions f : Ω → R for which the
norm
Z
p
kf kLp (Ω) :=
|f (x)| dx, 1 ≤ p < ∞
Ω

is finite. For p = ∞ the norm is given by

kf kLp (Ω) := ess sup |f (x)| ,
x∈Ω

which means there is a constant K > 0 such that |f (x)| ≤ K almost everywhere
on Ω. Such a function is also said to be essentially bounded. Now we are ready to
define the Fourier transform.
Definition 57 (Fourier transform). Let f ∈ L1 (Rd ). Its Fourier transform
is defined by
Z
T
−d/2
b
f (x) := (2π)
f (ω)e−ix ω dω.
Rd

The inverse Fourier transform is given by
Z
T
fˇ(x) := (2π)−d/2
f (ω)eix ω dω.
Rd

If we now assume that Φ ∈ C(Rd ) ∩ L1 (Rd ) has an integrable Fourier transform
in L1 (Rd ) we have
Z
T

Φ(x) = (2π)−d/2

Φ̌(ω)eix

ω

dω.

Rd

The quadratic form from Definition 54 can thus be restated as
Z
N X
N
N X
N
X
X
T
−d/2
α` αk Φ(x` − xk ) = (2π)
α` αk
Φ̌(ω)eix ω dω
`=1 k=1

Rd

`=1 k=1

−d/2

Z

= (2π)

Φ̌(ω)
Rd

N
X

2
ixT ω

α` e

dω,

`=1

which is nonnegative if Φ̌ is nonnegative. This means a function is positive semidefinite if its Fourier transform is nonnegative.
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Remark 28. In a more general form, i.e. if the function in question is not
integrable, a general Borel measure µ has to be used. The main result then is: A
function is positive semi-definite iff it is the Fourier transform of a finite nonnegative
Borel measure µ. In other words we have to look at the distributional Fourier
transform of Φ. The details of this approach are left out because in our case we
can restrict ourselves to the case of an integrable function with a measure with
Lebesgue density.
For the sake of interpolation we are interested only in functions that are positive
definite, otherwise there might be cases in which the interpolation matrix is singular
for a certain configuration of points and a solution of the interpolation problem
would not exist. Hence we proceed with stating results that are concerned with
distinguishing positive and positive semi-definite functions. The first theorem shows
how positive definite functions can be constructed from general functions f .
Theorem 58 ([91, Corollary 6.9]). Let f ∈ L1 (Rd ) be continuous, nonnegative,
and nonvanishing. Then
Z
T
Φ(x) :=
f (ω)eix ω dω
Rd

is positive definite.
In praxis we are more often confronted with the problem to decide whether a
given function is positive definite or not.
Theorem 59 ([91, Theorem 6.11]). Let Φ ∈ L1 (Rd ) be continuous. Then Φ
is positive definite iff it is bounded and its Fourier transform is nonnegative and
nonvanishing.
Example 11. A popular choice for a positive definite function is the Gaussian
2

Φ(x) = e−ckxk2 ,

c > 0,

where c is used as a scaling parameter.

x ∈ Rd

Proof. Obviously, Φ is bounded for all x ∈ Rd . Additionally, denote with
b = G and therefore G(x) is positive
G(x) the Gaussian with c = 12 . It holds that G
√
definite since it is nonnegative and nonvanishing on all Rd . Lastly, Φ(x) = G( 2cx)
b = ( √1 )d G(
b √1 ω),
and with the scaling property of the Fourier transform we find Φ
2c
2c
which again is nonnegative and nonvanishing and thus concludes the proof.

The Gaussian is an example of a radial function which are the most commonly
used type of functions for the purpose of interpolation. Their main advantage is
that they only have to be evaluated for values in R and a simple norm computation
suffices to extend them to the multivariate setting. Let R+
0 := {x | x ∈ R, x ≥ 0}.
Definition 60 (Radial Functions, [91, Definition 6.15]). A function Φ : Rd →
R is called radial if there is a function φ : R+
0 → R such that Φ(x) = φ(kxk2 ).

Definition 61 ([91, Definition 6.16]). A function φ : R+
0 → R is called positive definite on Rd if Φ(x) = φ(kxk2 ), x ∈ Rd is positive definite.
Since R` , ` < d is a subspace of Rd any φ that is positive definite on Rd is
also positive definite on R` . Another advantage is that also the characterization as
positive definite through Fourier transforms is reduced to the univariate setting.

Theorem 62 ([91, Theorem 6.18]). Consider φ ∈ C[0, ∞) satisfying r →
rd−1 φ(r) ∈ L1 [0, ∞). Then φ is positive definite on Rd iff it is bounded and
Z ∞
φbd (r) := r−(d−2)/2
φ(t)td/2 Jd−2 (rt)dt
0
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is nonnegative and nonvanishing.
The function Jz is the Bessel function of first kind with order z ∈ C, which
comes into play while evaluating the Fourier integral on the d−1 dimensional sphere
S d−1 = {x | x ∈ Rd , kxk2 = 1}.
3.2. Native Spaces and Error Estimates. We proceed with yet another
view on positive definite functions with the aim of embedding the interpolation
problem in a Hilbert space setting and finally being able to state error estimates in
appropriate norms.
Definition 63 (Positive definite kernel, [91, Definition 6.24]). A continuous
function Φ : Ω × Ω → R is said to be a positive semi-definite kernel on Ω ⊂ Rd
if for all N ∈ N, all sets of pairwise distinct nodes X = {xk }N
k=1 ⊂ Ω, and all
α ∈ CN \{0} it holds that
N X
N
X
`=1 k=1

α` αk Φ(x` , xk ) ≥ 0.

If strict inequality holds, then Φ is called positive definite.
Kernels allow more general functions to act in the interpolation, the already
introduced radial functions fit in by Φ(x, y) := φ(kx − yk2 ). The general interpolant
can now be written as
N
X
s(x) =
λk Φ(x, xk ).
k=1

The other generalization in the definition is that the function Φ might be restricted
to a domain Ω ⊂ Rd , which might even be a finite set. In that case N is only
allowed to be chosen in a way such that a set of pairwise distinct nodes can be
found. There are indeed positive definite functions with compact support, i.e. Ω is
a proper subset of Rd , but we will not pursue this topic any further here, since we
will focus on the Gaussian kernel.
Definition 64 (Reproducing kernel, [91, Definition 10.1]). Let F be a real
Hilbert space of functions f : Ω → R. If for Φ : Ω × Ω → R it holds that
(1) Φ(·, y) ∈ F ∀y ∈ Ω,
(2) f (y) = (f, Φ(·, y))F ∀f ∈ F, y ∈ Ω,
then Φ is called a reproducing kernel of F.
Remark 29. The reproducing kernel Φ of a Hilbert space is unique in the sense
that if we would have two different Φ1 and Φ2 we find (f, Φ1 (·, y) − Φ2 (·, y))F = 0
for all f and y. Then choosing f = Φ1 (·, y) − Φ2 (·, y) shows Φ1 (·, y) − Φ2 (·, y) = 0
for every fixed y.
The next theorem collects some basic properties of reproducing kernel Hilbert
spaces.
Theorem 65 ([91, Theorem 10.2, Theorem 10.3]). If F is a Hilbert space with
reproducing kernel Φ then the following statements hold:
(1) The pointwise evaluation functionals δy are continuous for all y ∈ Ω, as
such δy ∈ F ∗ .
(2) Φ(x, y) = (Φ(·, x), Φ(·, y))F = (δx , δy )F ∗ .
(3) Φ(x, y) = Φ(y, x) for x, y ∈ Ω.
(4) If fn converges to f in the Hilbert space norm, for fn , f ∈ F, then fn
converges to f also pointwise.
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The statements are consequences of the fact that the Riesz representer for δy
is the reproducing kernel, i.e. δy (f ) = (f, Φ(·, y))F . Until here we did not assume
that Φ is positive (semi) definite and it turns out that this is not needed since it
comes into play as a natural property of a reproducing kernel.
Theorem 66 ([91, Theorem 10.4]). Let F be a reproducing-kernel Hilbert function space with Φ : Ω × Ω → R the reproducing kernel. Then Φ is positive semi
definite. Additionally Φ is positive definite iff the point evaluation functionals are
linearly independent in F ∗ .
The connection between positive definiteness of Φ and the linear independence
of δy in F ∗ is something we observed already. In the beginning of the chapter
we concluded that the Lagrange interpolation problem can be solved only if the
nodes are pairwise distinct (i.e. the point evaluation functionals are linearly independent). In that case only a positive definite function will be sufficient to generate
an invertible interpolation matrix.
The previous theorems were concerned with the situation that we have a Hilbert
space and its reproducing kernel given. More interesting for practical purposes is
the answer to the question: If we have a positive definite function at hand, can we
describe or construct some associated function space? To answer that question we
start with Φ positive definite on Ω ⊂ R. Since Φ(·, y) ∈ F for all y ∈ Ω it seems
natural to define the linear space
FΦ (Ω) := span{Φ(·, y) | y ∈ Ω}
with bilinear form
(41)

N
X
`=1

α` Φ(·, x` ),

M
X

!
:=

βk Φ(·, yk )

k=1

Φ

M
N X
X

α` βk Φ(x` , xk ).

`=1 k=1

The linear space FΦ together with the bilinear form constitutes a pre-Hilbert space.
Theorem 67 ([91, Theorem 10.7]). Let Φ : Ω × Ω → R be a positive definite
kernel, then (·, ·)Φ from (41) is an inner product on FΦ (Ω), which is a pre-Hilbert
space.
We now consider the completion FΦ (Ω) of FΦ (Ω) with respect to the k·kΦ norm. Since the point-evaluation functionals are continuous on FΦ their extension
on FΦ is also continuous and can be used to define function values for the abstract
elements of the completion of FΦ and we write
δx (f ) = f (x) := (f, Φ(·, x))Φ
for all f ∈ FΦ (Ω). Technically, we have to define an operator
R : FΦ (Ω) → C(Ω),

R(f )(x) := (f, Φ(·, x))Φ

to identify the abstract elements of FΦ with continuous functions. For this operator
it can be shown that its output are continuous functions for all f ∈ FΦ and that it
is injective. Now the native space of Φ can be defined.
Definition 68 (Native space, [91, Definition 10.9]). The reproducing-kernel
Hilbert function space corresponding to the positive definite kernel Φ : Ω × Ω → R
is defined by

NΦ (Ω) := R F(Ω) .
The inner product is given by

(f, g)NΦ (Ω) := R−1 (f ), R−1 (g)


Φ

.
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Theorem 69 ([91, Theorem 10.11]). Let Φ be a positive definite kernel. Additionally, let G be a reproducing-kernel Hilbert space with Φ the reproducing kernel.
Then G is the native space NΦ (Ω).
Finally, we return to the characterization of positive definite functions via
Fourier transforms and state a result that employs them to describe also the native
space.
Theorem 70 ([91, Theorem 10.12]). Let Φ ∈ C(Rd ) ∩ L1 (Rd ) be a real-valued
positive definite function. Let
(
)
fb
2
d
d
2
d
G := f ∈ L (R ) ∩ C(R ) | p ∈ L (R )
b
Φ
be a space of functions and
−d/2

(f, g)G := (2π)

gb
fb
p ,p
b
b
Φ
Φ

!
= (2π)

−d/2

Z
Rd

L2 (Rd )

g (ω)
fb(ω)b
dω
b
Φ(ω)

a bilinear form. Then G is a real Hilbert space with inner product (·, ·)G and reproducing kernel Φ(· − ·), i.e. the native space NΦ (Rd ). Every f ∈ NΦ can be recovered
from fb ∈ L1 ∩ L2 .
Remark 30. Note that the theorem explicitly assumes Φ to be a positive
definite function as opposed to a kernel, i.e. Φ is translation invariant. Furthermore,
no restriction to sets Ω ⊂ Rd is possible. Still, the theorem allows to highlight a
connection of native spaces of positive definite basis functions to classic Sobolev
spaces. Looking at the definition of the Sobolev space of order s, s > d/2 also in
terms of Fourier transforms
2
H s (Rd ) = {f ∈ L2 (Rd ) ∩ C(Rd ) | fb(·)(1 + k·k )s/2 ∈ L2 (Rd )}
2

we see that it is equivalent to the native space of a positive definite kernel if its
Fourier transform fulfills
2
2
b
c1 (1 + kωk )−s ≤ Φ(ω)
≤ c2 (1 + kωk )
2

2

for 0 < c1 ≤ c2 . This connection is more deeply explored in [19].

The last theorem allows us to describe the functions, that the native space
consists of in terms of the properties of their Fourier transform. We are of course
interested what that means for the Gaussian.
2

Example 12. The Gaussian Φ(x) = φ(kxk2 ) = e−ckxk2 most certainly fulfills
the assumptions put forward in Theorem 70 and we have (see Example 11)

d
1
− 1 √1 ω
b
Φ= √
e 2 2c 2 .
2c
The native space thus consists of all continuous functions with a Fourier transform
that decays exponentially. This space is rather small and excludes many smooth
and even analytic functions like polynomials for example. Still, as we shall see later
the Gaussian basis functions are a good choice for interpolation.
Now, that we have set up a proper environment we are ready to state some
results concerning the interpolation error
kf − sf,X kL∞ (Ω) ,
between a function f and its interpolant sf,X , including error estimates for the
derivatives. First we will provide errors for interpolating functions from the native
space of the basis function Φ.
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The error of the interpolation will be stated in terms of the fill distance hX,Ω
which is a measure of how well X covers Ω.
Definition 71 (Fill distance, [91, Definition 1.4]). Let Ω ⊂ Rd be bounded
and X = {xk }N
k=1 ⊂ Ω be given. The fill distance hX,Ω of X in Ω is given by
hX,Ω := sup min kx − xk k2 .
x∈Ω xk ∈X

The fill distance can be interpreted as the diameter of the largest data-free hole
in Ω. Convergence of an interpolant to a function f will be measured in terms of
hX,Ω . Additionally, we need the function space Cνk (Rd ):
ν

Cνk (Rd ) = {f ∈ C k (Rd ) | Dα f (x) = O(kxk2 ), as kxk2 → 0, |α| = k}.

The general result is

Theorem 72 ([91, Theorem 11.11]). Let Φ ∈ Cνk (Rd ) be positive definite and
Ω ⊂ Rd bounded and satisfying an interior cone condition [91, Definition 3.6]. For
α ∈ Nd0 with |α| ≤ k2 and X = {x}N
k=1 ⊂ Ω satisfying hX,Ω ≤ h0 the error bound
(k+ν)/2−|α|

kDα f − Dα sf,X kL∞ (Ω) ≤ ChX,Ω

kf kNΦ (Ω)

holds.
The first thing to notice is that the error of the interpolant can be divided
into one part depending on the underlying domain Ω and the set of node points
X and another part depending on the norm of f in the native space norm. The
interpolation order also depends on the smoothness properties of the basis function.
Obviously, the Gaussian is in Cνk (Rd ) for all ν, k ∈ N and therefore arbitrarily high
algebraic convergence orders can be reached. This is an indicator that the order
achieved in the theorem can be qualitatively enhanced and indeed spectral orders
can be proven.
Theorem 73 ([91, Theorem 11.22]).√ Let Ω be a cube in Rd . Further, let
Φ = φ(k·k2 ) be radial and satisfy Dm φ( ·) ≤ M m , M > 0 fixed. Then, there
exists a constant d > 0 such that


d log(hX,Ω )
kf − sf,X kL∞ (Ω) ≤ exp
|f |NΦ (Ω)
hX,Ω
holds, if hX,Ω < h0 .
Example 13. The Gaussian is a prime example for this behavior. We have
2
φ(r) = e−cr , c > 0 and hence Dm φ(r) = (−1)m cm φ(r), m ∈ N. The assumptions
of the theorem hold with M = c and the stated error bound is valid. An example
plot for interpolating the 1-dimensional function
x

2
2
2
1
y = f (x) = 3(1 − x)2 e−x − 10
− x3 e−x − e−(x+1)
5
3
on an equidistant grid with N = 10 points can be found in Figure 4.1. The scale
factor was set to c = 1 for s1 (x) and c = 10 for s10 (x). Figure 4.2 gives a convergence
plot for the same function for c = 1 and c = 2 on an equidistant grid with N between
4 and 60. Exponential convergence can albeit only be observed on an interval for
the number of nodes (and therefore fill distance). Depending on the value of the
scaling parameter, the error increases sharply if a certain threshold is exceeded.
This problem is connected to the condition of the interpolation matrix which gets
worse as h → 0 and we take a closer look at that soon. The first plot also shows
that rescaling of the basis function plays an important role. For c → 0 all entries of
the interpolation matrix will tend to 1, thus rendering it singular. In the contrary
for c → ∞ we have Ak,k → 1 and Ak,` → 0, k 6= `, i.e. we get the unit matrix which
is easily invertible but also leads to sharp peaks of the interpolant.
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Figure 4.1. Influence of the shape
parameter in Gaussian RBF interpolation on the quality of the approximation of s to f .
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Figure 4.2. Exponential convergence of Gaussian RBF interpolation
until numerical instability occurs.

The spectral convergence is a consequence of stricter estimates for the constants
of Theorem 72 which are also based on the properties of the domain Ω and only
domains Ω in form of a cube are possible.
The error estimates so far were given for interpolating functions from the native
space. However, in practice it is often not easy to decide if a given function is in
the native space of some basis function. Sometimes this can be circumvented by
linking the native space to a classic function space, like a Sobolev space, [19]. On
the other hand, the interpolation often also converges for functions that are not
from the native space, although error estimates might not be available in that case.
For univariate interpolation with the Gaussian the following result holds.
Theorem 74 ([73, Theorem 4.1]). Let {xk }N
k=1 be equally spaced nodes on
the interval [−1, 1]. Interpolation with Gaussian basis functions is convergent for
functions that are analytic inside the Runge region of polynomial interpolation, i.e.
inside the region encircled by

2 log 2 = Re (z + 1) log(z + 1) − (z − 1) log(z − 1) , z ∈ C.
If polynomial interpolation does not converge for a function f , neither will interpolation with Gaussian basis functions.
The theorem is an expression of the deep connection of polynomial and RBF
interpolation. For the limit c → 0 of the shape parameter the Gaussian interpolant
converges to a polynomial interpolant [24]. Although the result is only stated for
the univariate case it assures us that interpolation with Gaussians is a reasonable
method also for functions not from the native space.
3.2.1. Stability. We already observed that numerical instabilities occur in RBF
interpolation if the fill distance gets too small. The reason is that the condition
of the interpolation matrix gets worse and the linear system can not be solved
accurately on a computer. Now we want to look closer at the problem. Therefore,
we need another measure for the distribution of node points in a domain Ω.
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Definition 75 (Separation Distance, [91, Definition 4.6]). Given a set of nodes
X = {xk }N
k=1 the separation distance is defined as
qX :=

1
min kx` − xk k2 .
2 `6=k

Definition 76 (Quasi-Uniform Set, [91, Definition 4.6]). Let Ω ⊂ Rd and
X = {xk }N
k=1 ⊂ Ω be a set of nodes with fill distance hX,Ω and separation distance
qX . The set X is called quasi-uniform with respect to a constant cq > 0 if
qX ≤ hX,Ω ≤ cq qX
holds.
The separation distance is half the distance between the two closest pairwise
disjunct points. In comparison to the fill distance hX,Ω which is a measure how well
Ω is covered with data points, qX is suited much better for stability analysis because
only two very close points can make the interpolation problem ill-conditioned. Fill
distance and separation distance can be very different for a given set of nodes and
domain Ω. Of course for any given Ω and X we find a constant cq such that the
inequality in the definition of quasi-uniform is fulfilled. However, if we consider a
series of sets X that fill out Ω more and more we demand that all sets are quasiuniform with respect to the same constant cq . For example for Ω = [0, 1]d the
equidistant grid X√h = hZd ∩ Ω, h > 0 has separation distance √
qX = h/2 and fill
distance hXh ,Ω = dh/2, so the quasi-uniform constant is cq = d. This property
of a set of nodes will play a role again when we discuss implementation details later.
For now we come back to the problem of stability which we already linked to
the condition of the interpolation matrix Aφ,X which we define to be
cond Aφ,X :=

λmax (Aφ,X )
,
λmin (Aφ,X )

where λmax (Aφ,X ) and λmin (Aφ,X ) are the maximum and minimum eigenvalue
of Aφ,X respectively. This is consistent with more general definitions involving
singular values because A is symmetric and positive definite in our case.
To estimate the condition number an estimate of the two eigenvalues is needed.
d
Therefore we assume X = {xk }N
k=1 to be a set of nodes in Ω ⊂ R and Φ a positive
definite function. For the maximum eigenvalue λmax we start with Gershgorin’s
theorem which tells us that we find an index ` ∈ {1, 2, . . . , N } such that
X
|λmax − Φ(x` − x` )| ≤
|Φ(x` − xk )|
k=1
k6=`

holds. Using the triangle inequality and Φ(0) ≥ Φ(x) for all x from Theorem 55 we
obtain
λmax ≤ N Φ(0).

That means the maximum eigenvalue grows like O(N ) or if the data is quasi-uniform
like O(h−d
X,Ω ).
It turns out that the smallest eigenvalue is much more crucial for the stability of
the interpolation process. Its estimation is also more complex, we omit the details
and content ourselves with stating the lower bound for the Gaussian. We define
the constants
 2
1/(d+1)

d
πΓ (d/2 + 1)
1
Md
Md = 12
and Cd =
.
9
2Γ(d/2 + 1) 23/2
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Theorem 77 ([91, Corollary 12.4]). Let X = {xk }N
k=1 be a set of nodes, X ⊂
d
−ckxk22
Ω ⊂ R and Φ = e
. Then the minimum eigenvalue of the interpolation matrix
AΦ,X can be bounded by


Md2
−d/2
d
λmin (AΦ,X ) ≥ Cd (2c)
exp − 2 qX
cqX


40.71d2
d
−d/2
qX
.
≥ Cd (2c)
exp −
2
cqX
So λmin decreases exponentially with qX , which means that the condition number of AΦ,X will increase exponentially with qX . For quasi-uniform data, where qX
and hX,Ω are equivalent it follows that with hX,Ω → 0 the interpolation error and
the condition number behave exponentially (decrease and grow respectively). This
explains why numerical instability occurs for moderately fine grids already. In the
estimate for λmin the scale parameter c is present in a form that suggests that
larger c could counterbalance the effect of qX becoming small. And indeed numerical experiments show that this is, to some extend, the case. However, on the other
hand the interpolation error also grows with c. Hence, a careful choice of a “good”
c can balance the trade of between accuracy and stability and plays a crucial role
for the practicability of the method.
3.3. Shape Parameter Optimization. As discussed in the last section and
illustrated in figures 4.1 and 4.2 the shape parameter is of great importance for the
interpolation process. Choosing a suitable value is not an easy task and depends
on the function f that is interpolated, the input dimension d and of course mainly
on the set of interpolation nodes X. There are some heuristic ad-hoc rules that can
be found throughout the literature on RBF interpolation [78], for example
PN
• c = 0.815δ, where δ = (1/N ) k=1 δk and δk is the distance between the
k-th data point
√ and its nearest neighbor;
• c = 1.25δ/ N where in this case δ is the diameter of the smallest ball
containing all data points.
The problem with approaches of this kind is twofold. First they do not take the
function f into account. The interpolation of a function with a couple of sharp peaks
might benefit from a smaller shape parameter. The other problem is numerical
stability. Although these rules aim at preventing the ill-conditioning of the matrix
they might fail in the case of unorthodox sets of nodes (they do not take the
separation distance into account) or they are too conservative and lead to a larger
interpolation error than necessary. In conclusion, we are looking for a method that
adapts to all influencing factors and can be feasibly computed. A classic approach
is leave-one-out optimization, see Algorithm 1. The basic idea of the approach is to
N
interpolate data F = {fk }N
k=1 on a set of nodes X = {xk }k=1 with one x` removed
which then can be used to compute an error between the known data value f` and
(`)
the interpolated value sF̃ ,X̃ (x` ), where F̃ := F \{f` } and X̃ := X \{x` }. This is
done for every node point xk , k = 1, 2, . . . , N and an error vector E is obtained.
Minimizing the norm of this error vector with respect to the shape parameter
gives an estimate for a good choice of c. The leave-one-out approach fulfills our
requirements regarding adaption to the function and numerical stability since it
uses actual data and interpolates during the process. However, it is computational
expensive as for every new choice of c N linear systems of size (N −1)×(N −1) have
(`)
to be solved to construct sF̃ ,X̃ for each c. Using a classic LU decomposition, this
leads to a complexity of O(N 4 ). In [78] an alternative formula for calculating the
error vector E is derived. We trace the basic steps. For this the following notation
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Algorithm 1 Leave-one-out
d
N
Input: Set of nodes X = {xk }N
k=1 ⊂ R , data: F = {fk }k=1 ⊂ R.
procedure leaveOneOut(X, F )
repeat
Choose shape parameter c
for k = 1 : N do
X̃ ← X \{xk }
F̃ ← F \{fk }
(k)
Interpolate F̃ on X̃ to obtain sF̃ ,X̃ , i.e. solve A(k) λ(k) = F̃ .
(k)

Ek = sF̃ ,X̃ (xk ) − fk
end for
until kEk2 = min
end procedure

is needed: The superscript (k) to a vector always means that the k-th component
is removed. For a matrix A ∈ RN ×N it means that the k-th row and column are
removed. It holds or such a matrix that
Ay = z ⇒ A(k) y (k) = z (k) ,

(42)

(k)

if y ∈ RN with yk = 0. Lastly, sF̃ ,X̃ is the interpolant without using the k-th point,

i.e. interpolating F̃ = F (k) on X̃ = X (k) .

d
Theorem 78 ([78, Section 3]). Let X = {xk }N
k=1 ⊂ R be a set of nodes and
N
F = {fk }k=1 ⊂ R a set of data values. The leave-one-out error vector E for the
RBF interpolation process

sF,X (x) =

N
X
k=1

λk Φ(x − xk )

on X is given by
E` =

λ`
,
Y`,`

` = 1, 2, . . . , N,

where Y`,` is the `-th diagonal component of the solution to the system
AY = I
with the interpolation matrix A and the N × N unit matrix I.
Proof. We consider the vector
b` = λ −

λ`
Y:,`
Y`,`

where Y:,` is the `-th column of Y . The diagonal elements of Y are nonzero otherwise
(`)
with (42) we would have A(`) Y:,` = 0 which would in turn imply that Y = 0,
because A(`) is non-singular (as an interpolation matrix), a contradiction to the
assumption that Y is the solution to the system AY = I. We find
Ab` = Aλ −

λ`
λ`
AY:,` = f −
e`
Y`,`
Y`,`

= f1 f2 · · ·

f`−1

f` −

λ`
Y`,`

f`+1

···

fN

T

.
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The `-th component of b` is 0 and therefore with (42) it follows that A(`) b(`) = f (`)
and hence λ(`) = b(`) because A(`) λ(`) = f (`) , too. With that we conclude
(`)

sF̃ ,X̃ (x` ) =

N
X
k=1
k6=`

=

N
X
k=1
k6=`

=

N
X
k=1

(`)

λk Φ(x` − xk )
b`k Φ(x` − xk )
b`k Φ(x` − xk )

= (Ab` )`
= f` −

λ`
.
Y`,`

which implies
(`)

E` = f` − sF̃ ,X̃ (x` ) =

λ`
.
Y`,`


To compute E the solution to the full interpolation problem Aλ = F and
AY = I is needed which amounts to solve the large system A(λ | Y ) = (F | I).
Only one factorization of A is sufficient and the complexity is down to O(N 3 ). A
revised algorithm can be found in Algorithm 2. Since λ` and Y`,` are results of the
Algorithm 2 Leave-one-out (modified)
d
N
Input: Set of nodes X = {xk }N
k=1 ⊂ R , data: F = {fk }k=1 ⊂ R.
procedure leaveOneOutMod(X, F )
repeat
Choose shape parameter c.
Solve A(λ | Y ) = I.
`
Get error vector through E` = Yλ`,`
.
until kEk2 + 10εp cond A = min
end procedure

factorization of the same matrix A, the robustness towards a bad condition number
is not necessarily given and further precautions are needed. Rippa suggests to cut
off shape parameters for which the condition number of A is larger than 1/(10εp )
(εp machine epsilon). We use a slightly modified approach where we augment the
objective function like kEk2 + 10εp cond A. Finally, to compute the minimum, in
accordance with Rippa we use Brents Algorithm [75], a derivative free method.
Example 14. We return to Example 13. Figure 4.3 shows the optimized shape
parameter in dependence of the number of points N used for interpolation. Figure 4.4 shows the interpolation error for the optimized shape parameter. The second
plot shows how the optimization approach leads to a smaller error. The condition
number safeguard albeit leads to a larger error if the number of interpolation nodes
grows and hence the fill distance gets smaller. However, it also prevents numerical
instability quiet reliably. Still, one can conclude that there is a certain range for
the fill distance that is optimal with regard to the interpolation error, and shape
parameter optimization is only efficient in that range. The first plot also shows how
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Figure 4.4. Convergence plot for optimized shape parameter with safeguard (copt ) and without copt,w/o .

the safeguarding kicks in once a certain number of nodes is reached. The shape
parameter then continues to grow linearly with the number of nodes.
3.4. Hermite Interpolation. One way to increase the accuracy of the interpolation is to increase the number of data points. However, this might have a
negative influence on the stability of the process. Another approach is to use higher
order information, i.e. include information about the derivative of the function that
is interpolated. As mentioned in the beginning of the chapter, we have first order
derivative information available at every node in our application. Including this information was called Hermite interpolation of total degree. The extension of RBF
interpolation to this problem is fairly straight forward. The functionals in question
are given by
(43)

Lk = δxk ◦ Dαk ,

k = 1, 2, . . . , N,

so for a function f : Rd → R we have

α k ∈ Nd ,

Lk (f ) = Dαk f (xk ).

As stated in Theorem 50 the functionals Lk have to be linearly independent in the
dual space of the interpolation function space for the problem to have a solution.
This is the case if they are pairwise distinct so either xk 6= x` or αk 6= α` if k 6= `.
In general if we have a positive definite kernel Φ(y, x), we can conclude that the
functionals (43) are in the dual of the native space NΦ∗ . The basis functions are
thus given by the according Riesz representers
(44)

Φk = D2αk Φ(·, xk ),

k = 1, 2, . . . , N.

The symbol 2 indicates that the derivative is to be taken with respect to the second
argument. This is natural since the data is specified with respect to x, too. The
following theorem summarizes the previous ideas.
Theorem 79 ([91, Theorem 16.4]). Let Φ ∈ L1 (Rd ) ∩ C 2k (Rd ) be a symmetric,
positive definite kernel. If the functionals (43), with |αk | ≤ k are pairwise distinct,
then they are linearly independent over NΦ (Rd ).
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Remark 31. The requirement that Φ ∈ L1 is necessary since the proof relies
on the application of the Fourier transform to evaluate the norm of the linear
combination of the basis functions.
The interpolation condition in this case is
L` (sf,X ) =

N
X

N
 X
αk
k
`
λk L` Dα
λk Dα
2 Φ(·, xk ) =
1 D2 Φ(x` , xk ).

k=1

k=1

αk
`
Hence the entries of the interpolation matrix are A`,k = Dα
1 D2 Φ(x` , xk ). This
matrix is again symmetric and positive definite, and thus a unique solution always
exists. This follows from

Ly` Lxk Φ(y, x) = (Ly` Φ(·, y), Lxk Φ(·, x))NΦ (Ω)

as long as the Lk are linearly independent.

Remark 32. It is somewhat surprising that if we only evaluate the Hermite
interpolator we already need the first derivative of the basis functions. This could
PN
be circumvented if we would use sf,X (x) = k=1 λk Φk (x, xk ). The entries of the
l
interpolation matrix would be of the form Dα
1 Φ(x` , xk ), i.e. the derivative is only
needed for creating the interpolator. However, it would not be symmetric nor
positive definite in the general case and there are example node and data sets were
there is no solution for the problem.
Remark 33. It can be shown that the above described RBF interpolant is the
norm minimizing approximation of the functionals Lk (f ) for f in the native space
NΦ (Rd ).
3.4.1. Partition of Unity. A fast evaluation of the interpolation function is very
important for the use in the optimal control framework, see Chapter 3. However,
the naive approach involves computing the sum over all interpolation nodes for each
new input x and thus has a complexity of O(N ). Especially in the multivariate
setting the number of points grows exponentially with the number of dimensions
which leads to a costly evaluation but also creation of the interpolation function.
It is therefore necessary to find a way to bound the computational cost, at best to
O(1). A general way to achieve this goal is to localize the problem, i.e. somehow
make the creation and evaluation of the interpolation object only depend on a
subset of the domain Ω and therefore also only on a subset of X.
One root for the problem is that the Gaussian basis function we intend to use
has global support and so we can not easily divide the domain Ω. One approach is
partition of unity. The main idea is to cover Ω with (slightly) overlapping patches
SM
{Ωj }M
j=1 ,
j=1 Ωj = Ω and then interpolate the data on each patch independently
j
to obtain sF,X , j = 1, 2, . . . , M . For evaluation we employ a sufficiently smooth
function with the following properties:
ω(x) =

M
X
j=1

ωj (x) = 1, ∀x ∈ Ω and ωj (x) = 0, ∀ ∈
/ Ωj .

If we define an index function
J(x) = {j | x ∈ Ωj }

the global interpolant is given by

sF,X (x) =

X

ωj (x)sjF,X (x).

j∈J(x)

The advantage lies in the fact that for the evaluation only the interpolation objects
for the patches containing the input point x have to be evaluated. The detailed

76

4. INTERPOLATION

algorithms are given in Algorithms 3 and 4 for interpolation and evaluation, respectively. Before we turn to some more implementation details we quickly state
Algorithm 3 Partition of unity, interpolation
d
N
Input: Set of nodes X = {xk }N
k=1 ⊂ R , data: F = {fk }k=1 ⊂ R.
procedure PartOfUnityInterp(X, F )
Obtain estimate of Ω from X (e.g. bounding box).
Create overlapping covering {Ωj }M
j=1 (e.g. fixed grid).
Interpolate data on each patch to obtain sjF,X .
end procedure

Algorithm 4 Partition of unity, evaluation
Input: x ∈ Ω
procedure PartOfUnityEval(x)
Find all patches x lies in: J(x).
Evaluate according interpolation objects: sjF,X (x) ∀j ∈ J(x).
P
Return: sF,X (x) = j∈J(x) ωj (x)sjF,X (x)
end procedure
some facts regarding the convergence and error of the method. First we need to
define some requirements for the function ω.
Definition 80 (k-stable partition of unity, [91, Definition 15.16]). Let Ω ⊂ Rd
be a bounded set. Additionally, let {Ωj }M
j=1 be an open and bounded covering of
SM
Ω, which means that all Ωj are open and bounded and Ω ⊂ j=1 Ωj . Set δj =
k
d
supx,y∈Ωj kx − yk2 . A family of nonnegative functions {ωj }M
j=1 with ωj ∈ C (R )
is called a k-stable partition of unity with respect to {Ωj } if
(1) supp ωj ⊂ Ωj
PM
(2)
j=1 ωj (x) = 1 ∀x ∈ Ω
(3) for all α ∈ Nd0 with |α| ≤ k there is a constant cα > 0 such that
|α|

kDα ωj kL∞ (Ωj ) ≤ cα /δj ,

j = 1, 2, . . . , M.

The first and second point are fairly obvious, the third point is needed to get
an upper bound for the error introduced through the weighting of the interpolation
functions with ω. Another set of requirements is needed for the covering {Ωj }M
j=1 .
Definition 81 (Regular covering, [91, Definition 15.18]). Let Ω ⊂ Rd be
M
bounded and X = {xk }N
k=1 ⊂ Ω be given. An open and bounded covering {Ωj }j=1
is called regular for (Ω, X) if
(1) There is a global constant K such that for every x ∈ Ω the inequality
|J(x)| < K holds.
(2) Every patch satisfies an interior cone condition [91, Definition 3.6].
The first condition ensures that the sum for the partition of unity has at maximum K terms, the second condition is necessary to apply the error estimates for
the radial basis function interpolation to each patch. With the definitions in place
we are able to state the error for the global partition of unity method.
Theorem 82 ([91, Theorem 15.19]). Let Ω be a cube in Rd and X = {xk }N
⊂
√k=1
Ω a set of nodes. Further, let Φ = φ(k·k2 ) be radial and satisfy Dm φ( ·) ≤
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M
M m , M > 0 fixed. Let {Ωj }M
j=1 be a regular covering for (Ω, X) and let {ωj }j=1 be
k-stable for {Ωj }M
error between f ∈ NΦ (Ω) and the partition
j=1 . The interpolation
P
of unity interpolant sf,X = j ωj sf,Xj can be bounded like


c log(hX,Ω )
kf − sf,X kL∞ (Ω) ≤ exp
|f |NΦ (Ω)
hX,Ω

if hX,Ω < h0 with c > 0.
The theorem guarantees the same order of convergence for the interpolation
using the partition of unity approach and the naive global interpolant.
Stability is in general not improved through the partition of unity method
because the important factor, the separation distance, is not changed. Still, a little
advantage might be that the linear systems, that have to be solved, are smaller, and
more important a shape parameter optimization can be done for each subdomain
independently. This way, if the nodes are not uniformly distributed, parts of the
domain with a lower separation distance can be separated from parts with a higher
one. Different shape parameters can be applied and finer adjustment to the node
set is possible.
The goal of the partition of unity approach is to reduce the computational effort
to build and especially evaluate the interpolant. The main ingredient for a concrete
implementation is a data structure for the node points which links them also to the
subdomains Ωj and the functions {ωj }M
j=1 . The data structure has to handle two
operations:
• Containment query, i.e. given an input point x ⊂ Ω return all indices of
the patches Ωj x is contained in, more formally implement J(x) = {j | x ∈
Ωj }.
• Given an index j return all nodes that are in Ωj , i.e. return Xj = {x | x ∈
Ωj }.

The second operation is only needed for evaluation whereas the first is also needed
to build the data structure. Both operations have to be performed as fast as possible
because both are needed for evaluation. Since we can determine the node set in
our application we restrict ourselves to quasi-uniform data sets. In this case a
reasonable choice for a data structure is based on the fixed-grid idea. The domain
Ω is covered with rectangular, axis parallel boxes and for each box a list of the
nodes, that fall into it can be saved. When the side length of the boxes and the
coordinates of the edges are known the containment query can be done in O(1)
regarding the overall number of points N .
For the partition of unity approach we need overlapping boxes or patches. We
use a multidimensional data structure, thus from now on we do not use linear
indices j = 1, 2, . . . , M but multi-indices, i.e. each box is identified by a multi-index
β = (β1 , β2 , . . . , βd ) where βi is the coordinate of the box in the i-th dimension and
β = (1, 1, . . . , 1) is the lower left corner box. A two dimensional example is given
in Figure 4.5.
The algorithm for creating the data structure is given in Algorithm 5. The user
has to provide an overlap factor γ ∈ (0, 0.5) and the approximate number of points
per patch K. The 0.5 maximum for γ prevents that more than two patches can
overlay in one dimension. The first step is to estimate the bounding box B ∈ Rd ,
b ∈ Rd :
Bi = max{χi | χi ∈ x, x ∈ X} and bi = min{χi | χi ∈ x, x ∈ X}
for X ⊂ Ω which is needed to compute the optimal size of the boxes. Next, the
number of patches per dimension if they would not overlay is calculated. Given the
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Figure 4.5. Two dimensional example for a domain Ω covered with overlapping
boxes {Ωβ }.
number of points |X| and assuming uniformly distributed nodes this comes down
to
$
1/d %
|X|
M̃ =
.
K
Now the length of one box is given by
B i − bi
.
M̃
To get the number M of boxes per dimension, if the overlap is considered we first
note that the length of one box will not change and stays hi . That means, that in
general the covering will not be exact and there will be an offset for the boxes on
the edge. If this offset is given by oi . The diameter of the set X plus two times the
offset oi of the covering is equal to the sum of the length of M − 1 boxes minus the
overlap, plus the length of the last full box in a row. The following holds:
hi =

2oi + (Bi − bi ) = hi +
⇔ Mi =
Bi −bi =hi M̃

⇔

M
i −1
X
j=1

[hi − γhi ]

2oi + (Bi − bi ) − γhi
hi − γhi

2oi = (Mi (1 − γ) − M̃ + γ)hi .

Since 0 < oi < h2i (otherwise one more box would fit) on the right hand side
(M (1 − γ) − M̃ + γ) ∈ (0, 1) and hence

Finally, we use

M̃ − γ
1 + M̃ − γ
<M <
.
1−γ
1−γ
&
M=

'
M̃ − γ
.
1−γ

With these parameters in place the corners of the boxes are fixed and for a given
d
point x ∈ Ω the indices {βs }2s=1 of the boxes Ωβs it is contained in, can be calculated,
see Algorithm 6. The 2d stems from the fact that in each dimension a point can be
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Algorithm 5 Fixed grid, creation
Input: Set of nodes X, overlap factor γ ∈ (0, .5), approximate number of points
per box K.
procedure InitGrid(X, γ, K)
Compute bounding box: Bi ← maxχi X, bi ← minχi X.
  
1/d
|X|
.
Compute number of boxes in each dimension, if adjacent: M̃ ←
K
l
m
−γ
Compute number of boxes, with overlap: M ← M̃
.
1−γ
−bi
.
Compute diameter of boxes: hi ← BiM̃
hi
Compute offset of edge boxes: oi ← 2 (M (1 − γ) − M̃ + γ).
for k = 1 : |X| do
d
Get indices of boxes for xk : {βs }2s=1 ← getIndex(xk ).
d
Xβs ← Xβs ∪ {xk }, s = 1, 2, . . . , 2
end for
end procedure

contained in a maximum of two boxes, since γ ∈ (0, 0.5). The left (lower) corners
of the boxes are given by
(45)

Lji = bi − oi + (j − 1)(hi − γhi ), j = 1, 2, . . . , M, i = 1, 2, . . . , d

and the right (upper) corners by
Rij = bi − oi + hi + (j − 1)(hi − γhi ), j = 1, 2, . . . , M, i = 1, 2, . . . , d.
We start with determining the leftmost box a point x ∈ Ω can be in (per dimension).
jl

Therefore, we observe that we are looking for the largest index jil of Li i such that
jl

χi − Li i ≤ 0.
Otherwise, the point would be to the left of the corner. Inserting (45) we get
jil − 1 ≤
The largest ji is thus given by
jil =



oi − bi + χi
.
hi − γhi


oi − bi + χi
+ 1.
hi − γhi

Analog considerations (we are looking for the smallest index such that the point is
on the left side of a right corner) lead to


oi − bi − hi + χi
+ 1.
jir =
hi − γhi

If all jil and jir are computed the multi indices for the boxes a point x is contained in,
are given by all unique combinations of the jil and jir in each dimension. For example
in two dimensions let j1l = 2, j2l = 3, j1r = 2, and j2r = 2. The box indices are then
β1 = (2, 3) and β2 = (2, 2). For points close to the boundary we might get indices
that are negative or larger than M , which can be safely ignored. Also in praxis if
a point is exactly on the boundary of one patch, its index is ignored too, because
the subdomains Ωβ are supposed to be open. The index computation is obviously
O(1) regarding the number of points in X. However, it depends exponentially on
the input dimension d and thus the fixed grid idea can only be used for small and
moderate space dimensions.
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Algorithm 6 Get box index for input point.
Input: x
procedure GetIndex(x)
Compute index of first box: Li ←

j

oi −Bi +χi
hi −γhi

l

Compute index of second box: Ri ←
d

k

.

oi −Bi +χi
hi −γhi

m

.

return {βs }2s=1 ← {(L1 , L2 , . . . , Ld ), (L1 , L2 , . . . , Rd ), . . . , (R1 , R2 , . . . , Rd )}
end procedure
d
Theorem 83. The covering {Ωj }M
j=1 of Ω ⊂ R obtained by the fixed-grid
method (see Algorithm 5) is regular.

Proof. The covering has to comply with both conditions of definition 81.
First, since the overlap γ ∈ (0, 0.5) any point x ∈ Ω can only be contained in two
boxes per dimension and therefore only in K = 2d boxes globally. Secondly, since
the subdomains Ωj are rectangular boxes, they fulfill a cone condition trivially. 
The last missing ingredient for the partition of unity approach are the functions
ωj . Every family of functions ψj : Ω → R, j = 1, 2, . . . , M gives rise to a feasible
ωj through normalization:
ψj (x)
.
ωj (x) = PM
s=1 ψs (x)
Obviously,
M
X
j=1

ωj (x) =

M
X
j=1

ψj (x)
PM
s=1 ψs (x)

= PM

1

s=1

ψs (x)

M
X

ψj (x)

j=1

= 1.
The global interpolant should be at least two times continuously differentiable because we may need second order derivatives during the numerical optimal control
procedure. In [87] a composition of a univariate and multivariate polynomials is
suggested:
(
p ◦ qj (x) x ∈ Ωj
(46)
ψj =
0
else.
The polynomial p : [0, 1] → [0, 1] fulfills p(0) = 1, p(1) = 0 and the spline like
conditions Dk p(0) = Dk p(1) = 0, k = 1, 2 and thereby guarantees a continuous
transition from one patch to the other. The polynomial of minimal degree that
fulfill these conditions is given by
p(r) = −6r5 + 15r4 − 10r3 + 1.
The qj : Ωj → [0, 1] are 0 for points on the boundary of Ωj and 1 for the midpoint.
They are based on a tensor product of second order univariate polynomials. It is
given by
d
Y
4(xi − Lji )(Rij − xi )
, j = 1, 2, . . . , M.
qj (x) = 1 −
(Lji − Rij )2
i=1
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d
Theorem 84. Let {Ωj }M
j=1 be a fixed-grid covering of Ω ⊂ R . The family of
functions
ψj (x)
ωj = PM
s=1 ψs (x)

with ψs from (46) is a k-stable partition of unity for any k ∈ N.
Proof. We have to check the conditions of Definition 80.
(1) Because ψ is continuous, ψj (x) = 1 for the midpoint of Ωj , and ψj (x) = 0
for x ∈
/ Ωj the support of ωj is a subset of Ωj .
PM
(2) The equation j=1 ωj = 1 for all x ∈ Ω holds, because of the normalization approach.
(3) The functions ψs are smooth and bounded on Ωs . This will also transfer
SM
to ωj since ψs (x) > 0 for x ∈ Ωs . Additionally, Ω ⊂ s=1 Ωs and thus
x ∈ Ω means x ∈ Ωs for at least one s = 1, 2, . . . , M which guarantees
PM
that the sum s=1 ψs (x) > 0 for all x ∈ Ω, too. Overall, there exists a
constant cα > 0 such that the stated bound on the derivative of ωj holds
for all k ≥ |α|.


Remark 34. Using the fixed grid structure and the family of functions ωj
just presented and combining it with the Gaussian basis function φ(x) = e−ckxk2
in a partition of unity method will lead to a global interpolant that retains the
exponential convergence for interpolation to functions from the native space Nφ (Ω)
(Theorem 82).
Example 15. Again we return to the previous examples. Figure 4.6 compares
the interpolation error for the naive (meaning without partition of unity), the Lagrange partition of unity, and the Hermite partition of unity interpolator. Figure
4.7 does the same for the error of the derivative. Unfortunately, as soon as more
than one box is involved the error of the partition of unity approach increases significantly. Also there is a lot more variation in the error regarding the number of
points, which would make the choice for the right number more difficult. Also it
should be noted that including derivative information into the interpolation process
increases the accuracy by several orders of magnitude. Especially if only one box
is present, i.e. no error due to the partition of unity, the error is close to 1 × 10−15
and nearly reaches the precision limit of the computer.
Figures 4.8 and 4.9 show wall times for creation (including the shape parameter optimization) and evaluation of the naive and partition of unity interpolators.
Both operations profit from the partition of unity approach. The creation time
for the naive interpolator increases superlinearly, which can be expected since the
unavoidable cost of solving a linear system is O(N 3 ). Linear systems are also solved
in the partition of unity approach, however their size is capped at around K × K
(or K(d + 1) × K(d + 1) in the Hermite case). It also seems that the shape parameter optimization is more stable for larger N for the partition of unity, there
is less variations in the runtime. A similar result can be found for the evaluation.
As expected the cost is essentially constant for the partition of unity approach as
soon as a minimum number of points N is exceeded. Also interesting is that even
for small N the overhead for the partition of unity (mainly containment query) is
negligible for most use cases as is the cost for the Hermite approach. This might
change if more input dimensions are considered since the number of basis functions
and accordingly terms in the sum increases with d like K(d + 1).
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Figure 4.6. Interpolation error of
the naive, albeit shape parameter optimized (naive) and the partition of
unity interpolator (p 1, p 1 Her for
the version including derivative information). For the partition of unity
an overlap factor of γ = 0.1 and approximate number of points per patch
K = 20 was used. The vertical lines
and the numbers indicate a change in
the number of boxes used.
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Figure 4.7. Error of the derivative,
using interpolation without partition
of unity (naive), with partition of unity
(p 1), and with partition of unity and
derivative information (p 1 Her).

The decreased accuracy is caused by the transition between the boxes. Near the
boundary of each box the interpolation error of the according sjF̃ ,X̃ is increasing
because the function values of f do not tend to 0 whereas the interpolators do.
Also, the ωj introduce an additional error that adds to the error of the interpolation
function. If high accuracy is of importance the direct naive implementation is to
be preferred, however, one has to consider the performance bonus of the partition
of unity approach. A fast, constant time evaluation is critical for our application.
Therefore we will solely use the partition of unity implementation.
3.4.2. Implementation Details. The presented concepts and algorithms for RBF
interpolation are implemented in a set of C++ classes. The source code, a basic documentation, and examples can be found at https://github.com/mosesx/
NDInterpolator.
All implemented interpolators are independent of input dimension and node
configuration and thereby retaining the definitive features of the RBF approach.
There are two main classes: NDInterpolator and MultiNDInterpolator, the first
represents the concept of an interpolator with one output dimension, the second
with several output dimensions, i.e. several functions that are interpolated on the
same set of nodes. This approach saves memory because the set of nodes has
to be saved within the interpolator object since it is needed during evaluation.
All interpolators are available as naive, partition of unity, Lagrange, and Hermite
versions, see Table 4.1 for an overview. All versions implement the described shape
parameter optimization and support evaluating derivatives up to and including
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Figure 4.8. Wall time for the creation of the interpolator, without partition of unity (naive), with partition
of unity (p 1), and Hermite with partition of unity (p 1 Her). The partition of unity was created with overlap
γ = 0.1 and approximated number of
points per box K = 20.

Figure 4.9. Wall time for 1000 evaluations of the interpolator, without partition of unity (naive), with partition
of unity (p 1), and Hermite with partition of unity (p 1 Her).

Table 4.1. Available C++ classes.

naive/Lagrange
naive/Hermite
part. unity/Lagrange
part. unity/Hermite

Rd → R
Rd → Rp
RBFInterpolator
MultiRBFInterpolator
RBFInterpolatorH
MultiRBFInterpolatorH
RBFInterpolatorPU
MultiRBFInterpolatorPU
RBFInterpolatorPUH MultiRBFInterpolatorPUH

second order. The implementation is also independent from the basis function
used. Any radial, positive definite function could be included and in fact the inverse
multiquadric is available, however not as thoroughly tested as the Gaussian.
For the evaluation and as well creation of the Hermite interpolator numerous
2
derivatives of the Gaussian basis function φ = e−ckxk2 and the partition of unity
weight functions ωj have to be evaluated. For evaluation, since the basis function
is radial, it can be regarded as a composition of the R → R function φ(r) = e−cr
2
and the Rd → R function x 7→ kxk2 . Partial derivatives
2

Dα φ(kxk2 )

can then be obtained up to any order through multiple applications of the chain
rule or more formally through the use of Faà di Bruno’s formula [13]. In the
implementation we make use of the trivial recursion
Dk φ(r) = (−c)k φ(r).
One has to be more careful with the basis functions of the Hermite interpolator
from (44). In this case the norm computation has to be regarded as a function
2
of two variables Rd × Rd → R, (x, y) 7→ kx − yk2 . Consequently, derivatives with
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respect to χi and yi might differ, for example
2

2

Dχi kx − yk2 = 2(χi − yi ) 6= Dyi kx − yk2 = −2(χi − yi ).

The weight function can always be regarded as functions of one variable because it
only comes into play during evaluation of the interpolator. The derivative of the
PM
partition of unity sum j=1 ωj (x)sj (x) involves lengthy evaluations of the product
and chain rule (the ωj itself are composite functions). The resulting polynomial
expressions are evaluated using Horner’s rule. Detailed formulas might be extracted
directly from the source code.
A couple of third party libraries are used in the implementation. Most of them
are from the boost project http://www.boost.org/. First of all ublas [90], a BLAS
compatible library that provides the basic vector and matrix containers and operations on them. Next, Multi-Array [27], a dimension independent implementation
of a random access container for generic objects. It is used to provide a multidimensional storage and access to the single interpolator objects in the partition of unity
approach. For each box an interpolator object is instantiated independently and
stored in the multi-array. The solving of the linear equation system to obtain the
coefficients λ and the optimal c in the shape parameter optimization is done with
the LAPACK (http://www.netlib.org/lapack/) routine dgesv, accessed through a
bindings library implemented for the ublas data structures [11]. Lastly, the Brent
algorithm for the derivative free optimization of the shape parameter is part of the
boost math toolbox [62]. For more details see the already mentioned repository at
https://github.com/mosesx/NDInterpolator.
4. Summary
In this chapter we give an overview about interpolation in a multivariate environment, a topic that differs from its univariate counterpart significantly due to
the lack of Haar spaces for more than one dimension. We introduce some general
approaches and then detail the theoretical background and some practical considerations for our method of choice: Interpolation with positive definite (radial)
basis functions. They enjoy the remarkable property that they are truly dimension and grid independent, i.e. they can be used to interpolate data on any node
configuration in any input dimension. More general, arbitrary functionals can be
approximated if they are linearly independent in the dual space of the native space
of the basis function. A fact, which we use for Hermite interpolation of total degree.
Moreover, for the Gaussian basis function on which we focus it can be shown that
the interpolation error converges exponentially fast to 0 with the fill distance hX,Ω .
On the other hand the method has numerical stability issues and the condition of
the problem worsens if the distance between the interpolation nodes gets smaller.
Optimizing the shape parameter of the basis functions can counterbalance the instability to a certain extend, and a numerical algorithm for automatically choosing
a good shape parameter is presented. Another issue is that the computational complexity increases with the number of nodes. A powerful but yet simple approach
to overcome this shortcoming is partition of unity where the interpolation domain
is divided in overlapping subdomains and the interpolation problem can be solved
on each subdomain independently. The global interpolant is then synthesized by
“gluing” the individual results from each subdomain together with a smooth weighting function. With this method the evaluation time can be regarded as constant
with respect to the number of nodes used for interpolation, a property that is very
important for the application in optimal control.

CHAPTER 5

Model Order Reduction in the Context of Optimal
Control
1. Introduction to Model Order Reduction
For the practical application of optimal control accurate models with small
prediction error are needed to enable the computation of a (feedback) control that
is close or at least consistent with the true optimal control for the process under
consideration [64]. The desired accuracy can often only be provided by large scale
nonlinear models which make solving the NLP derived via the multiple shooting
approach a time consuming affair. Additionally, real world systems are subject to
random perturbations and as such the prediction of any model, accurate as it may
be will only be an estimation of the true state. Therefore a control action that is
solely based on a precomputed optimal control trajectory is bound to fail where
the magnitude of the failure depends on the system at hand and its sensitivity with
respect to perturbations. Depending on this sensitivity and the control horizon it
may be necessary to incorporate measurements of the real system state into the
mathematical model more or less frequently.
One approach to do so is nonlinear model predictive control (NMPC), [23, 16].
To this end assume that we have a mathematical formulation of an optimal control
problem on a control horizon [0, T ] for a real world system given. Denote the
mathematical state variable with x(t) ∈ Rnx , the control with u(t) ∈ Rnu , and
parameters p ∈ Rnp . Further let Dt x(t) = f (x(t), u(t), p) be the model equation.
The real world system state x̃(t) and parameters p̃ can be monitored or sampled
with a sampling frequency δ ∈ R and we write x̃i = x̃(iδ) and p̃i = p̃(iδ), i = 1, 2, . . .
for the measurements of the state and the parameters at time iδ ∈ [0, T ] (assuming
they are all measurable). Assume that we have arrived at the i-th sampling interval
and x̃i and p̃i are available. Now the problem
min J(x(t), u(t), p̃)
s.t. Dt x = f (x, u, p̃i ),
x(iδ) = x̃i ,
is solved on the remaining time horizon t ∈ [iδ, T ] to obtain u∗ (t). This control is
applied to the system until the next sampling point is reached, i.e. for t ∈ [iδ, (i +
1)δ]. Now a new measurement is performed and a new control problem with x̃i+1
and p̃i+1 as initial values and parameters gets solved. This procedure is repeated
until T is reached. The final time T might be updated too, in each step, according
to T = T + δ to represent continuous operation.
Crucial for the application of NMPC is that the individual optimal control
problems can be solved relatively fast. Relatively here means with respect to the
sampling time δ and the system’s dynamic. Let τ < δ be the (maximum) computation time that is needed to solve the optimal control problem. We need that
kx̃(iδ + τ ) − x̃i k
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is small enough so that the prediction based on x(iδ) = x̃i is still a valid approximation of the real initial system state. A key strategy is to exploit that the optimal
control problems on subsequent sampling intervals are close to each other.
The computation time spent for solving an optimal control problem with the
multiple shooting approach is divided among two main operations: Solving the NLP
and solving the initial value problems for each multiple shooting interval. Due to
the added continuity constraints at the multiple shooting nodes the size (in terms
of number of optimization variables) of the NLP can get rather large. One step of
an interior point NLP solver mainly consists of solving a linear system and doing
a line search. For optimal control problems the matrices involved (gradients and
Hessians of the constraints) are sparse because only for adjacent multiple shooting
nodes the optimization variables depend on each other so that derivatives are often
zero. Also, the continuity constraints are linear and thus second order derivatives
are zero. This structural information can be exploited [57, 58] and also enables
the use of efficient (sparse) matrix algorithms and solving the NLP is usually not
the most time consuming part in a multiple shooting approach.
For most optimal control problems solving the initial value problems contributes
far more to the total computation time. This is especially true if nonlinear stiff
models are used because for a reasonable accuracy many time steps of the integrator
are needed. Additionally in a typical BDF method a nonlinear system of equations
has to be solved, often by some variation of Newton’s method which increases the
cost even more.
Remark 35. We are not going to worry about storage efficiency and assume
that all the problems we are dealing with can be fitted into the memory and solved
online without additional trickery.
At this point model reduction comes into play. The main goal is to decrease the
evaluation cost of the model without losing to much of its descriptive capabilities.
In this case we would like to decrease the stiffness of the model to facilitate a faster
integration. Model reduction can be divided into model order reduction which
aims at decreasing the dimension of the state space and model simplification which
tries to simplify the evaluation of the model equations [64]. Both approaches can
be combined and essentially strive to capture the most important features of the
dynamic process at the cost of an error in the reduced compared to the full model.
The trade off between lost accuracy and benefits of the reduced model always has
to be considered and carefully balanced depending on the application at hand.
2. Model Order Reduction
We will exclusively focus on model order reduction. At its core lies the reduction
of the state space dimension, however, we will later see, that the approach we are
favoring will also decrease the stiffness of the initial value problem(s).
Many different methods are proposed to reduce the order of a model [64], still
the underlying principle is general and does not depend on the concrete method.
They all aim at partitioning the state variables after their contribution to the systems dynamics. A probably nonlinear coordinate transformation may facilitate the
partitioning by making the division between important and non-important contributions more obvious. Model reduction methods often differ in how they measure
“contribution”. To describe the basic approach, we introduce the control system
(47)

Dt z̃ = f˜(z̃, u), z̃(0) = z̃0

with state z̃(t) ∈ Rnz and control u(t) ∈ Rnu essentially bounded on [0, T ]. The
right hand side f˜ : Rnz × Rnu → Rnz is assumed to be in C ∞ . In that case the
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initial value problem (47) has a unique solution z̃, see Theorem 14. The general
approach to model order reduction can be summarized in the following steps [64]:
(1) Find a diffeomorphism T : Rnz → Rnz that maps z̃ via
z̃ − z̃ ∗ = T (z) ⇔ z = z̃ ∗ + T −1 (z̃),

onto the new state z(t) ∈ Rnz , where z̃ ∗ is a possibly nonzero set point.
The aim of this coordinate change is to separate directions in the phase
space of (47) that have strong contributions to the dynamics from those
that only contribute in a minor way.
(2) Decompose the new state space into x(t) ∈ Rnx and y(t) ∈ Rny such that
z = (x, y) and nz = nx + ny . Here x will play the role of the dominant
states, also called reaction progress variables.
(3) Assemble new dynamic systems for x and y from
−1
Dt z = Dz T (z)
f˜(z̃ ∗ + T (z), u)
and obtain
Dt x = f (x, y, u),

x(0) = ξ,

Dt y = g(x, y, u),

y(0) = η.

The smoothness of the right hand sides f : Rnx × Rny × Rnu → Rx and
g : Rnx ×Rny ×Rnu → Rny is determined by the smoothness of T and T −1 .
Since T is assumed to be a diffeomorphism, at least we can expect that
the differential equations for x and y are properly defined and uniquely
solvable.
(4) Eliminate the dynamic equation for y by one of the following methods:
Truncation: Set y = 0 for the reduced dynamic system
Dt x̃ = f (x̃, 0, u),

x̃(0) = ξ

with x̃ ≈ x and state space dimension nx .
Residualization: Set ẏ = 0 to obtain the differential-algebraic system
Dt x̃ = f (x̃, ỹ, u),

x̃(0) = ξ,

0 = g(x̃, ỹ, u).
The dimension of the model is not reduced.
Slaving: Obtain a map ỹ = φ(x, u) either from the residualization
approach by solving the algebraic equation explicitly or through an
independent method. Using
Dt x̃ = f (x̃, φ(x̃, u), u),

x̃(0) = ξ

leads to a reduced model with state space dimension nx .
Remark 36. The crucial ingredient to the above algorithm is the availability of
the map T . Deducing it from the (nonlinear) system equation (47) alone is usually
not possible. In some cases physical insight into the process that is modeled or
other additional external knowledge can be used to partition the state z̃ into (x, y).
Quite common is the usage of information gained from sampling the system (47)
systematically for different inputs u(t). This approaches often lead to linear maps
T.
Several model order reduction methods have been proposed in the past and we
proceed to give a short description of some of them.
Nonlinear balancing is an analytical method based on the theory of nonlinear
Hankel operators and their attributed singular value functions aimed at obtaining
a nonlinear map T [26]. In practice, empirical balancing that incorporates samples
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of the systems behavior for different inputs and initial values can be used [36]. In
that case the map T is linear.
Proper orthogonal decomposition (POD) is based on sampling representative
trajectories of (47), called snapshots [45]. Similarly to balancing a linear transformation matrix T is obtained using singular value decomposition. For a focus in the
context of optimal control see [49].
Additional approaches include combinations of balancing and POD [50] and
moment matching for nonlinear systems [2].
3. Slow Invariant Manifolds for Model Reduction
The method for model order reduction that we are using is based on an optimization principle and is applicable for control systems that involve processes
evolving on significantly different time scales, that is, some of the states “move”
considerably faster than others (on parts of the overall time interval). It was developed in the context of the simulation of combustion and other complex chemical
reactions but is independent from the underlying problem and can be applied to
general nonlinear systems based on ordinary differential equations.
Dirk Lebiedz developed the method, [52]. Later it was refined theoretically
and numerically in [77, 54, 56]. The following is mainly based on the PhD thesis
of Jochen Siehr [81].
In Chapter 2 on singularly perturbed systems we saw that the fast modes relax
to an invariant manifold in the state space, that is parametrized by slow modes (or
reaction progress variables). The fast states (or unrepresented species) relax into
the direction of the manifold much faster than in any other direction (for example
to an equilibrium point). We already hinted that if one has this slow manifold
available it could be used for model reduction by means of a slaving approach. For
singular perturbed systems the existence of the manifold and its properties could
be characterized accurately, often in terms of the small parameter ε. For general
nonlinear systems without ε explicitly present the situation is more involved.
Consider the system

(48)
Dt z(t) = f z(t) , z(0) = z0 , t ∈ [0, T ]
with z(t) ∈ Rnz and f smooth. Further assume the solution of the initial value
problem exists for all t ∈ [0, T ]. Time scales present in a system can be identified
via analyzing the eigenvalues of the Jacobian
Jf (t) = Dz f (z)

z=z(t)

.

Definition 85 (Time Scale, [51, Section 6]). Denote the eigenvalues of Jf (t)
with λi (t), i = 1, 2, . . . , nz . Then local time scales for each state according to the
linearized system can be defined by
1
.
τi (t) :=
|Re λ(t)|
Fast time scales are connected to large eigenvalues of Jf (t) and vice versa. One
can speak of time scale separation if there is one or more significant gap(s) in the
ordered series
τ1 ≤ τ2 ≤ · · · ≤ τnz .
Remark 37. In the context of singularly perturbed systems ny rows of the
Jacobian Jf (t) get scaled by 1ε and there will be ny according eigenvalues of order
O( 1ε ) which in turn result in ny time scales of order O(ε) compared to the time
scales of the slow modes which are of order O(1) with respect to ε. This emphasizes
the role of the parameter ε as an explicit representation of the time scale separation.
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The manifold object we try to identify is often called slow invariant manifold
(SIM). Slow because if the fast states have relaxed close to the manifold they
move along it on the same time scale as the slow variables. Invariant refers to
the (positive) invariance (see Definition 9) of the manifold with respect to the flow
generated by (48). An additional assumption that is needed for model reduction
is that the SIM is attracting, i.e. all trajectories starting δ-close to the SIM will
converge towards it. This is more restrictive than what we allowed for in the case
of singularly perturbed systems where we assumed for the manifold to be normally
hyperbolic (Assumption A9, page 12). One is hard pressed to find a formal and
well accepted definition of SIMs for systems not explicitly in singular perturbed
form [33, 34]. Often the existence of a manifold parametrized by the slow states
is assumed [82], in that case the defining equation
y = h(x)
can be differentiated with respect to t to obtain
Dt y = Dx h(x) Dt x
⇔

g(x, y) = Dx h(x)f (x, y)
⇔

0 = Dx h(x)f (x, y) − g(x, y).

The last equation can be solved approximately using functional iteration (either
analytically, if feasible, or numerically). Another approach is to assume that the
general nonlinear system

Dt z(t) = f z(t)
can be transformed into singular perturbed form

Dt x(t) = f x(t), y(t) ,

ε Dt y(t) = g x(t), y(t) ,
and corresponding slow and fast states can be identified in the original state vector
z(t). This transformation could be incorporated into the map T from the general
model reduction pattern above. The transformation to a singular perturbed system is usually not carried out (because the mapping is not available) but merely
assumed to exist for theoretical justification. In general it is not clear under which
circumstances a nonlinear system can be transformed into a singular perturbed
form. In [63] geometric conditions on a mapping for control systems where an ε
can be identified in the right hand side are derived. In practice the transforming
approach stays merely a theoretical justification and the SIM is sought after in the
original state coordinates.
A central question is how the reaction progress variables might be chosen. A
time scale analysis using the notion of time scale introduced above will reveal if a
significant time scale separation is present (for certain example trajectories) and
how many slow and fast variables there are, i.e. the number of reaction progress
variables should correspond to the number of large time scales. For further analysis
the contribution of the individual states zi (t), i = 1, 2, . . . , nz to the slow and fast
directions has to be considered. There are several methods available, all aiming at
identifying the contribution of a species to the slow and fast time scale movements.
Locally, this can be done via decomposing the Jacobian J(t) for example using
Schur decomposition or singular value decomposition (SVD) [43, 53]. This way,
linear transformations are obtained that (partially) decouple the states from each
other and each new state has a time scale associated with it. Partitioning the
eigen- or singular values can be used to define slow and fast subspaces. Now,
from the transformation matrices the contribution of each state in the original
coordinates to this slow and fast subspaces can be computed and based on that the
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state space might be divided. For an overview on further approaches see [81]. In
practice, reaction progress variables are often chosen based on physical insight into
the process, that is modeled or on considerations concerning the use of the reduced
model.
Further complications arise for example for systems with several time scales,
which means the eigenvalues of J(t) feature more than two clusters. In that case the
state variable z can be partitioned into several hierarchical sets of fast variables. To
this end, Ij are index sets with I1 ⊂ I2 ⊂ · · · ⊂ Inf = {1, 2, . . . , ny } where nf ≤ ny
is the number of different fast time scales. Also, Ij ∩ Ii = ∅ for j 6= i. We assume
that the Ij are ordered according to the time scale magnitude with I1 containing
the indices of the fastest and Inf the indices of the slowest variables. Now there
exist manifolds M j , M 1 ⊂ M 2 ⊂ · · · ⊂ M nf such that yi , i = 1, 2, . . . , ny relax
onto this manifolds subsequently. In other words the manifold M 1 is parametrized
by the slow states x and all, except the most fastest, yi . We have
yi = h1i (x, yk ),

i ∈ I1 , k ∈

nf
[

Is ,

s=2

ongoing
yi =

h2i (x, yk )

i ∈ I1 ∪ I2 , k ∈

nf
[

Is ,

s=3

and finally
yi = h(x),

i = 1, 2, . . . , ny .

Example 16. Imagine the system
(49)

Dt x = −2x + y1

ε1 Dt y1 = −2y1 + 1y2 + x

ε2 Dt y2 = −1y2 + y1

being given with 0 < ε2  ε1  1. Obviously, for all initial values x(0), y1 (0),
y2 (0) ≥ 0 the origin in the phase space R3 is a stable equilibrium point. The state
y2 will relax first on a 2-dimensional manifold M 1 in the 3-dimensional state space
parametrized by x and y1 . Then y1 and y2 will relax onto a 1 dimensional manifold
M 2 parametrized by x before finally the 0-dimensional equilibrium point is reached.
Figure 5.1 shows example trajectories in the state space. Although the plot is
crowded, on closer inspection one can see that in y2 direction all trajectories move
to an inclined plane and only then on this plane into the direction of the central
diagonal which represents the 1-dimensional manifold.
The difficulty with multiple time scales is how to chose the reaction progress
variables. Depending on the accuracy demands more or less reaction progress variables might be used. One can also think of adaptive strategies, but research in this
direction is still ongoing.
3.1. Formulation as Optimization Problem. After introducing the SIM
for general nonlinear systems and discussing some of its properties the aim now is
to identify the manifold at least pointwise, i.e. given a point x ∈ Rnx what is the
corresponding point y = h(x) on the manifold. To this end we assume that
• the system features two distinct time scales (slow and fast),
• the overall state vector z(t) ∈ Rnz is decomposed into reaction progress
variables x(t) ∈ Rnx and unrepresented fast states y(t) ∈ Rny such that
T
z(t) = x(t), y(t) , and
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Figure 5.1. Random trajectories of the three time scale system (49) with ε1 =
0.1 and ε2 = 0.01. The equilibrium point is marked in the lower middle corner.

• a SIM M parametrized by x exists over a domain Dx ⊂ Rnx of interest
and there is a h : Dx → Rny , at least twice continuously differentiable,
such that M = {(x, y) | y = h(x), x ∈ Dx }.
The pointwise approximation problem will be formulated as an optimization
problem. The basic idea is that trajectories on the slow manifold fulfill a minimum
principle of some kind. For example for chemical reaction systems it was argued
that trajectories on the SIM minimize chemical entropy production, [52].
We aim at approximating y ∗ = h(x) and regard the problem

min Θ x(t), y(t)
x(t),y(t)

s.t. Dt x(t) = f x(t), y(t) ,

Dt y(t) = g x(t), y(t) ,
(50)
x(t∗ ) − r = 0,

v x(t), y(t) = 0,

w x(t), y(t) ≤ 0,
t∗ ∈ [0, T ].

Given an objective functional Θ : C 1 [0, T ] × C 1 [0, T ] → R the solution of the
problem are trajectories since the differential equations enter the problem as constraints. The functions v and w may be used to constrain the search space further.
For example, often for mathematical models of chemical reactions negative values
for the states are prohibited as well as certain mass balances have to be fulfilled.
∗
Additionally, the reaction progress variables are fixed at some time point
 t to a
∗
∗
∗ ∗
value r. Since we want to approximate y = h(x) we use y = h x (t ) = h(r),
where x∗ (t) is the solution of problem (50).
There have been some suggestions for the choice of Θ, [76], often based on the
idea that trajectories on the SIM have minimal curvature. Let


J(t) = [D∗ f x(t), y(t) , D∗ g x(t), y(t) ]
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be the Jacobian of the system and


f x(t), y(t)
F (t) =
g(x(t), y(t)
the complete right-hand-side vector. We are using
Z T

2
(51)
Θ x(t), y(t) =
kJ(t)F (t)k2 dt
0

and the “local” version
(52)


2
Θ x(t), y(t) = kJ(t∗ )F (t∗ )k2 .


The term inside the norm can be interpreted as the second derivative of x(t), y(t)
with respect to t. Especially
the first choice resembles a measure of the length of

the curves x(t), y(t) , t ∈ [0, T ], which is expected to be minimal for trajectories
on the SIM, [55].
Another parameter that has to be chosen is t∗ . Theoretically, the value of
the reaction progress variables can be fixed at any point in time within [0, T ],
however, there are two prevalent choices, namely t∗ = 0 (forward mode) and t∗ = T
(reverse mode). If t∗ = 0 is used, this amounts to asking for initial values for
y(t) that minimize the curvature of the trajectory x(t), y(t) . We saw so far that
this would mean that the initial fast transient for y(t) would be eliminated since it
would cause a large contribution to the objective function. The choice t∗ = T is
justifiable in a similar way: Going backward in time solutions that are not starting
on the manifold are usually unstable, which again would lead to large contributions
to Θ. Only if y(T ) is already on the SIM, y(t), t < T will stay on it since it is
assumed to be invariant. The integral version emphasizes the invariance property
of the manifold since whole trajectory pieces are regarded that have to fulfill the
differential equation.
3.2. Application to Singularly Perturbed Systems. Consider the singularly perturbed system
Dt x = f (x, y),
(53)
ε Dt y = g(x, y),
that we dwelt on in Chapter 2 for a bit. Under certain circumstances a SIM exists
and on a proper domain there is a function y = h(x, ε) that defines the SIM. The
assumptions we need are collected in Section 1 of Chapter 2. We are going to
assume here that all eigenvalues of the Jacobian gy (t) of g with respect to y have
negative real part (A6). If we apply the local objective (52) to system (53) we
obtain (assuming ε > 0)

  2
D1 f
D2 f
f
2
kJ(t∗ )F (t∗ )k2 =
1
1
1
D
g
D
g
1
2
ε
ε
εg
2
(54)

1
= (D1 f )f + (D2 f )g
ε

2

2

+
2

1
1
(D1 g)f + 2 (D2 g)g .
ε
ε
|
{z
}2
Jg

The second term in the last line contains an expression that is equal (except scaling
with 1ε ) to the condition of the zero derivative principle from Section 1.2 (Chapter
2) for order m = 1. There, Theorem 12 proposes that states y ∗ that fulfill
1
1
Jg = (D1 g)f + 2 (D2 g)g = 0
ε
ε
are approximations y ∗ = h(r) + O(ε2 ), where r is the value the reaction progress
variable is fixed to. In other words the (unique) y ∗ that minimizes Jg (read, makes
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it zero) in the objective function (54) is the second order approximation of the point
on the SIM for a fixed x. The first term in the last line of (54) has no apparent
explanation in the setting of singularly perturbed systems. It is minimized for y ∗
that lead to less variation in the slow variables. Note that because of the scaling
with 1ε the second term in general will be more significant for ε small.
The global objective function (51) is a based on minimizing curvature, as already mentioned above. In terms of singularly perturbed systems we aim at minimizing the contribution of the boundary layer correction. Likewise to the local
formulation, points close to the manifold will minimize Jg in (54). The difference
lies in the fact that actual pieces of trajectories are regarded and these pieces of
trajectories have to be close to the manifold in order to minimize the objective.
This notion is based on the invariance of the manifold. If we find a point y ∗ on the
manifold the trajectory through that point will also be on the manifold and thus
minimize the integral.
For stable systems where the Jacobian gy only has eigenvalues with negative
real parts this setting suggests to choose t∗ = T , i.e. the reverse mode. That way
we have to solve a final value problem, which can be transformed to an initial value
problem on a reversed time scale s = T − t. We have
Ds x = −f (x, y), x(0) = r
ε Ds y = −g(x, y),

y(0) = y ∗ .

On this new time scale the eigenvalues of gy have positive real parts and the boundary layer solutions X(τ ), Y (τ ) become unstable which means for every y(0) = y ∗
that is not on the SIM the solution y(s) will exponentially move away from the
SIM. This would lead to a large contribution to the objective function. Also, from
this analysis it seems beneficial to increase the integration horizon as much as possible because the instability might manifest itself significantly only after a critical
amount of time for points that are very close to the manifold. In [55] it is shown
that the method identifies the SIM of linear models exactly for T → ∞ in the
reverse mode. Hence, in practice one would like to chose T as large as possible,
however, the choice of T is often limited by the stability of the shooting approach
that is used to solve the optimization problem (see next section). For singular
perturbation systems it seems reasonable to choose T in the order of ε since the
boundary layer is of that width.
3.3. Numerical Methods. Eventually, the optimization problem (50) has
to be solved numerically. The PhD thesis of Jochen Siehr [81] is largely devoted
to this subject, and we are only going to highlight a couple of interesting points.
Problem (50) is a semi-infinite optimization problem similar to the optimal control
problems that were treated in Chapter 3 as in both cases the solutions are functions
and thus come from an infinite dimensional search space. Accordingly, the same
methods used for solving optimal control problems, namely single and multiple
shooting could be used to discretize problem (50) and reduce it to an NLP. In the
software package MoRe developed by Jochen Siehr the NLP is either solved using
IPOPT [89] if the global, integral objective (51) is used, or a generalized GaussNewton method [8] is employed in case of (52). The generalized Gauss-Newton
approach is combined with an active set strategy and a filter method to handle
constraints and choosing appropriate step sizes.

3.3.1. Sensitivity Generation. We aim to replace y(t) with h x(t) in the optimal control problem. Whenever in the numerical procedure to solve the reduced
optimal control problem derivatives of the right hand side or constraint functions
with respect to x are needed we have to provide Dx h(x). For example
Dx f (x, h(x), u) = D1 f (x, h(x), u) + D2 f (x, h(x), u) Dx h(x).
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In the context of the finite (discretized) model reduction problem this means we
are interested in the derivative of the optimal solution (x∗ , y ∗ ) with respect to r
which are the values the reaction progress variables are fixed to. If this derivative
exists at all and how it may be computed will be discussed immediately, for now
we assume x∗ = x∗ (r) and y ∗ = y ∗ (r). Depending on the discretization method
that was chosen, the optimization variables (x∗ , y ∗ ) do not correspond to the point
y = h(r) on the manifold but are given through an extra mapping

y = h(r) = η x∗ (r), y ∗ (r) ,
hence


Dr y = Dr h(r) = D1 η x∗ (r), y ∗ (r) Dr x∗ (r) + D2 η x∗ (r), y ∗ (r) Dr y ∗ (r).
The partial derivatives of η are known from the discretization method and the
sensitivities Dr x∗ and Dr y ∗ are available at a low extra cost from the solution of
the NLP.
Essentially, the solution of the NLP is a root of a function K(x, y, λ) : Rnx ×
ny
R ×Rnλ representing the KKT conditions (Definition 46) with Lagrange multipliers λ. This function is augmented by the parameter r and now K := K(x, y, λ, r).
We seek solutions of the problem K(x, y, λ, r) = 0 in x, y and λ. If LICQ (Definition 47) and second order sufficient conditions (Theorem 49) hold for a solution
x∗ (r∗ ), y ∗ (r∗ ), and λ∗ (r∗ ) then x∗ , y ∗ , and λ∗ are differentiable functions of r
around r = r∗ , [22]. We find the linear system
Dr K(x∗ (r), y ∗ (r), λ∗ (r), r) = D1 K(x∗ (r), y ∗ (r), λ∗ (r), r) Dr x∗ (r)+
D2 K(x∗ (r), y ∗ (r), λ∗ (r), r) Dr y ∗ (r)+
D3 K(x∗ , y ∗ (r), λ∗ (r), r) Dr λ∗ (r)
= − D4 K(x∗ (r), y ∗ (r), λ∗ (r), r),

for the sensitivities Dr x∗ , Dr y ∗ and Dr λ∗ . The matrix

K = [D1 K(x∗ , y ∗ , λ∗ , r), D2 K(x∗ , y ∗ , λ∗ , r), D4 K(x∗ , y ∗ , λ∗ , r)]
is called the KKT matrix. Let

Dr x∗ (r)
R = Dr y ∗ (r)
Dr λ∗ (r)


be the matrix of sensitivities. The linear equation from above can be shortened to
KR = − Dr K.

Under the assumptions put forward above, the matrix K has full rank and the
sensitivities can be obtained by solving the linear system.
3.3.2. Warm Starts and Path Following. When using model order reduction
in the context of optimal control, problem (50) has to be solved for numerous
different input values r. Since h(x) is assumed to be at least C 2 we can expect
that for two fixed values x1 , x2 where kx1 − x2 k is small also ky1∗ − y2∗ k is small
for the corresponding y1∗ = h(x1 ) and y2∗ = h(x2 ). Thus, the NLPs for obtaining
y1 and y2 are close, too, in the sense that according Lagrange multipliers λ1 and
λ2 are close. This can be exploited by using warm starts of the NLP solver, which
means Lagrange multipliers as well as other internal variables and states of the NLP
solver from one run are used to initialize the algorithm for the next run on a close
problem.This strategy can greatly reduce the number of NLP iterations needed.
A more sophisticated approach is again to consider the optimal solution x∗ , y ∗
and Lagrange multipliers λ∗ as differentiable functions of the parameter r. We write
T
c(r) = x∗ (r), y ∗ (r), λ∗ (r) . Two parameter values r0 , rf are then assumed to be
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connected through a differentiable path c(r) ∈ Rnx +ny +nλ . A possible strategy
to get from r0 to rf in terms of the solution c(r) is to approximately following
this path with a predictor corrector scheme in which a prediction for the solution
at some point r + hd, where h ∈ (0, 1] and d ∈ Rnx , kdk = 1 is made and this
prediction is used to start the optimization procedure at that point as correction
of the prediction. The prediction can generally be based on interpolation of the
path c(r). To this end define a grid ri , i = 0, 1, . . . , nr , rn = rf and step sizes
hi = kri+1 − ri k, i = 1, 2, . . . , nr . Additionally, let ci be the approximation of c(r)
at ri . A first order predictor in direction d = r2 − r1 is given by
ci+1 = ci + h Dr ci d.
For h = 1 a full step is taken and rf is reached with one step. Remember that after
each step the predictor ci+1 is corrected by solving the optimization problem (50)
with ci as initial guess for the optimization variables. A step size strategy based
on the aspired number of NLP iterations in each correction step can be developed
and is implemented in the software package MoRe by Jochen Siehr, [81, Chapter 8].
3.4. Application to Control Systems. We consider control systems
(55)

Dt x = f (x, y, u),
Dt y = g(x, y, u),

where x(t) ∈ Rnx and y(t) ∈ Rny are the slow and fast states, respectively. The
control u(t) ∈ U ⊂ Rnu is a function u : R → Rnu . The following is assumed to
hold:
H1 The right hand sides f and g are smooth functions of their arguments on
any domain of interest.
H2 A unique solution of (55) exists for all initial values x(0), y(0) and all
admissible u(t) on any time interval [0, T ].
H3 A SIM (depending on u) exists for all admissible u : R → Rnu .

For singular perturbed systems we saw that the manifold can be described by a
function y = h(x, u) that depends on x and u. For general systems the third
assumption allows us at least to write y = hu (x) for the manifold equation for a
fixed u, i.e. for each admissible u we obtain a different set of right hand sides and
thus manifolds.
Remark 38. The third assumption H3 is strong, however natural: If it does
not hold the model reduction approach we pursue here is bound to fail. If the
SIM ceases to exist for some u(t), then in general using the reduced model in
the optimal control context will lead to unreliable and wrong results (even if the
numerical model reduction method will deliver a result).
For all practical purposes we build up on assumption H3 and the properties of our multiple shooting approach to solve the reduced optimal control problem. On the j-th multiple shooting interval, j = 1, 2, . . . , n, we approximate u(t)
with a parametrized version uj (t, αi ), t ∈ [tj , tj+1 ], αj ∈ Rnα . Each parameter

αj ∈ Rnα constitutes different right hand sides fj (x, y, αj ) = f x, y, uj (t, αj ) and
gj (x, y, αj ) = g x, y, uj (t, αi ) . As mentioned before, sensitivities of h(x) with respect to the optimization variables, which this time also include the αj are necessary
for the numerical solution of the optimal control problem. To this end we extend
the system with the constant state x̃(t) : R → Rnα where
Dt x̃(t) = 0,

x̃(0) = αj .
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This way, from the model reduction point of view the underlying ODE system is
Dt x̃ = 0,
Dt x = fj (x, y, x̃),
Dt y = gj (x, y, x̃),
which is a normal (read not a control) system and the model reduction thus can be
performed without modification and y = h(x, x̃) as well as Dx h and Dx̃ h can be
approximated using the techniques outlined above.
Remark 39. Note that the introduction of the constant state variable x̃ is
not necessary if the local objective function (52) is used since only the value u(t∗ )
is needed which could be fixed to the desired value, i.e. u(t∗ ) = u∗ would enter
the optimization problem as another constraint. However, the proposed setting
includes this case and allows for a general treatment regardless of the concrete
objective function in use.
Example 17. To illustrate the ideas of this section we consider again the
enzyme control system (see Examples 1, 5, and 7). We will use piecewise constant
controls and therefore nα = 1 and αj ∈ R. The parametrized control is uj = αj for
all t ∈ [tj , tj+1 ]. The control system
(56)

Dt x = −x + (x + K − λ)y + u(t),

ε Dt y = x − (x + K)y,

x(0) = ξ,

y(0) = η.

becomes
Dt x̃ = 0,
(57)

x̃(0) = αj ,

Dt x = −x + (x + K − λ)y + x̃,

ε Dt y = x − (x + K)y,

x(0) = ξ,

y(0) = η.

For the unaugmented original system (56) and (57) series expansions for the respective manifold functions can be analytically computed. For system (56) we use
hu (x, u) and for (57) hc (x̃, x, ε). The series coefficients up to first order are
x
,
hc0 (x̃, x) = hu0 (x, u) =
x+1
(2x + 2)x̃ − x
,
hc1 (x̃, x) = 4
2x + 8x3 + 12x2 + 8x + 2
(2x + 2)u − x
hu1 (x, u) = 4
.
2x + 8x3 + 12x2 + 8x + 2
Remark 40. The first order coefficients are the same except for an exchange
of symbols. The manifold only depends on x and u in a local manner. The past,
i.e. how a point (x, u) was reached is not important. Only if hc and hu are regarded
along trajectories and controls x̃(t), x(t) and u(t) there will be a difference.
We aim at a three-way comparison of manifolds: Numerically computed using the integral objective (51) (hi (x̃, x)) versus numerically computed using the
local objective (52) (hl (x̃, x)) versus analytically computed to first order from (57)
(hc (x̃, x)). The manifold is approximated on the domain (x̃, x) ∈ [0, 6] × [0, 6] with
20 points in each direction. For illustration purposes a random trajectory with
initial value x(0) = 0, y(0) = 1 and x̃(t) = u(t) = 4.5 is included.
For ε = 1, i.e. no time scale separation Figures 5.2–5.5 show hi , hl , hc and
l
h − hc , respectively. Both numerical approximations show artifacts of instability which seem to be more grave for hl . This shows that the lacking time scale
separation poses problems for the model reduction algorithm, especially for small
values of x and x̃. The analytical approximation is smooth. Note however, that
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Figure 5.3. Plot of the numerical approximation hl (x̃, x) of the SIM using
the local objective (52).
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Figure 5.2. Plot of the numerical approximation hi (x̃, x) of the SIM using the integral objective (51) with
T = t∗ = 5.
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Figure 5.4. Plot of the analytical approximation hc (x̃, x) of the SIM.
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hi (x̃, x) − hc (x̃, x) .
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the SIM is negative for small x and x̃. In more complex situations this might pose
a problem because negative concentrations contradict model assumptions and can
lead to errors and instabilities. This case is artificial in as much that there is no
time scale separation to begin with and also the analytical approximation does not
represent a SIM of the system. The comparison serves only to illustrate that the
numerical model reduction algorithm works (albeit with problems) and produces
results even in the case of no time scale separation.
For ε = 0.1 the situation is different. The numerical approximations (see
Figures 5.6 and 5.7) are smooth, but different for small x. The analytical version
(Figure 5.8) resembles the approximation obtained with the local objective and
thus the error between the two (Figure 5.9) is relatively small (maximum about
0.6). Both, the analytical and local objective based manifold have negative values
for x and x̃ small. This is different for the manifold obtained via the integral based
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Figure 5.7. Plot of the numerical approximation hl (x̃, x) of the SIM using
the local objective (52).
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Figure 5.6. Plot of the numerical approximation hi (x̃, x) of the SIM using the integral objective (51) with
T = t∗ = 0.5.
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Figure 5.8. Plot of the analytical approximation hc (x̃, x) of the SIM.
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objective. One may speculate that curvature for trajectories starting above zero
is smaller since they reach the plateau of the manifold pretty fast compared to
trajectories traveling along the strong bend of the manifold for small x and x̃.
3.4.1. Evaluation of the Manifold. Eventually, we have to evaluate the manifold map y = h(x, u) for arbitrary points (x, u) ⊂ Rnx × Rnu . We do not regard ε as
argument of h here, since it is either a fixed parameter for the numerical solution of
the optimal control problem in case of singularly perturbed problems or we regard
general problems without explicit dependence on a small parameter ε. We will
discuss two alternatives: Solving the model reduction problem online, i.e. whenever
an evaluation of h(x, u) is needed while solving the optimal control problem, and
interpolation of offline precomputed data obtained by evaluating h(x, u) on a discrete set of points C ⊂ Rnx × Rnu . Both methods have intrinsic advantages and
disadvantages. The online method can be easily applied since no preparation steps
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are needed. However, calculating h(x, u) is costly and involves the solution of an
NLP which could slow down the overall computation. On the contrary, the interpolation approach provides a direct, fast, and easy to evaluate object, that promises
a larger speed up. However, it suffers from the need to precompute the manifold
data and building the interpolation object, both tasks take a considerable amount
of time. This makes this approach only effective if the optimal control problem has
to be solved very often (e.g. in NMPC) so that the time spend in the preliminary
stages is outweighed by the overall performance gain. Furthermore, especially for
higher dimensional problems, the storage needed for the interpolation data might
be to large to be handled properly for given hardware resources.
If an evaluation of h(x, u) is needed for a certain (ξ, u0 ) we solve the model
reduction problem (50) with the slow states and control fixed to (ξ, u0 ). For performance reasons only the local formulation (52) is feasible because integration of
the full model is dispensed with and the generalized Gauss-Newton method can
be used for efficient solution of the minimization problem. Although it seems that
this approach contradicts the purpose of model reduction, since the full right hand
side still has to be evaluated, there is a computational advantage due to the decreased stiffness of the reduced model. In addition the points at which h(x, u) has
to be evaluated will typically be close to each other which makes it possible to use
warm starts for the Gauss-Newton procedure or even the mentioned path following
algorithms. Thus, in general, only very few iterations will be needed to solve the
model reduction problem. This is in principle similar to solving an explicitly given
differential-algebraic equation where usually inside the integration routine in each
time step only a few iterations of a nonlinear equation solver are needed for the
algebraic part of the dynamic problem.
As already described above, a set C of discrete points in the domain of interest
C ⊂ Rnx × Rnu is established and the model reduction problem is solved for each
z = (x, u) ∈ C. Additionally, sensitivities of h(x, u) with respect to x and u
are computed. Finally, we obtain a data set consisting of function values and
directional derivatives of h. This data set is used to build an interpolation function
φ(x, u) ≈ h(x, u) using Hermite RBF interpolation as introduced in Chapter 4. For
fast evaluation we rely on the partition of unity approach. The interpolation object
φ is used to replace h in the model reduction approach.
Naturally, the question about the error between the full model and the reduced
model comes up. We compare
Dt xf = f (xf , yf ),

xf (0) = ξ,

Dt yf = g(xf , yf ),

yf (0) = η,

with
(58)


Dt xr = f xr , h(xr ) ,

xr (0) = ξ,

yr = h(xr ),

and define the local errors
Ex (t) = kxf (t) − xr (t)k2
and

Ey (t) = yr (t) − h xr (t) 2 .
For singularly perturbed systems we dealt with this question extensively in Chapter 2, see especially Remark 8 and Example 2. The solution xr (t) of the reduced
system along the manifold corresponds to the outer solution of the full system if
the initial values match correctly. That means the outer solution of the full system
does not start at ξ but at some value ξ ∗ that is only defined implicitly. Remember
x(t, ε) = x∗ (t, ε) + X(t/ε, ε), where only x(0, ε) = ξ is explicitly known. Only in the
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case that x∗ (0,ε) = ξ and therefore X(0, ε) = 0 the outer solution y ∗ (t) matches
y(t) = h x∗ (t) exactly. Still, the error is given mainly through the magnitude of
the boundary layer correction, which converges to 0 exponentially on the fast time
scale (see Theorem 5). The crucial estimate is
kX(τ, ε)k2 + kY (τ, ε)k2 ≤ K1 kη(ε) − y ∗ (0, ε)k2 e−δ1 τ , τ ∈ [0, T /ε], ε ∈ (0, ε0 ],
where τ =

t
ε

and K1 and δ are constants. We have
kEy (t)k2 ≈ kY (t/ε, ε)k2 .

Using the reduced system it must be clear that we disregard the boundary layer
correction completely.
For general systems error estimates are not available however the concepts
transfer. Fast modes relax onto the manifold exponentially fast and thus conceptually we have again that the error consists of ignoring the boundary layer correction.
For the offline approach we also have to regard the interpolation process as
an error source. Two things can go wrong here: First, the SIM might not be in
the native space of the basis function of the RBF interpolation and second, the
interpolation process itself will be erroneous.
We are going to use the Gaussian basis function for our interpolation of h. The
native space Nφ of the Gaussian is rather small and includes only functions that are
characterized through a Fourier transform that decays at least exponentially. Even
if we assume that the SIM is smooth this will in general not suffice to conclude that
it is contained in Nφ . However, we also saw that Gaussian RBF interpolation will
converge for functions not from the native space, (see for example Theorem 74).
However, for that case no error estimates are available. Another approach would be
to multiply h with a bump function such that the result would be a member of Nφ .
Numerical experiments show that there is no significant benefit in using a bump
function. Moreover it introduces the problem of handling the boundary, which can
get especially problematic if there is a problem intrinsic border, for example the
model is only valid for positive states. In that case, the interpolation for points
close to zero is seriously perturbed by the bump function.
To analyze the error caused by the interpolation let φh (x) be the RBF interponx
lation of h(x) on a set of points X = {xj }N
with X ⊂ Ω.
j=1 on a domain Ω ⊂ R
The interpolation error was defined in terms of the fill distance hX,Ω (Definition
71). We saw that for the RBF interpolant with Gaussian basis function the error
decayed exponentially with the fill distance. The influence of the interpolation error on the solution of the differential equation system (58) can be estimated with
Gronwall’s inequality.
Theorem 86. Let φh (x) be an interpolation of h(x) as described. For the
solutions of the initial value problems


Dt x1 = f x1 , φ(x1 ) , x1 (0) = ξ and Dt x2 = f x2 , h(x2 ) , x2 (0) = ξ
on the interval [0, T ] it holds that
kx1 (t) − x2 (t)k ≤ Lf,Ω M T eLf,Ω t
where Lf,Ω is the global Lipschitz constants of f with respect to the first and second
argument of f on Ω and M = maxx∈Ω kφ(x) − h(x)k the maximum error of the
interpolation on Ω.
Proof. With the Lipschitz continuity of f with respect to y it follows that


f x, φ(x) − f x, h(x) < Lf,Ω kφ(x) − h(x)k < Lf,Ω M
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and the difference in f can be bounded. Now define


f1 (x) := f x, φ(x) and f2 (x) := f x, h(x) ,
so that
kf1 (x) − f2 (x)k < Lf,Ω M

(59)

for all x ∈ Ω.
We proceed with the usual proof utilizing Gronwalls Lemma [67, Satz 4.9]:
Z t
Z t


f1 x1 (τ ) dτ − ξ −
f2 x2 (τ ) dτ
kx1 (t) − x2 (t)k = ξ +
0

0

(we omit the argument τ from here on)
Z t
≤
kf1 (x1 ) − f1 (x2 ) + f1 (x2 ) − f2 (x2 )k dτ
0
Z t
Z t
≤
kf1 (x1 ) − f1 (x2 )k dτ +
kf1 (x2 ) − f2 (x2 )k dτ
0
0
Z
t
(59)
≤ Lf,Ω
kx1 − x2 k dτ + T Lf,Ω M
0

Gronwall

≤

T Lf,Ω M eLf,Ω t .


As one would expect the error due to the interpolation approaches 0 (at least
theoretically) if the interpolation error itself is reduced. We saw that for numerical
computations the interpolation suffers from instability issues if the fill distance gets
too small. Therefore the set of interpolation nodes X has to be carefully chosen as
to minimize the interpolation and therefore the simulation error.
Example 18. To give an example for the computational advantages of model
reduction we are picking up Examples 3 and 4. For reference: It is a linear singularly
perturbed system with five states and one control. Of the five states two are slow,
T
T
i.e. x(t) = x1 (t), x2 (t) and three are fast, i.e. y = y1 (t), y2 (t), y3 (t) . For our
numerical experiments we set u(t) = 0. We compare the integration of the full
model with the integration of the reduced model in online and offline mode. We
use the subscripts f, d, and i to refer to the full, the offline reduced and the online
reduced system respectively. The error will be recorded pointwise, i.e. we look at
kxf (t) − xd (t)k2 , kxf (t) − xi (t)k2 , and kxd (t) − xi (t)k2 . For numerical integration
we use the BDF integrator introduced in Section 3.1.1. Numerical efficiency is
accessed through integrator statistics (number of steps, number of rejected steps,
etc.) and timings. Here we only consider pure integration timings, a more thorough
examination of the subject is given in the next chapter.
To also include a comparison between the different objectives in the optimization problem for model reduction (integral based (51) and local (52)) we used the
global objective to compute the interpolation data. In all cases the backward mode
was used, i.e. t∗ = T .
For the reduced model initial values for the fast variable can not be set because
they are determined through y = h(x). However, they play an important role for
the integration of the full system, therefore we will use a set of two different values
(for the fast variables)
x(0) = (−10, 10)T
and
η1 = y(0) = (10, 10, 10)T , η2 = y(0) = (0, 0, 0).

102

5. MODEL ORDER REDUCTION IN THE CONTEXT OF OPTIMAL CONTROL

90
xf ( t )
xd ( t )
xi ( t )

xf ( t )
xd ( t )
xi ( t )

10

60

x

x

5

0
30

−5
0
−10

−10
0

0.5

1
t

1.5

2

Figure 5.10. Trajectories xf (t),
xd (t), and xi (t) for y(0) = η1 =
(10, 10, 10)T and ε = 2 × 10−1 .
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Figure 5.11. Trajectories xf (t),
xd (t), and xi (t) for y(0) = η2 =
(0, 0, 0)T and ε = 2 × 10−1 . The lines
for xf and xi overlap.

Table 5.1. Integration statistics for ε = 2 × 10−1 .
accepted steps
rejected steps
time (s)

full, η1 full, η2
offline
online
49
18
16
18
5
5
2
2
0.001 3 × 10−4 2 × 10−4 0.007

The second choice is the first order approximation of h(x(0), 0).
We start with ε = 2 × 10−1 , for the model reduction T = 2. The time scale
separation seems to be too small as can be seen in Figure 5.10. For the initial
value η1 the model reduction error is fairly large. Only if we start at η2 so that
the fast variables are close to the SIM the error kxf (t) − xi (t)k2 is negligible, see
Figure 5.11. Surprisingly, there is a significant difference between xi (t) and xd (t).
This is not due to the interpolation error but the difference in the model reduction
results. It seems that the local optimization problem (52) is not able to capture the
SIM accurately enough or with a high enough order. This was observed in several
examples (not shown here), however, a clear explanation is lacking. Theoretically,
the order of the approximation is determined by the order of the derivative term
in the objective, which is the same for both formulations. There is although a bit
of ambiguity about the integration horizon. As we saw a large T would most likely
increase the quality of the approximation although its influence can not be pinned
down exactly.
Only of minor interest are the integration statistics given in Table 5.1 because
the resulting trajectories are erroneous for most initial values anyway. Still, they
show the principle we wish to exploit: For the reduced model the number of integration steps is reduced compared to the full model if the initial values for the fast
modes are not close to the SIM. This gives the interpolation approach a significant
time advantage for η1 .
For ε = 2 × 10−3 there is a larger time scale separation. The results are plotted
in Figures 5.12 and 5.13. Clearly, the error between the full and reduced model is
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Figure 5.12. Trajectories xf (t),
xd (t), and xi (t) for y(0) = η1 =
(10, 10, 10)T ) and ε = 2 × 10−3 .
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Figure 5.13. Trajectories xf (t),
xd (t), and xi (t) for y(0) = η2 =
(0, 0, 0)T ) and ε = 2 × 10−3 . All lines
overlap.

Table 5.2. Integration statistics for ε = 2 × 10−3 .
full, η1 full, η2
offline
online
accepted steps
108
18
18
18
rejected steps
10
5
2
2
time (s)
0.002 5 × 10−4 4 × 10−4
0.01
smaller than for ε = 2 × 10−1 , although there still is a significant boundary layer if
η1 (0) is used as initial value. Using the interpolation does not result in a noticeable
difference compared to the online integration this time.
The dependence on the initial values is also visible in the integration statistics,
see Table 5.2. For η1 the integration of the full system needs around 6 times more
steps than the integration of the reduced system with either method, offline or
online. Using the first order approximation of the manifold for y(0), i.e. η2 shows
that also the full system looses its stiffness and the same small number of steps
are needed for the integration. The time spend for the integration is not only a
function of the integrator steps but also of the cost for function evaluation. It
seems that using the online approach is rather expensive and not competitive for
pure integration. The interpolation approach delivers a performance that is better
or on par with the full system even for η2 .
4. Summary
In this chapter we introduce model order reduction as a way to speed up the
simulation and numerical computations to obtain an optimal control solution which
is for example needed for model predictive control. We see that solving the initial
value problem in the multiple shooting approach is one large contributor to the
computation time. Reducing the order of the model helps to decrease this time
because of the reduced number of variables that has to be considered but also and
mainly because of the reduced stiffness of the model which results in fewer steps of
the numerical integration procedure.
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The model reduction approach focused on here is based on the idea of a slow
invariant manifold (SIM) that is assumed to exist in the phase space of a system
with significant time scale separation. The state space is partitioned into slow and
fast variables x and y respectively and the SIM is then parametrized by the slow
variables, i.e. there is a map y = h(x). The SIM can be theoretically identified
in the case of singularly perturbed systems, for general nonlinear systems a clear
definition is not available but the concept persists.
For general systems the SIM can only be approximated numerically. Our approach is based on formulating the model reduction problem as an optimization
problem. To this end the value of the slow variables, also called reaction progress
variables are fixed and the corresponding values of the fast variables are sought as
minimizers of some objective functional. Two objectives were introduced, an integral based formulation that aims at minimizing the curvature of trajectories and a
local formulation that minimizes the second derivative of the solution x(t) and y(t)
with respect to time. If singularly perturbed systems are considered, the objectives
can be linked to the zero derivative principle.
The numerical solution of the optimization problem for model reduction involves reducing the (in case of the integral objective) infinite problem to an NLP.
Also, for the purpose of optimal control sensitivities of h with respect to x are
needed which can be obtained cheaply if the NLP is regarded as parametrized by
the value of the reaction progress variable. Moreover, this sensitivities can be put
to use in path following strategies that aim to speed up the solution of neighboring
model reduction problems, which are bound to turn up in the context of optimal
control.
Finally, the model reduction has to be connected with the integration of the
reduced model, i.e. y = h(x, u) has to be evaluated fast and reliably whenever it
occurs during the integration routine. Offline and online evaluation is considered.
The offline approach consists of precomputing the manifold (and sensitivities) on
a discrete set of points and using RBF interpolation to obtain a smooth and easy
to evaluate object. Online evaluation solves the model reduction problem for each
input value. It takes advantage of the local formulation, the general Gauss-Newton
method with warm starts or path following.

CHAPTER 6

Numerical Results
1. Introduction and General Remarks
In this chapter all the tools (model reduction, interpolation and numerical
optimal control) that were discussed in earlier chapters are united and used to
showcase benefits and disadvantages of their use with the help of three examples.
To facilitate the discussion we will use the subscript f when referring to the full
model and r for the reduced model. We are looking at the problems
Z T


min Jf (uf ) = Θ xf (T ) +
θ xf (t), uf (t) dt
xf ,uf

0

s.t. Dt xf = f (xf , y, uf ),
Dt y = g(xf , y, uf ),
and

min Jr (ur ) = Θ xr (T ) +

Z

xr ,ur

T


θ xr (t), ur (t) dt

0

s.t. Dt xr = f (t, xr , h(xr , ur ), ur ),
When dealing with reduced models in the context of optimal control there are
two key aspects:
• What is the performance of the optimal control u∗r (t) obtained with the
reduced model when used in the full model?
• What, if any, is the time benefit for using the reduced model to compute
the optimal control?
The first point addresses the usefulness of ur (t) to control the full dimensional
system which is the ultimate goal of computing the optimal control strategy. The
second question aims at the numerical efficiency of the approach. Both points have
to be fulfilled in order to make model reduction in optimal control scenarios a valid
strategy. The reduced solution should be close enough to the solution for the full
model and it should be computable significantly faster.
The full control uf (t) consists of two boundary layer corrections UL (t), Ur (t)
and an outer solution part u∗ (t):
uf (t) = u∗ (t) + UL (t) + Ur (t).
For singularly perturbed systems each part of the decomposition of uf (t) can be
expanded into an ε series and we have

Jf uf (t) = Jf∗ (t) + JL (t) + Jr (t).
The reduced optimal control lacks the boundary layer corrections, thus
and

ur (t) ≈ u∗ (t)


Jr ur (t) ≈ Jf∗ (t).
Hence comparing Jr and Jf directly is usually not meaningful because the contribution of the boundary layer corrections can not be quantified without analytical
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insight. Also, as stated above, since the full system is what we aim to control the
performance of the reduced system is only of minor interest to us. One obvious
measure for the quality of uf is the objective value
Z T


J(ur ) = Θ x(T ) +
θ x(t), ur (t) dt
0

where x is the solution of
Dt x = f (x, y, ur ),
Dt y = g(x, y, ur ).
Note that x and y will in general neither be equal to xf and yf , nor xr and h(xr , ur ).
We expect Jf (uf ) ≤ J(ur ) because ur will not contain the boundary layer correction
and is thus suboptimal for the full system.
For the computational comparison one has to clarify first what should be compared. When starting with the full problem formulation there are several steps
until the final uf and ur can be computed:
(1) Select reaction progress variables x and fast variables y.
(2) Implement the system for the model reduction algorithm.
(3) Tune the model reduction algorithm:
Online: Set tolerances for the general Gauss-Newton method.
Offline: Chose the objective (integral based/local); if integral based, chose
T and t∗ ; Define the domain Ω ⊂ Rnx and grid X ⊂ Ω for the
interpolation; Tune the interpolator (number of points per partition
of unity patch, overlap factor); Build the interpolation object.
(4) Solve the full and reduced optimal control problem for uf and ur , respectively.
Each step takes a considerable amount of time. Points 1–3 are preparation steps
specific to the reduced system only. The time spent there is hard to measure since
especially the tuning of the model reduction algorithm and interpolation is not
yet automated and has to be done manually. Building the interpolation object
includes optimizing the shape parameter and solving the linear system to obtain
the interpolation coefficients. The time spent there can be easily measured. The
last step is where the model reduction should pay of in terms of time consumption
and its duration can be recorded accurately. Let us denote the time spent in step
4 for the full and the reduced system respectively with σf and σr . The difference
σ = σf − σr is positive if the reduced optimal control problem can be solved faster
than the full problem. Usually, even if σ > 0 it will not cover the preparation
time invested in steps 1–3, thus the model reduction will only pay off if the optimal
control problem has to be solved several times (for example in NMPC, see the
introduction of Chapter 5). Typically, there will be certain number ns of repetitions
necessary such that ns σ is larger than the time used for preparation.
Remark 41. Storage requirements (either hard drive or RAM) do not play a
role in our considerations of computational performance. Although there seems to
be an advantage because of the reduced number of variables in the reduced system
this view does not take into account additional storage needs for model reduction
(online) or interpolation data (offline). Especially the interpolation approach needs
to fit all the interpolation data (function values and derivatives) into the RAM
which can be prohibitive for higher dimensional problems because the amount of
data grows like O(N ny ) where N is the number of interpolation nodes. All in all,
storage is very problem dependent and we merely assume that enough storage is
available.
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Remark 42. The problem formulations we are considering in this chapter
do not contain boundary value constraints, e.g. final time point constraints like
xf (T ) = 42. We already mentioned that this is a difficult topic. Initial and final
values for the fast (and therefore reduced) variables y can not be attained as long
as they are not on the SIM. Theoretically, the slow variables xr in the reduced
system can be subject to boundary or path constraints, however, these would only
be satisfied in the reduced setting. One can not guarantee that using ur for the full
system will lead to trajectories x(t) that fulfill the additional constraints.
2. Enzyme Example
This example is based on Michaelis-Menten enzyme kinetics in singularly perturbed form we already used in Examples 1, 5, 7, and 17. The (full) problem was
introduced in Example 7:
Z 5
min
−50y + u2 dt
0

(60)

s. t. Dt x = −x + (x + 0.5)y + u,
ε Dt y = x − (x + 1.0)y,
x(0) = 1,

y(0) = η.

The control and the objective are artificial and not related to a realistic model
scenario. The reduced problem is obtained by replacing y with h(x, u), eliminating
the ODE for y and the initial condition η. The reduced problem is thus
Z 5
min
−50h(x, u) + u2 dt
0
(61)
subject to: Dt x = −x + (x + 0.5)h(x, u) + u,
x(0) = 1.

We set ε = 10−2 and use the multiple shooting approach described in Section 3.1.
To obtain initial values for x and y at the multiple shooting nodes we integrate the
uncontrolled system (u(t) = 0) numerically starting at x(0) = 0 and y(0) = η. The
overall time interval is divided into 40 equidistant multiple shooting intervals. The
termination tolerance for IPOPT was set to 10−4 and the integration tolerance of
the BDF-integrator to 10−6 . The discretized full problem has 204 variables whereas
the reduced problem has 163. Lastly, bounds are introduced for the state variables
and the control. We use the lower bounds xl = yl = ul = 0 and the upper bounds
xu = yu = uu = 9 on all multiple shooting nodes.
In Example 7 we computed a control solution to the full problem via an indirect
approach. We denote this solution u∗ (t) in this section.
We go ahead and analyze the runtime of the various numerical solution attempts. The performance of the full system (60) depends on the initial value η.
For η = 0 we have an average runtime of σf = 4.4 s and 44 NLP iterations. For
η = 0.5, which is the first order approximation h0 (1, 0) we find σf = 4.8 s and 50
NLP iterations and lastly for η = 1 we get σf = 39 s and 3.9 iterations. Surprisingly,
the first order approximation y(0) = 0.5 fares the worst in terms of number of NLP
iterations and time needed.
Next we used the online computation of h, i.e. the local objective (52) in
combination with the general Gauss-Newton procedure. The algorithm clocks in at
σd = 3.8 s and 44 iterations, which means no significant performance gain compared
to the full problem. Note however that since the initial value y(0) is not part of the
problem anymore, the runtime does not depend on it for the reduced model. It is
interesting to look at the number of iterations of the general Gauss-Newton method
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Table 6.1. Summary of various statistics concerning the solution of problem
(60) and (61) with y(0) = 0. The steps statistics refer to the integration and are
the sums over all NLP iterations and multiple shooting intervals.
problem

(60)
(61)
(61)
(61)

time NLP iter
4.4 s
44
online
3.8 s
44
offline (median) 1.7 s
52
offline (best)
0.9 s
38

time per iter
0.100 s
0.087 s
0.033 s
0.025 s

steps
73 053
9674
8245

rej. steps
12 496
2247
1878

in the subproblem of approximating the manifold. The maximum is 4 iterations but
59 % of the calls terminate after 2 and 37 % only after 1 iterations (3 iterations: 3 %,
4 iterations: 0.7 %) The call to the model reduction routine is by now done through
an external library which produces a lot of overhead, for example in terms of right
hand side function evaluations. For example,
for every x used in the integrator the

reduced right hand side f x, h(x, u) is evaluated. The same evaluation is finally
made in the model reduction routine without sharing the result.
For the interpolation approach we use the global objective (51) in reverse mode
with T = t∗ = 0.075 together with the shooting approach for discretizing the NLP.
The final time is chosen in such a way that it is of the same order as ε and as
large as possible (approximated with numerical experiments). Next, one needs to
select a reasonable set of nodes. Although the RBF method is grid independent for
convenience we use a Cartesian grid on [−0.5, −0.5] × [10, 10]. The performance of
the interpolator depends of course on the number of points but also on the number
of points per patch and overlap in the partition of unity approach. To assess the
influence we scatter searched the region {20, 30, 35, 40} × {0.025, 0.05, 0.1, 0.15} ×
{5, 10, 15} for points in each direction, overlap and points per patch respectively.
Median runtime was 1.7 s and median number of NLP iterations 52. Moreover,
the fastest combination took 0.9 s and only 38 iterations compared to the slowest
which needed 3.8 s and 105 iterations. It is apparent that using the interpolation
approach in this case is beneficial from an performance point of view. In the best
case it is more than 5 times faster than the full problem.
The main reason for the speed up is not so much the reduction in the number
of optimization variables but mainly the reduced stiffness along the manifold h.
In the integration routine larger step sizes are possible which greatly reduces the
computational effort. This especially pays off in the multiple shooting approach
since the initial values at the multiple shooting nodes are subject to optimization
and they might be set away from the SIM for the full system in each iteration of the
NLP solver leading to transient behavior of the fast trajectories on each interval
and therefore forces the integrator to use small steps. An overview of example
integrator statistics is given in Table 6.1 as well as the result of the performance
tests. Despite the huge difference in accepted steps between the full model and
either one of the reduced models there also is a difference between the online and
offline method. It seems that the SIM returned via the integral based objective
(51) reduces stiffness even more. Another thing that should be noted is the time
spend in each iteration. The difference between the full and reduced models could
be explained by the larger number of steps the integrator has to take in each NLP
iteration. But the online method needs about the same time per iteration whereas
the offline method is on average 3 times faster. This shows that the direct evaluation
of the SIM in the online method is much more expensive than the evaluation of the
interpolation object in the offline method (as expected).
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Figure 6.1. Example trajectories for
the enzyme example for ε = 1 × 10−2
and y(0) = 1. Trajectories with subscript f are obtained using uf with the
full system, x and y are obtained using
ur with the full system. All trajectories overlap.
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Figure 6.2. Example controls computed from the full problem (60), subscript f and the reduced problem (61),
subscript r. As comparison the “exact”
solution u∗ from Example 7 is also included. We used ε = 1 × 10−2 and
y(0) = 1. Both controls from the multiple shooting method overlap.

If we use the reduced control ur , computed online or offline, for the full system
the objective values J(ur ) are virtually equal to the objectives J(uf ) of the full
system for all three different initial values for y(0) that were tested. For example,
for y(0) = 0 we have J(uf ) = 188.7818 for the full model. If we use the reduced
control as input to the full system we also get J(ur ) = 188.7812 (online). The
solution u∗ (t) from Example 7 produces J(u∗ ) = 188.7852. As one would expect
J(u∗ ) < J(uf ) < J(ur ), however only by a very small margin. In this example the
error of the reduction is negligible which can also be concluded from the system
itself. Example trajectories and controls for this case (y(0) = 0) are plotted in
Figure 6.1 and 6.2 respectively. In both plots the subscript f refers to the results
obtained using the computed control from the full system (60), whereas no subscript
refers to the results using the control computed from the reduced problem (61).
We continue with the analysis of the runtime. To this end we are going to focus
on the solutions obtained with the interpolator. The fastest solution of the optimal
control problem took σi = 0.9 s compared to σf = 4.8 s (in the worst case). The
difference σ = σf − σi = 3.9 s is significant however, has to be compared to the time
invested into the model reduction.
One big chunk is the initial preparation, like implementation of the model
with the MoRe toolkit, numerical experiments to determine parameters (objective
function and discretization method, T , t∗ ), and initial tests of the interpolation.
This time can hardly be measured but with a little experience a test problem can
be set up in reasonable time. If singularly perturbed systems are considered an
automated procedure is conceivable that systematically would take the necessary
steps.
Next, the scatter search with its 48 iterations needed around 400 s. This only
has to be done once if one has an idea which region of interpolation parameters

110

6. NUMERICAL RESULTS

would be fruitful to search in. The most time consuming part of the scatter search
is the computation of the interpolation data. If a grid X with 402 interpolation
nodes is used, one model reduction run takes about 370 s. To reduce this time we
decomposed X into pairwise disjoint subsets Xi and solved the model reduction
problem on each subset in parallel. With each Xi containing roughly 50 nodes and
doing 8 jobs in parallel the runtime is down to 100 s. The job size, i.e. number
of points in Xi is critical. If it is too small, the cost of managing and scheduling
the parallel jobs gets disproportionally large. Also, because of the disruption of
the continuation strategy the computational disadvantage of starting the MoRe algorithm new for every Xi might become noticeable. For example, using only 20
points in each Xi needs around 140 s, the same time needed for 200 nodes per Xi .
The computational advantage of doing the model reduction in parallel becomes
more important if higher dimensional slow state spaces are of interest.
The interpolation itself is comparable fast. Using the fastest set of interpolation
data (30 points per direction) it takes only around 0.09 s to build the interpolation
object. This means, if the model reduction data is pre-computed and available,
the time needed to interpolate this data and to solve the optimal control problem
combined is significantly smaller than the time used for solving the full problem.
In the introduction to this chapter we stated that two things have to be fulfilled
in order to make model reduction in the context of optimal control a worthwhile
approach. For one, the quality of the control computed from the reduced model
must give a good enough performance if used for the full model and secondly,
there must be a significant speed up. For the this specific example the mission is
accomplished, the reduced control produces results that are nearly identical and
using the interpolation, the computation of the reduced control can be nearly 5
times faster.

3. Voltage Regulator Example
In this section we revisit the voltage regulator from Examples 3, 4, and 18,
originally based on Example 4.2 from [69]. The problem is given by
1
min
2

(62)

Z
0

2

x21 + u2 dt

1
1
s.t. Dt x1 = − x1 + x2 ,
5
2
8
1
Dt x2 = − x2 + y1 ,
2
5
5
30
ε Dt y1 = − y1 + y2 ,
7
7
5
15
ε Dt y2 = − y2 + y3 ,
4
4
1
3
ε Dt y3 = − y3 + u.
2
2

The problem, although in essence linear-quadratic, has some interesting features:
The coupling between the slow and fast subsystems is only through the one fast state
y1 which means that only one state has to be reproduced during the optimization,
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Table 6.2. Final objective values of problems (62) and (63) for a selection initial
values and ε = 0.2.
(x1 , x2 , y1 , y2 , y3 )
(−10, 0, 0, 0, 0)
(−10, 0, 10, 0, 10)
(−10, 0, 0, 10, 10)
(−10, 10, 10, 10, 10)
(−10, 10, 0, 0, 10)
(−10, 10, 10, 0, 10)

J(uf ) J(ur ),
32.9
25.1
24.7
20.4
20.5
20.0

online
35.1
521.7
648.0
782.6
521.4
579.1

J(ur ), offline
34.9
612.7
750.1
830.3
559.4
619.5

i.e. we are only interested in y1 = h(x1 , x2 , u). The reduced problem is
Z
1 2 2
min
x + u2 dt
2 0 1
1
1
(63)
subject to: Dt x1 = − x1 + x2 ,
5
2
1
8
Dt x2 = − x2 + h(x1 , x2 , u).
2
5
We saw in Example 3 that the system is fully controllable if U = Rnu . In case
U 6= Rnu controllability is lost (Example 4). However, this refers to the question if
all states from Rnx = R5 could be reached using a constrained control. Our control
problem (62) does not ask to drive some or all states to a certain value but aims at
minimizing the control action and the divergence of x1 from zero.
As in Example 18, we start with ε = 2 × 10−1 and solve both problems on
10 multiple shooting intervals with the IPOPT tolerance set to 10−3 . We already
saw that for pure integration the time scale separation is not large enough and the
model reduction error is intolerable. Nevertheless, we proceed to show how the
reduced control might fail in the case of insufficient time scale difference.
A selection of initial values for the full system was used. An overview is given
in Table 6.2. Note, that this selection leads to a set of two initial values for the
reduced system, namely ξ1 = (−10, 0)T and ξ2 = (−10, 10)T . The initial values for
the state variables at the multiple shooting nodes are obtained through integrating
the ode system with the initial control u(t) = 0. Bounds are introduced as follows:
x1 ∈ [−20, 20], x2 ∈ [10, 50], y3 , y4 , y5 ∈ [−108 , 108 ], and u ∈ [−15, 15].
Using the control computed from the reduced problem for the full problem
leads to extremely large objective values in comparison (as expected), see Table
6.2, and thus renders the
 model reduction unusable in this case. Only for ξ1 and
η1 = y1 (0), y2 (0), y3 (0) = (0, 0, 0) the final objectives are close because η1 is the
first order approximation of h(ξ1 ) and hence the fast variables start already on the
SIM. Figures 6.3 and 6.4 compare trajectories from the full system using the full
and reduced controls uf and ur respectively computed with the online method.
Additionally there is no runtime advantage: The full system needs on average
1.1 s compared to the online approach which needs 1.4 s which is also the median
timing of the offline method.
If we increase the spectral gap by setting ε = 2 × 10−3 the results are much
more favorable. First of all the computed input from the reduced model is very close
to solution of the full problem. Therefore also the objective values are similar. See
Figures 6.5 and 6.6 for an example. With the reduced model we find a significant
computational advantage, as documented in Table 6.3. The runtime for the full
problem depends strongly on the initial values and varies between 2.3 s to 5.1 s
which is between 5 to 10 times slower compared to the fastest solution of the
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Figure 6.3. Example trajectories using the control from the full problem
(62), indicated with f, and the reduced
problem (63) with ε = 0.2, ξ1 , and η3 .
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Figure 6.4. Example controls computed from the full problem (62), subscript f and the reduced problem (63),
subscript r with ε = 0.2, ξ1 , η3 .
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Figure 6.5. Example trajectories using the control from the full problem
(62), indicated with f, and the reduced
problem (63) with ε = 2 × 10−3 .
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Figure 6.6. Example controls computed from the full problem (62), subscript f and the reduced problem (63),
subscript r with ε = 2 × 10−3 .

reduced problem with the offline method. The online approach is around 2 to 3
times faster. A further advantage worth mentioning in this context is that the time
needed for the reduced problem is much less dependent on the initial values, which
makes the computation more reliable in online control scenarios where the next
input has to be computed within a given time frame.
As in the enzyme example we systematically tried various parameter combinations (points per dimension, overlap and points per patch) for the interpolator. We
already mentioned the best and median runtime values, however it should also be
noted that bad parameter combinations can decrease the algorithmic performance
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Table 6.3. Summary of various statistics concerning the solution of problem
(62) and (63) for ε = 0.2 × 10−3 . Timings are averages over all initial values.
problem

(62)
(61)
(63)
(63)

time NLP iter
3.7 s
37.7
online
1.6 s
16.5
offline (median) 1.3 s
18
offline (best)
0.5 s
16

time per iter
0.1 s
0.1 s
0.07 s
0.03 s

Figure 6.7. CSTR with heating jacket. See the text for an explanation of the
symbols.
significantly. The maximum time needed for both ε values and sets of initial values
was over 16 s. In a considerable number of cases the problem could not even be
solved. This shows that the interpolator approach has to be tuned carefully but
further analysis reveals that at least in this case the best configuration is the same
for both initial values and ε.
4. CSTR Example
The last example of this chapter shows some of the limits of the approach.
It has not been used in this work before, therefore we are going to introduce the
background model. The example can be found in [48]. The model is based on
a chemical reaction taking place in a continuous stirred tank reactor (CSTR). A
CSTR is an idealized reactor type in which a chemical reaction takes place in a
tank reactor where it is assumed that all components are perfectly mixed. The
raw materials enter the reactor at a certain inflow rate and also the content of the
reactor is removed with a certain outflow rate. Often the reactor can be cooled
or heated with the help of a heating jacket. Common control variables are the
inflow and outflow and the temperature of the heating jacket. The example we are
referring to is depicted in Figure 6.7. The reaction taking place is
−−
*
A)
−
− B −−→ C −−→ D

where A is the starting reactant and B is the desired product. The other species,
C and D are unwanted by-products. The state variables are the concentrations
CA (t), CB (t), CC (t), CD (t)
of the chemicals in the reactor and the temperature T (t) of the mixture (in the
tank). The tank has the volume V which could be a state variable, however since we
assume that the inflow equals the outflow, denoted with F the volume is constant.
The concentration of A in the inflow stream is given by CAi and its temperature is
Ti .
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We are not considering the dynamics of the heating jacket but consider only
the heat transfer to the reactor given by
Q = ha(Tho − T )
where h is the heat transfer coefficient and a is the surface area used for heat
exchange. The heat transfer coefficient h is a parameter depending on the materials
used for the heating jacket and the heating fluid. Using only Q is equivalent with
assuming that the heat transfer is instantaneous, i.e. T will equal Tho immediately.
Arrhenius kinetics are used to express the dependence of the reaction on the
temperature T . To this end let T 0 be the nominal temperature of the reactor. The
reaction rate constants are given by

 
1
1
Ei
−
, i = 1, 2, 3,
ki = ki0 exp
R T0
T
where Ei is the activation energy and R is the ideal gas constant. The differential
equations read


CB
F
,
Dt CA = (CAi − CA ) − k1 CA −
V
κ1


F
CB
Dt CB = − CB + k1 CA −
− k2 CB ,
V
κ1
F
Dt CC = − CC + k2 CB − k3 CC ,
V
(64)
F
Dt CD = − CD + k3 CC ,
V


F
CB ∆Hr1
Dt T = − (Ti − T ) − k1 CA −
−
V
κ1
ρcp
∆Hr2
∆Hr3
Q
k2 C B
− k3 CC
−
.
ρcp
ρcp
ρV cp
For an overview over the states and their stable steady state values and the nominal
parameters and see Table 6.4. The differential equation for the temperature depends
on the reaction heats
0
∆Hri = ∆Hri
+ ∆cpi (T − T 0 ),

i = 1, 2, 3

where
∆cp1 = cpB − cpA , ∆cp2 = cpC − cpB , ∆cp3 = cpD − cpC .

Finally, the reaction equilibrium constant κ1 is given through

 

 
  
0
∆Hr1
− ∆cp1 T 0
1
∆cp1
T
κ1
1
log
=
−
+
log
.
κ01
R
T0
T
R
T0
When using the nominal values from Table 6.4 the reactor works at a stable set
point.
Obviously, the right hand side is highly nonlinear and more complex as in the
previous examples. The first step to apply model reduction techniques is to chose
fast and slow states. In this case looking at the pre-exponential factors for all three
reactions (Table 6.4) we find that k20  k10 , k30 and therefore the first and third
reaction are much faster than the second. This means A and C are converted to B
and D much faster than B to C and we have x = (CB , CD , T ) and y = (CA , CC ).
A control scenario is introduced into the setting by demanding a certain percentage change α > 0 in the set point for B. In the original example there are
two control variables: The inflow F and the heat duty Q. We restrict ourselves to
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Table 6.4. Parameters and nominal values for the CSTR example.
parameter
CAi
CA
CB
CC
CD
T
cp
cpA
cpB
cpC
cpD
E1
E2
E3
F
k10
k20
k30
Ti
Q
V
κ01
ρ
0
∆Hr1
0
∆Hr2
0
∆Hr3

description

nominal value

molecular concentration, A, inflow
molecular concentration, A
molecular concentration, B
molecular concentration, C
molecular concentration, D
reactor temperature
specific heat capacity, liquid
molar heat capacity, A
molar heat capacity, B
molar heat capacity, C
molar heat capacity, D
activation energy, 1st reaction
activation energy, 2nd reaction
activation energy, 3rd reaction
inflow rate
pre-exponential factor, T 0 value, 1st reaction
pre-exponential factor, T 0 value, 2nd reaction
pre-exponential factor, T 0 value, 3rd reaction
temperature inflow stream
heat duty
reactor volume
equilibrium constant, 1st reaction
liquid density
heat of reaction, T 0 value, 1st reaction
heat of reaction, T 0 value, 2nd reaction
heat of reaction, T 0 value, 3rd reaction

10 mol l−1
2.325 mol l−1
5.756 mol l−1
0.003 mol l−1
1.916 mol l−1
300 K
5 kJ kg−1 K−1
120 J mol−1 K−1
80 J mol−1 K−1
70 J mol−1 K−1
140 J mol−1 K−1
45 kJ mol−1
35 kJ mol−1
40 kJ mol−1
3 l min−1
100 min−1
0.1 min−1
200 min−1
290 K
58.42 kJ min−1
10 l
2.5
0.8 kg l−1
−6 kJ mol−1
−5 kJ mol−1
−2 kJ mol−1

one input variable, namely the inflow, thus we replace F with u(t) in (64). As a
possible objective we use
Z 90
(65)
min
CB (t) − α5.756 dt.
u

0

For example α = 1.05 would correspond to a 5 % increase in the set point for B.
Additionally, U = [1, 10] and all initial values correspond to the stable stationary
point.
We start with comparing the full solution of the problem to the solution produced with the online approach and come back to the offline method later. Using
9 multiple shooting intervals, we get the results depicted in Figures 6.8 and 6.9.
The objective values J(uf ) and J(ur ) are both approximately 0.072 and thus the
reduced model can be used as basis to compute useful controls. This continues to
hold if other values for α in (65) and different numbers of multiple shooting nodes.
However, the second point of increased efficiency is not fulfilled here. For the
example given, the solution based on the full model needs 1.63 s which is significantly
less than the 5.94 s for the reduced model. Most of the time is spend evaluating
the NLP function, i.e. solving the initial value problems in the multiple shooting
approach. This takes around 5 of the nearly 6 seconds. This is surprising, since
if we compare the integrator statistics, see Table 6.5, the reduced model is clearly
more efficiently solved. This means that evaluating the right hand side function
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Figure 6.8. Example trajectories for
the CSTR example. The dotted line
represents the new set point. The trajectories overlap.

Figure 6.9. Control for the CSTR
example. The lines partially overlap.

Table 6.5. Integrator statistics for the CSTR example using the full model and
the online approach.
problem
full
offline

steps
16 627
7106

rej. steps rej. Newton steps Jacobian updates
2089
6
779
1093
0
413

f inside the integrator is much more expensive for the reduced model than for
the full model. The generalized Gauss-Newton algorithm inside the online model
reduction needs a median number of 1 step per call, however, Figure 6.10 shows that
as many as over 40 steps are sometimes necessary to find a solution. We already
mentioned that for the offline method, the full right hand side of the differential
equation has to be evaluated in order to compute y = h(x). In this case, the right
hand side is complex and expensive to evaluate and hence even if the integration
needs less steps for the reduced model the cost of evaluating the model equation
eats this advantage away in the offline model reduction. One way to overcome this
problem is to integrate the model reduction into the integrator. This would save a
considerable amount of function and derivative evaluations because the information
could be used for integration and model reduction.
Getting rid of the evaluation of a probably complex model equation is one of
the benefits of using the offline approach. We did not include it in the discussion
of our results for the CSTR, yet since it fails to deliver reliable results here. Even
for the simple case of integrating the stable stationary point in absence of a control
the interpolation error (in the order of 1 × 10−4 ) leads to a loss of significance in
the computation of the right hand side for B and the integrator eventually fails.
This can be observed with different interpolator parameters, however it could of
course be possible that a certain combination of overlap factor, points per patch,
and other parameters would lead to a feasible interpolation. A problem with testing
different configurations for this problem is albeit the time needed to generate and
even interpolate the model reduction data. The function h is R4 → R2 and using
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Figure 6.10. Number of steps the generalized Gauss-Newton procedure needs
to converge for solving the reduced optimal control problem.
30 points in each direction leads to a grid with 810 000 points. Computing the
manifold data needs 9.3 h and one interpolation including the scale optimization
already needs around 15.7 h. Note that since there are two output dimensions the
shape parameter optimization has to be done twice. A scatter search test as used
in the other examples to find the optimal interpolation parameters would easily
take several days, especially if it turns out that 30 points for each reaction progress
variable are not enough.
Clearly, the offline method is not applicable for problems of this complexity
in the current state. The two, partially connected problems are accuracy and
parameter determination. They are partially connected because optimal parameters
decrease the interpolation error. Beyond optimal parameters the accuracy can be
increased by other means:
• Using other sets than Cartesian grids for the interpolation nodes.
• Use other basis functions.
• Use a more robust data structure for the partition of unity.
• Use smoother weighting functions in the partition of unity.
• Use a more robust scaling parameter optimization.
We mentioned that testing the interpolation takes far to long for problems of this
size and besides making the interpolation process itself faster, for example via parallelization of the shape parameter optimization, an efficient method for determining
the quality of the interpolation would be of great benefit.
In general this problem shows the limitations of the current implementation
more than the limits of the method itself, since the optimal control results using
the reduced model are fine. It is included here to show why and where improvements
are necessary and could serve as a benchmark problem for reduced optimal control.
5. Summary
The topic of this chapter was the application of the numerical tools to 3 different
examples. The key deliverables for model reduction in the context of optimal control
are quality of the computed control and computational efficiency. The control
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obtained using the reduced system has to produce a result close enough to the
performance of the control from the full system and the computation of the reduced
control should be faster than computing the full control. If both points are fulfilled,
model reduction is a valuable tool in treating complex optimal control problems.
Additionally to the sheer computation of the control one has always to consider the
time of preparing the reduced model, the model reduction and the offline or online
method for providing h(x, u) when evaluating the usefulness of the approach.
The first example is based on an enzyme catalyzed reaction and is in explicit
singularly perturbed form. Both modes (online and offline) produce controls that
are on par with the full control in terms of objective performance. Additionally
the offline mode provides computation of a control solution up to 5 times faster
compared to the full problem. The reason for the speed up is mainly due to reduced
effort in the numerical integration routine.
The second example, based on a voltage regulator, also in singularly perturbed
form displayed how the model reduction approach fails, if the time scale separation
is to small. Although the computation with the reduced model is as fast as using
the full model, the reduced control leads to unusable results if applied to the full
system. Only if the time scale separation is large enough we find similar results to
the enzyme example in terms of quality and speed up.
The last example is a complex nonlinear model of a CSTR. Here, the time scale
separation is large enough and the control results obtained with the online mode
are very close to the results obtained with the full system. However, there is a
significant computational disadvantage in using the model reduction. This is due
to the expensive evaluation of the right hand side of the differential equation which
makes the model reduction in its current implementation state too costly. The offline method also fails because of numerical instabilities caused by the interpolation
error.
All three examples show how model reduction can be used to solve concrete
optimal control problems. They were chosen to show how model reduction can be
applied to the advantage of the user of such methods but also reveal where and the
current implementation fails.

CHAPTER 7

Summary, Conclusions, and Outlook
1. Summary and Conclusion
Singularly perturbed systems based on ordinary differential equations are studied to analyze the mathematical implications of time scale separation for initial and
boundary value problems. In two time scale singularly perturbed systems the time
scale separation is made explicit through a small parameter ε, 0 < ε  1 and the
state space is decomposed in slow modes evolving on a time scale O(1) and fast
modes which evolve on O(ε). The explicit time scale structure of singularly perturbed systems can be exploited to the effect that two lower order systems (slow
and fast) can be regarded independently. This way initial and boundary value
problems can be analyzed and solutions can be represented as Taylor-like series in
the parameter ε. Furthermore, a lower order, invariant manifold in the state space
of the full system, parametrized by the slow states exists. This manifold is given
through a function y = h(x, ε) and again this function can be expanded into an ε
series.
Systems open to external input are the topic of mathematical control theory.
A central question is, if certain or all states of the state space can be reached by
applying suitable controls. The issue of controllability is discussed separately for
linear and non-linear systems because different tools are applied to each class. For
linear systems controllability can be checked in the unconstrained control case by
applying a rank condition to the controllability matrix. If controls are constrained,
then additionally the uncontrolled system has to be stable. Nonlinear systems are
analyzed using Lie-algebra methods and tools from differential geometry. We state
a rank condition based on the repeated application of Lie brackets. The result
is local and provides the existence of a non-empty neighborhood of points that
can be reached around a point x0 . Optimal control problems and the Pontryagin
minimum principle are introduced. It is shown, how the minimum principle can
be used to formulate a boundary value problem for the states and co-states. If
singularly perturbed systems are used in optimal control problems, the time scale
structure transfers to the boundary value problem from the minimum principle and
therefore also the optimal control solution exhibits a decomposition into slow and
fast components. The slow manifold approach eliminates the fast modes from the
system and thus also from the optimal control solution. Only the outer control
solution without the boundary layer correction is generally obtainable in this case.
Finally, numerical approaches to optimal control are discussed and especially the
multiple shooting method is described in more detail. The infinite optimization
problem is approximated by a finite dimensional NLP and solved with the help of
a BDF integration routine and the NLP solver IPOPT.
Eventually, an approximation of the slow manifold is designated to be used
in the numerical optimal control program. One way of providing a differentiable
pointwise approximation of the manifold is to use multidimensional interpolation
of sample data. To this end radial basis functions are introduced which allow
interpolation on grid free data independent from the input dimension. Depending
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on the basis function, exponential convergence of interpolants to functions from
the native space of the basis function can be theoretically provided. However, the
interpolation problem is numerically unstable and a high approximation quality
can only be attained if the interpolation nodes are not too close to each other.
The trade of between stability and quality can be balanced (in a certain range)
by an additional shape parameter. This shape parameter is optimally chosen by a
computationally efficient modified leave-one-out scheme. Finally, the evaluation of
the interpolation object is made independent of the number of nodes by a partition
of unity that decomposes the input domain into overlapping subdomains containing
a constant number of points.
The numerical model reduction approach used in this work is based on approximating slow invariant manifolds (SIMs) in the state space of a model. They are a
tool that can be used not only for singularly perturbed systems but also for more
general systems where the time scale separation is not explicitly given. The model
reduction problem is formulated as a minimization problem, based on the invariance of the slow manifold and the observation that the fast states relax to the SIM
exponentially fast which implies that curvature is minimal for trajectories on the
SIM. Two objectives are introduced, a global one, that is based on the integrated
curvature of actual trajectory pieces and a local version. The global problem is
discretized with a shooting approach whereas the local problem is solved with a
generalized Gauss-Newton procedure. In any case the manifold and sensitivities
with respect to the reaction progress variables are approximated pointwise. One
way to apply the model reduction algorithm to control systems is to augment the differential equation system with a new variable representing the control parametrized
with a finite number of parameters. This way, the control is eliminated from the
system and the model reduction can be used without modification. Eventually, the
manifold information is used to replace the fast variable in optimal control scenarios. To this end either the interpolation is used to approximate pre-computed data
in an offline mode or the model reduction problem is solved for each point during
the computation of the optimal control (online mode).
Finally, numerical results for three examples are given. There are two main
issues that have to be considered for model reduction in the context of optimal
control: The performance of the reduced optimal control solution in the full problem
and the computational benefit of using the reduced system. The reduced control
has to be “good enough” and its computation significantly faster. For the two
singularly perturbed examples both goals are reached. Especially the offline mode,
using the interpolation, provides a significant speed up and the reduced control
leads to nearly indistinguishable results if ε is small. The third example fails to
fulfill the speedup requirement for the online mode and fails completely in the offline
mode due to loss of significance because of the interpolation error.
In conclusion, this work collected and integrated the theoretical background
to show that model order reduction based on time scale separation is a fruitful
approach. Based on the theoretical results numerical procedures are developed and
implemented that provide ways to solve reduced optimal control problems faster
than their full counterparts.
The numerical model reduction procedure allows to integrate the analytical
results into standard optimal control algorithms. The method reliefs from carrying
out the analytical computations to obtain a reduced system for singularly perturbed
problems or even enables the use of model reduction at all for general systems
without explicit time scale separation.
RBF interpolation is shown to be a reasonable choice for approximating the SIM
information. Its grid and input dimension independence makes it easily integrable
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and combinable with the model reduction toolkit. The use of the shape parameter
optimization and the partition of unity approach lets the interpolator work robustly,
reliably and fast on large data sets.
The results chapter showed that for practical examples there is a significant
speed up due to the model reduction in computing the optimal control using the
interpolator. From this experience and with the theoretical results in background it
can be concluded that reduced optimal control is a valid strategy to produce useful
results whilst using less computational resources.
2. Outlook
This work only represents the first step in making model reduction based on
SIMs a viable option for real world optimal control applications. In many aspects it
remains a proof of concept and the theoretical fundamentals as well as the numerical
analysis and the actual implementation have to be developed further.
Singularly perturbed systems make time scale separation obvious but for general nonlinear system the theoretical background is less pronounced. From experience with the SIM based model reduction and the knowledge that is available it
is clear that many concepts are analog. It should be clarified if and how a SIM
can be defined and characterized formally for general systems. Additionally, the
connection between general and singularly perturbed systems should be further
explored. This would strengthen the theoretical understanding of using SIMs in
optimal control scenarios. Other open problems have to do with adaptivity. We
already mentioned the problem of systems with several time scales which demand
for adjusting the order of the reduced model throughout the optimal control procedure. A related issue is that for general systems the SIM might cease to exist over
some parts of the domain. Again the question turns up how this could be handled
and what this means for the approximation quality of the reduced model.
This topic is also reaching over to the numerical domain. Any algorithm adapting to the order of the reduced model would depend on an online error estimation.
This estimation has to be fast enough to not spoil the speed gain of model reduction.
This could probably be achieved by including the online estimation of the SIM into
the integration routine and the optimal control algorithm. Since full right-hand
side information would be available an estimator for the time scale contribution for
each state could be constructed. In any way, integrating the model reduction into
the integrator would greatly benefit the performance of the online approach. As
it was already mentioned this is similar to solving differential-algebraic equations
numerically and it should be investigated if techniques from that area (e.g. adaptive
step size and integration order) could be reused or adjusted.
By now the interpolation only uses the Gaussian kernel and problems might
occur because of its small native space and numerical instability with regard to
small fill distances. Although the scale parameter optimization and the partition
of unity seem to make these problems less severe in practice other kernels might
provide better performance. Transformed kernels, as described in [91, Section 12.3]
have stability properties that do not depend on the fill distance but the number of
interpolation nodes. Besides extending the interpolator in this direction it would
also be helpful to have tools available that could be used to check the quality of the
interpolation. A leave-one-out approach as in the shape parameter optimization
could be used to check the output of the interpolator against the output of the
model reduction routine.
A big chunk of possible future work concerns the implementation. The key
aspect here is integration of the tools. So far, the model reduction toolkit MoRe,
the interpolator, the BDF integrator, and the optimal control software DOT are all
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independent programs or libraries. As already mentioned, connecting MoRe with
the interpolator could increase performance. Integrating MoRe and the interpolator
into DOT would improve the user experience, for example because implementing the
model equation would only have to be done in one place. Overall, during the numerical experiments it turned out that organizing all the tools and the data transfer
between them takes a considerable amount of time and effort and often leads to
subtle bugs and errors. Generally, establishing or using standardized interfaces and
data exchange formats would greatly contribute to the usability of the software.
Finally, the approach of using reduced models in optimal control has to be
tested and extended to larger, more complex, and realistic control scenarios. A
worthwhile goal seems to be the combination with nonlinear model predictive control as already described before. To this end one should also consider if ignoring the
fast modes completely as it is done now is sufficient for realistic control scenarios.
If measurements of the fast modes are available a feedback component could be
added to the controller that drives the fast modes close to the SIM.
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